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Theoretical calculations are made of the rates of arrival of atomic and molecular ions, of atomic and 
molecular metastables, and of nonresonance and resonance radiation at the cathode of parallel plane elec- 
trodes during the buildup of current preceding the breakdown of a rare gas. The electron density is assumed 
to increase exponentially with time and distance. Previous analyses are extended to obtain the particle 
currents of molecular ions and of metastable atoms and molecules at the cathode. The Holstein-Biberman 
formulation of the transport equation for the density of atoms in the resonance state is solved numerically 
to find.the fraction of resonance photons arriving at the cathode. The fraction of resonance radiation reaching 
the cathode varies with the growth constant of the electron current in very nearly the same manner as for 
delayed photons and varies much less rapidly with electrode spacing and gas density than for the case of 
diffusing particles. The theory is applied to the calculation of the growth constant as a function of applied 
voltage for helium at 100 mm Hg pressure and a 1-centimeter gap. The growth of current is found to be 
controlled by the rates of arrival of molecular metastables, molecular ions, and resonance radiation at the 


cathode. 





I. INTRODUCTION 


HE buildup of current following the application 

of an electric field to a pair of parallel plane 
electrodes has been the subject of a number of recent 
experimental and theoretical investigations.’ If the 
applied voltage is sufficiently large and the current 
produced by the external illumination is sufficiently 
small, the current is observed to increase exponentially 
with time.?~ Recent theory **~’ shows that when one 


1 For review of recent work see F. Lilewellyn-Jones, lonization 
and Breakdown in Gases (Methuen and Company, Ltd., London, 
1957); and Hggdbuch der Physik, edited by S. Fitigge (Springer- 
Verlag, Berliff, 1956), Vol. 22; P. F. Little, Handbuch der Physik, 
edited by S. Fltigge (Springer-Verlag, Berlin, 1956), Vol. 21; 
L. B. Loeb, Basic Process of Gaseous Electronics (University of 
California Press, Berkeley, 1955), Chaps. VIII and IX. We have 
not made any effort to compare our results with the numerous 
measurements of formative time lag because of the difficulties 
encountered in making such a calculation as discussed in the above 
references and in references 5-7. 

2H. L. von Gugelberg, Helv. Phys. Acta 20, 307 (1947). Because 
of the large values of £/p used in these experiments we do not 
have basic data as to electron mobilities, etc., required in order to 
analyze the results. 

*H. W. Bandel, Phys. Rev. 95, 1117 (1954). 

*M. Menes, Phys. Rev. 98, 561(A) (1955) and Phys. Rev. 116, 
481 (1959). 

* Dutton, Haydon, Jones, and Davidson, Brit. J. Appl. Phys. 


takes into account the discrete nature of the electron 
avalanches, the expressions for the electron current as 
a function of time are extremely complicated. However, 
after a number of transit times of the particle controlling 
the growth, the time variation of the current can be 
approximated by a growing exponential, the coefficient 
of which is the same as that obtained previously using 
analyses which neglected the discrete nature of the 
avalanche buildup. Thus, Davidson® shows that in the 
absence of space charge effects, the current buildup is 
eventually dominated by an exponential whose ex- 
ponent is the same as that calculated by Steenbeck,* 
by Schade,'* by Bartholomeyczyk,'® and by von 
Gugelberg’ neglecting the discrete nature of the ava- 
lanches. These derivations considered only the con- 
tributions of positive atomic ions and undelayed 
photons to the production of electrons at the cathode. 
Menes* has obtained solutions for the case in which 


4, 170 (1953); P. M. Davidson, Phys. Rev. 99, 1072 (1955); 103, 
1897 (1956). 
*P. L. Auer, Phys. Rev. 98, 320 (1955); 101, 1243 (1956); 111, 
671 (1958). 
7P. M. Davidson, Proc. Roy. Soc. (London) A249, 237 (1959). 
* M. Steenbeck, Wiss. Veréffent]. Siemens-Konzern 9, 42 (1930). 
* R. Schade, Z. Physik 104, 487 (1937). 
” W. Bartholomecyzyk, Z. Physik 116, 235 (1940). 
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secondary electrons result from delayed puotons such 
as observed by Colli" in argon. Very recently, Davidson’ 
has obtained solutions for the current growth when the 
electrons are produced at the cathode by an excited 
species which arrives at the cathode by diffusion. 
Diffusion theory is expected to be valid for metastable 
atoms and molecules but not for resonance radiation.” 

In this paper we shall obtain expressions for use in 
calculating the contributions of resonance and collision 
induced photons, molecular ions, and metastable 
molecules to the electron current produced at the 
cathode and calculate the contributions of each of the 
secondary processes to the growth of current in rare 
gases. Resonance photons are those photons which are 
emitted in radiative transitions to the ground state. 
They are readily absorbed by atoms in the ground state 
and, therefore, they experience considerable difficulty 
in reaching the cathode from the region of greatest 
production near the anode. Collision induced photons 
are those nonresonance photons produced as a result of 
collisions between metastable atoms and ground-state 
atoms. In Sec. II we shall obtain the equations govern- 
ing the density of electrons, ions, and metastable atoms 
and molecules. These can be solved immediately for 
the rate of arrival of ions, metastable atoms and 
molecules, and nonresonance photons at the cathode. 
In Sec. III the Holstein-Biberman theory" of im- 
prisonment of resonance radiation is used to find the 
spatial distribution of resonance atoms and the rate of 
arrival of resonance photons at the cathode. Finally, 
the theoretical expressions are used to predict the 
current growth in helium. 


Il. GENERAL THEORY 


The processes to be considered in the following 
analysis are: 


1. Ionization and excitation of the rare gas atoms by 
electrons under the action of a uniform electric field 
between infinite parallel plane electrodes.'® Electrons 
liberated from the cathode are assumed to reach their 
equilibrium velocity distribution in a distance small 
compared to the electrode separation and to move 
through the gas with a constant drift velocity. As 
electrons emitted from the cathode approach their 
equilibrium distribution, an appreciable fraction of 
them are scattered back to the cathode.''* For con- 
venience, this “back diffusion” is taken into account 
by a reduction in the yield of electrons resulting from 


" L. Colli, Phys. Rev. 95, 892 (1954). 

2 C. Kenty, Phys. Rev. 42, 823 (1932); A. V. Phelps and A. O. 
McCoubrey, Bull. Am. Phys. Soc. 3, 83 (1958). 

BT, Holstein, Phys. Rev. 72, 1212 (1947); 83, 1159 (1951). 

“L. M. Biberman, J. Exptl. Theoret. Phys. U.S.S.R. 17, 416 
(1947); 19, 584 (1949); and L. M. Biberman and I. M. Gurevich, 
J. Exptl. Theoret. Phys. U.S.S.R. 20, 108 (1950). 

‘For a review of theory and experimental data on these 
processes see H. S. W. Massey and E. H. S. Burhop, Electronic and 
Ionic Impact Phenomena (Clarendon Press, Oxford, 1952). 

16 J. K. Theobald, J. Appl. Phys. 24, 123 (1953). 
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the various processes discussed below. Some of the 
excited atoms are assumed to form molecular ions in 
collisions with ground-state atoms."’ 

2. The atomic and molecular positive ions are 
assumed to move with a constant drift velocity toward 
the cathode.'* It is necessary to take into account the 
conversion of atomic ions into molecular ions in three- 
body collisions with two ground-state atoms.'® Because 
of the large applied voltages and relatively low average 
energies of the ions, diffusion of the ions is negligible.” 
When the ions reach the cathode some of them will 
cause the emission of electrons from the cathode.'!® 
We shall designate the net number of electrons entering 
the gap per atomic and molecular ion arriving at the 
cathode by the coefficients y; and 2, respectively. 

3. The metastable atoms and molecules produced in 
the region between the electrodes are assumed to be 
removed from the discharge region by diffusion to the 
electrodes and by collisions with atoms in the ground 
state.*-* The metastable atoms and molecules can 
liberate electrons at the cathode™ when they reach the 
cathode by diffusion. In addition, the collision of a 
metastable with a ground-state atom may produce a 
nonresonance photon which can release an electron from 
the cathode, e.g., the helium singlet metastable.” Un- 


17J. A. Hornbeck, Phys. Rev. 84, 1072(A) (1951). In this 
reference a;/az is estimated to be 0.2 at E/p=12.7 volt/cm-mm 
Hg for helium densities such that N>>1/rov= 10" atom/cc. J. A. 
Hornbeck and J. P. Molnar, Phys. Rev. 84, 621 (1951), give the 
electron energy dependence of the probability of molecular ion 
formation. Contrary to their conclusions we believe that the rapid 
decrease in their data at electron energies above 30 ev shows that 
the helium molecular ions are formed from excited atoms in the 
nm'S states (see references 15 and 36 for the shapes of the n*S 
excitation curves). If this hypothesis is correct then: (a) The time 
constant characteristic of this process is equal to or less than that 
of the radiative lifetime of the m°S states (~10~* second) and one 
can neglect the effect of this time delay on the current buildup 
for \<10’ second. (b) Using the energy dependence of m*S cross 
sections and electron energy distribution functions from reference 
36, the dependence of a2/p on E/p is found to be intermediate 
between that for ag/p and as/p. (c) The magnitude of the a2/p 
curve is obtained by fitting a curve of the proper E/p dependence 
to Hornbeck’s datum point at E/p=12.7 volt/cm-mm Hg. 

18 For a review of recent theory and experimental! data on ion 
mobilities see A. Dalgarno, Phil. Trans. Roy. Soc. (London) 250, 
426 (1958). Useful empirical expressions for the mobilities of rare 
gas ions in their parent gas are given by L. S. Frost, Phys. Rev. 
105, 354 (1957). The helium molecular ion drift velocities are 
from M. A. Biondi and L, M. Chanin, Phys. Rev. 94, 910 (1954). 

# A. V. Phelps, Phys. Rev. 86, 102 (1952). 

*® The mean square distance an electron or ion diffuses in a time, 
t, is 2Dt, where D is the diffusion coefficient. To a good approxi 
mation the diffusion relative to the point of maximum density is 
unchanged by the application of a field. Since t=d/pE=d*/pV, 
where yw is the ion mobility, the mean square fraction of the 
electrode distance which an electron or ion diffuses while crossing 
the tube is approximately 2(D/y) /V. Since experiments show that 
D/u<V at breakdown the diffusion of the electrons and ions can 
be neglected. 

* For the measurements of the properties of helium metastable 
atoms and molecules see A. V. Phelps, Phys. Rev. 99, 1307 (1955). 

2 For studies of neon metastables and resonance radiation see 
J. R. Dixon and F. A. Grant, Phys. Rev. 107, 118 (1957); and 
A. V. Phelps, Phys. Rev. 114, 1011 (1959). 

% For argon metastables see A. H. Futch and F. A. Grant, Phys. 
Rev. 104, 356 (1956). 

™ R. W. Engstrom and W. S. Huxford, Phys. Rev. 58, 67 (1940). 
J. P. Molnar, Phys. Rev. 83, 933 and 940 (1951). 
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Taste I. List of symbols used in theory 








Subscript designating electrons, atomic ions, mo- 
lecular ions, metastable atoms, metastable mole- 
cules, nonresonance photons, and resonance atoms 
or photons 


Imprisonment constant for transport of resonance 
radiation. 

Radiative transition probabilities for the resonance 
transition, a nonresonance transition, and for a 
molecular metastable. 

Two-body collisional frequency for species y. 
Three-body collision frequency for conversion of 
species y into species z. 

Distance between cathode and anode. 


Diffusion coefficient at unit gas density for species 
y. 
Number of species z arriving at cathode per electron 


leaving. The meaning of multiple subscripts is the 
same as for I'ys. 
G=A,m+B, Sum of nonresonance transition probability and 
two-body destruction coefficient for resonance 
state. 
K(|x’—x|) 
n, (x,t) 


Transmission function for resonance radiation. 


Density of electrons, ions, excited atoms or photons 
as indicated by subscript y. 


Electron density at the cathode. 

Density of ground-state atoms, i.e., gas density. 
Time following the application of voltage to the 
gap. 

Drift velocity for species y. 

Distance from cathode toward anode. 

ay +a_—X/r_. 


Number of species y produced during one centi- 
meter drift of electron in field direction. 


A+Cis. 


Yield of electrons at the cathode due to the arrival 
of species 2. 


Current density of species 2 at the cathode. The 
first subscript gives the state in which the excitation 
is considered to originate. A third subscript be- 
tween the y and z denotes an intermediate state. 


Current growth constant. 
Wavelength of resonance radiation. 
Diffusion parameter for species y. 


Frequency of excitation of species y at unit gas 
density. 





fortunately, there is a lack of quantitative data available 
regarding many metastable states of interest. For ex- 
ample, Colli has measured the lifetime of the argon 
molecular metastable" but essentially nothing is known 
about the rate at which argon atomic metastables are 
converted into atoms in the resonance state or are 
destroyed by collision induced radiation. In the case 
of neon™ the behavior of the atomic metastables is 
known but nothing quantitative is known about the 
existence or properties of metastable molecules. Helium 
metastable atoms and molecules have been studied more 
thoroughly.” 
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4. The density of atoms in the resonance state and 
the rate of arrival of resonance photons at the cathode 
are assumed to be given by the Holstein-Biberman 
theory for the imprisonment of resonance radiation.” 
The gas densities in the experiments performed with 
pure gases are usually high enough so that transmission 
of the resonance radiation is governed by the pressure 
broadened spectral line. In particular, the collisions 
effective in determining the broadening are assumed to 
be of the dipole-dipole type.” ** In this case the only 
properties of the resonance state which we need to 
know are its natural lifetime™** and the frequencies or 
rates of collision processes which produce or destroy 
the resonance atoms. The yield of electrons per photon” 
arriving at the cathode will be designated by vy». 

The differential equations describing the processes 
discussed above and governing the densities of electrons, 
positive atomic ions, positive molecular ions, atomic 
metastables, molecular metastables, and resonance 
atoms can be written as follows!" ; 


On, on, 
— —= (vy; +2)n.—0.- . 
at Ox 


On, On, 
- = yin, +9;- 
al Ox 


_ Crm, 


One One 
— =n, +0z—t+Cim, 


at Ox 


dD, Pn, 
= ¥4fte-+— —— 


ox2 


Ong 
Buna aa CamMa, 
al 


Du Pte 
- Canta Buta A afte: + ---—, 


N 0x 


On m 
at 
On, 


——=yn,—Gn,— A mytAye 
at 


a 
xf n,(x’,t)K(|x—2'|)dx’. (6) 


The symbols used in the equations of this section are 
defined in Table I. K(|x—2’|)dzx’ is the probability” 
that radiation emitted at x will be absorbed in a plane 
of thickness dx’ at x’. Note that we have neglected the 
coupling of the metastable and resonance atom equa- 
tions resulting from the collisional conversion from 
atoms in metastable states into atoms in resonance 
states or vice versa. This possibility will be considered 
in Sec. III. We also assumed that the photons produced 


** For a demonstration of the validity of these assumptions in 
neon see reference 22. 

*% A. G. C. Mitchell and M. W. Zemansky, Resonance Radiation 
and Excited Atoms (The Macmillan Company, New York, 1934), 
Chap. ITT. 

7G. L. Weissler, Handbuch der Physik, edited by S. Fligge 
(Springer-Verlag, Berlin, 1956), Vol. 21, pp. 342-370. 
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in transitions among excited states do not have enough 
energy to produce a significant photoelectric current 
at the cathode.”* 

The boundary conditions at the cathode (x=0) and 
anode («=d) are: 


r,(0,0) = ven, (0,t) ™ ys +P etal at mlm 
+ Vol cpt Vol mot Yop! 1; (7) 


I',(d,t)=0; T'2(d,t)=0; n.=n,=0 for x=0 and x=d; 
and n,=0 for x<0 and x>d, i.e., outside the gap. Here, 


I"; =0ym,(2,1), I'2=voM2(z,t), 


Da. a OMe, n(%,t) 


I's.m ’ 


N 0 x r=) 


B, rf? An pt 
ra=— f na(x)dx, Pa — f Mm (x) dx, 
2 0 2 0 


and 


d 0 
rd, f nelsrf)dx f K(|x’—2x|)dx’ 
0 


Dn 


d x 
A f ne(abode f K(y)dy. (9) 
0 


Note that the equations for T',, and I,» include the 
fraction (one-half) of nonresonance photons produced 
in the gap which reach the cathode. We have assumed 
that there is negligible reflection of the photons®® and 
the metastable atoms and molecules**-* at the elec- 
trodes. The integral of K(|x’—-x]|) in Eq. (9) gives the 
probability that the resonance photons emitted at x 
will be absorbed at a point to the left of x=0 in the 


ner?! *2 
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absence of the cathode or the probability the resonance 
photons will travel as far as the cathode before ab- 
sorption. We have neglected the current due to irradi- 
ation of the cathode by an external source.” 

If we assume that the electron current at the cathode 
increases exponentially with time, then the solutions to 
Eqs. (1) and (2) are: 


n,(x,t) =noe™ exp(ait (10) 


and 
n(x,l) 


vinoLexp(a —B/v;)d —exp(a sais 
=— » Se) 


vila 6/2?) 


It is convenient to consider the ratio of the atomic ion 
current arriving at the cathode to the electron current 
leaving the cathode, i.e., 


lr; a,Lexp a—f/? d j 
fi=- (12) 
I", a—B/? 


If the atomic ions are the only means of liberating 
electrons from the cathode, and if the conversion of 
atomic ions into molecular ions is negligible (Cj.<ar), 
we obtain the same result as previous investigators' by 
setting +1/:=1 and solving for \. As shown by David- 
son’ and others,’:* the simple exponential solution 
obtained in this manner is valid only after a sufficient 
number of ion transit times so that the pulsating 
behavior of the current has disappeared. 

The density of molecular ions in the gap is found by 
inserting Eqs. (10) and (11) into Eq. (3) to obtain the 
results that 


Cyr 
n(x) (»- — ) - Lexp(a—d/02)d—exp(a—d/r2)x ]} 
tila -£B ‘01) v2(a—X/ve) 


Ci2vinoe**!"? exp(a—B/0;)dLexp(8/01—A/02)d— exp(8/01—A/v2)x | 





‘ ae[ exp(a—A/2)d— a. = —8/v,)d 


a—X Ve 


The first term on the right-hand side of Eq. (13) gives 
the number of ions arriving per electron leaving due 
to the ions which were initially formed as molecular 
ions. The second term gives the contribution of ions 
which were formed as atomic ions and were converted 
to molecular ions while drifting toward the cathode. 

If the metastable atoms make a significant contri- 
bution to a cathode current which rises exponentially 
with time over a sufficient range of current, then the 


8 The reflection coefficient for photons of 1000A or less is found 
to be about 10% or less. G. E. Sabine, Phys. Rev. 55, 1064 (1939). 


’ 


0;02(a—B/;) (8/01 —A/2 


exp a—X V2)d- -) 
a—X Ve 


metastable density must also be increasing expo- 
nentially with the same growth constant. In this case 
the equation governing the metastable density becomes: 


(13) 
B/vi—d Ve 


D, @n,(x) 
—— — +-(Bot+CamtA)mq(x)=vance**. (14) 


N d# 


A solution of this equation which satisfies the boundary 


* Inclusion of the electron current produced by external il- 
lurmination may produce important changes in the magnitude of 
the computed current especially at early times, but will not affect 
the growth constant calculated in this paper. See reference 1. 
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conditions in Eq. (7) is 
2valto « 
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[i—( Iie“) sin( jr, /d) 
n(x) =—— 2 - ——- 


x tat fl (Pe De/NE)+BetCamtd I (2e?/ je?) +1] 


Substitution of this result into Eq. (5) and writing m,,(x) as a summation gives 


2vano - 


N»( x)= 


The current density of metastable atoms reaching the 
cathode by diffusion is 


De dn,| w pri ~ yiew4] 
‘a? = 2v.dno =. _— — 
im (f°? +p") (fx? +a°d*) 


vad Nota (—_— =) 
(ed? — Ma’) sinh, Ma 
where 
ba? = (Bat+Camt+A)NG*/Da, 
tn? = (Bmt+Am+d)Na/Dm, 


and the summations were made using expansions for 
coth and cosech.” The number of metastable atoms 
arriving at the cathode per electron leaving is therefore 
given by 

a dada (_—— ~) 

a . 


(a? 7? — pa") sinhu, fie 


(15) 


If A=0 this result is the same as that obtained by 
Davidson.’ If u.=0, then fa= (a./a*d) (e**—1—ad), 
as found by Newton.” Note that for y,.=0 and ad=0, 
fa=ad/2, as expected. Also, if (u,—ad)>6 and 
a> 6, then f,=a.d/(u.—ad) to better than one 
percent and f,/a,d<0.17. 

Similarly, the number of metastable molecules ar- 
riving at the cathode per electron leaving is 


Da 


—_(— ad 
fs 
—a’d*) 


(u_?—a*d?) (ip? - 
ba(e** cosechus— cothy,) 


(ad? — 1a") (Hm — Ha’) 





Um(e*? cosechpm— cothpm) 
—j}. (16) 





(cd? — pom?) (pea? — pm’) 


If the metastable atoms or molecules radiate spon- 
taneously" or are caused to radiate by collisions,” 


»™E. T. Whitaker and G. N. Watson, A Course of Modern 
Analysis (Cambridge University Press, New York, 1944), p. 136. 

% This result is to be compared with Davidson’s solution for the 
steady state current under conditions of complete absorption of the 
metastable atoms at the electrodes. In general, the steady-state 
current is found from our solution by setting \=0 and adding the 
current produced by externa! illumination, ma to the right-hand 
side of Eq. (7). The result is that ',/To=(1—2 5 yafa)™. 

#2 R. R. Newton, Phys. Rev. 73, 570 (1948). 


(1 — ( ~ Ijfes#] sin( jrx, ‘d) 
xr im jL(j °eD,/N@)+Be + “amd J (a2d?/ fa?) +110 (7? 


D»/ N ‘P) +¢ ‘emt Awd) 

there will be a current of photons : arriving at the cathode 
which is proportional to the corresponding transition 
probability or collision frequency. Thus, the current of 
nonresonance photons arriving at the cathode due to 
collision induced radiation from the atomic metastables 
is given by the relation 


B, fr? vanoB,Nd*(e*4+-1) 
l.p=- f n dx =— —— 
2 + dD, 


ge. Li+(—1)4] 


- eh 
jm (7* +y2)(j P+ a2?) 
so that 
aad Bo Na? 


fap= 


2D, (ud a *d*) 


ent f (e~—1)( (e*4+1) 
x(—- 
ad 


(17) 
g(e**-+-1) 


Similarly, the number of photons arriving at the 
cathode due to the spontaneous radiation and collision 
induced radiation from metastable molecules per 
electron leaving the cathode is 


aad am(Am+ Bm) (e%4+1)N%d* 


2D.D » 


Jamp = 


est — 1 
x(—. = 
ailad- —ad*) (jin? — a °)(ea4-+1) 


(cothu,.—- cosechu,) 
HalaPd?— 4") (jm? — a") 
( cothm — cosechp») 


— ). (18) 
wll a — bm’) ; (ud Bm 2) 





At sufficiently high gas densities or sufficiently large \ 
u2>>1 and p,?>>a’d so that 


a,B,(e%4—1) 
fap =—_——. (19) 
2a( Bat+Camt+dA) 
Similarly, when p.?>>1, u,?>>a'd’, u,.7>>1, and us" >a’d’, 
then 
Am+Ba) a_(e*4—1) 
———————, (20) 


2 SE pp uke 


Samp = 





A. 


Ill. CONTRIBUTION OF IMPRISONED 
RESONANCE RADIATION 


The integro-differential equation governing the 
density of atoms in a resonance state, Eq. (5), becomes 
an integral equation when we substitute Eq. (10) for 
the electron density and assume that the resonance 
atom density is increasing exponentially with the 
growth constant A. Thus we obtain the relations 


v pnoe** = (Ag +A+G)n,(x) 


d 
Arf n(x’ )K(|x—x'|)dx’, (21) 


0 


Ads d - 
- n,(x)dx K(|\y|)dy, 
VeMo © 


v z 


and 


where K(|x—.2’|) is to be determined from the trans- 
mission properties of the gas for resonance radiation. 
Holstein® has shown that if the probability of radiation 
traversing a distance, p, without absorption is given by 
T (p) =4,,/p™ then K(|p|)=[ma,,/2(m+1) ](1/|p|™*). 
Furthermore, he showed that at high enough gas densi- 
ties the transmission of the resonance radiation is 
controlled by the collision broadened portion of the 
spectral line and that when the dipole-dipole interaction 
dominates, m=} and a,= (Ao/3m*)', where Ao is the 
wavelength of the resonance line. The rates of escape 
of resonance radiation predicted using these assump- 
tions have been verified by the author” for the 743A 
line of neon for gas densities between 10'’ and 10" 
atom/cc. 

Following Biberman we can solve Eq. (21) numeri- 
cally by writing the integral equation as a system of g 


Fic. 1. Normalized resonance atom density as a function of 
distance from cathode for various values of (A+G)/A, and for 
ad=6, The upper four curves are the result of the numerical 
calculations. f e lowest curve is calculated from Eq. (21) by 
neglecting the radiation terms, i.e., terms containing A,. 
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algebraic equations.” Thus, 


yenge**i = (A+G)n,(x,) 


+ Ad( nel) 7 


k 


where x;=(2i+1)d/2q and m= 
written as 


Pi=(A+G)Ri/Ar +d OmRe, OSISg, (23) 


k=l 
where p;=exp(ad/q)*', 
An,(x,) 
R,=—— , Ar 
Vig 


(2m+1)d/2¢ 


1)d/2¢ 


OG>a) 
8 (2m—1)! (2m+1)! 


2A, ¢* q\} 
f K(\y ay- (2) 
Ar “ajoq 2 


i/ 


In calculating %, the fact that the integral of K(|¥|) 
over all y is unity is used to evaluate the difference 
between the two large terms representing the photon 
emission and absorption in the region within d/2q of 
x;.4% Note that A, is the frequency of destruction of 
resonance atoms by radiation to the wall obtained by 
Holstein for a uniform density of resonance atoms and 
for a resonance line whose effective spectral distribution 
is determined by the dipole-dipole interaction.” A, is 
independent of the gas density and varies only as the 
inverse square root of the electrode separation. 

The solution to Eqs. (23) give values of R at g points 
separated by a distance of d/g starting at x=d/2q and 
ending at x=d—d/2q. According to Eqs. (23), a dif- 
ferent set of R; values is obtained for each set of ad 
and (A+G)/A, values. Typical results of the numerical 
solution to Eqs. (23) for g=20 are shown in Fig. 1. 
Here we have plotted A,n,(x)/v,mo as a function of 
x/d for ad=6 and various values of (A+G)/A,. A value 

® For the solution of a somewhat similar problem under con- 
ditions such that the escape of the resonance radiation is con- 
trolled by the Doppler broadened portion of the spectral line see 
A. V. Phelps, Phys. Rev. 110, 1362 (1958 

“The physical significance of this cancellation is that the 
resonance radiation is absorbed many times 
(~10*) without traversing distances corresponding to significant 
changes in excited atom density. Finally, an excited atom radiates 
at a frequency such that the photon traverses a distance of the 
order of d/2g before absorption. 


and re-emitted 
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of (A+G)/Ar=0 corresponds to the steady-state 
solution for the resonance atom density in a gas in 
which there is no volume destruction of the resonance 
atoms. As (A+G)/Az increases, i.e., as the growth 
constant or the volume losses increase, the spatial 
distribution of the density of resonance atoms ap- 
proaches that of the electrons and the density of reso- 
nance atom decreases. As ad increases the spatial 
distribution of the resonance atom density becomes a 
more rapidly increasing function of x/d. 

The ratio of the current density of resonance photons 
arriving at the cathode to the current density of 
electrons leaving the cathode is found by rewriting 
Eq. (22) for numerical integration as 


Ae «@ 5 J 
jena & Rif” Kily)aymad £ Ras (2 


I wl xi i=l 


where ¥;=(8q)~*(2i—1)~#. According to Eq. (24), 
f,/a,d is a function of the same variables as Rj, i.e., ad 
and (A+G)/Ar. Since the number of resonance atoms 
or photons produced in the gap per electron leaving the 
cathode is (a,d/ad)[(expad)—1], the quantity 
fr(ad/a,d)[(expad)—1}" is the fraction of the reso- 
nance photons reaching the cathode. The circles of 
Fig. 2 show the numerically calculated values of this 
fraction as a function of ad for various values of 
(A+G)/A rz. For a given value of (A+G)/A, the fraction 
decreases slowly with increasing ad, i.e., by about 40% 
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Fic. 2. Fraction of resonance photons (solid curves and open 
points) and metastable atoms (dashed curves) reaching the 
cathode as a function of ad for various values of (A+G)/A, and 
ue’. The points shown by circles (©) were calculated by numerical 
integration of curves such as those of Fig. 1. The points shown 
by triangles (A) were obtained by integrating the analytical 
expression for curves such as the lowest one of Fig. 1. The solid 
curves show the empirica! expressions for the fraction of resonance 
photons reaching the cathode as given by the last two terms on 
the right-hand side of Eq. (25). 
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as ad increases from 0 to 8. The points shown for 
(A+G)/A1=250 were calculated by assuming that 
because of the large value of (G+A) the resonance 
photons do not have time to spread an appreciable 
distance and the resonance atom density has the same 
spatial depéndence as the electron density, i.e., m,(x) 
=n,(O)e**. 

Instead of tabulating values of f,/a,d or the fraction 
of resonance photons reaching the cathode we shall give 
an empirical expression good to 15% or better. This 
relation is 


a, A 
fr=—(e*4*—1)X— aes x———_————_—-. (25 
a 2[Ar+A+G] [1+0.175(ad)*] 


The right-hand side of Eq. (25) has been written as the 
product of three factors. The first of these is the number 
of atoms in the resonance state produced in the gap per 
electron leaving the cathode. It is the product of the 
ratio of resonance atom production per centimeter to 
the ion production per centimeter and the number of 
ions produced in the gap per electron leaving the 
cathode. To a good approximation the second factor 


, is the fraction of resonance photons produced in the 


gap which reach the cathode when the resonance atom 
density is uniform throughout the gap, i.e., when ad=0. 
This factor is identical to that expected for nonreso- 
nance photons originating from an excited state having 
a radiative transition probability equal to A; and a 
volume destruction frequency equal to G.** The third 
factor is the reduction in the current of resonance 
photons reaching the cathode as the result of prefer- 
ential scattering of photons to the anode. This factor 
varies from 1 for ad=0 to about 0.6 for ad=8. Thus, 
we find that the current of resonance photons is between 
60 and 100% of that which would reach the cathode 
due to radiation from a nonresonance state having a 
transition probability equal to A;. The solid curves of 
Fig. 2 show plots of the last two terms of Eq. (25) for 
the same parameters as the numerical calculations. 

If the resonance atoms are de-excited to a lower 
excited state, such as a metastable state, by radiation 
or by collision with a ground-state atom then one needs 
to calculate the rate of arrival of metastable atoms or 
collision induced photons at the cathode due to this 
source. If diffusion were the dominant destruction 
mechanism for atoms in this lower state it would be 
necessary to analyze the resonance atom density 
distribution into Fourier components and use the result 
as a source term for Eq. (4). We do not perform this 
analysis since it would be rather difficult and since we 
shall make use of the theory at high pressures where 
the diffusion of the metastable atoms is negligible 


% Thus, the first two terms of Eq. (25) are ideutical with Eq. 
(19) if we leta.=a,, Bg=A;, and Cam=G. The fit of the empirical 
equation to the numerical calculations can be made better than 
5% for ad>1.5 by replacing A; by A,/1.2 and the factor of 2 by 
1.84. 
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compared to the destruction by collisions.** Thus, Eq. 
(4) becomes 


(A+ Ba+Cam)q(x)=Gn,(x), 
so that 


B, . 
Srap= nm ff 5 | n,(x)dx 
2(Bat+Cam+A) 0 
B,A pd l «@ 


. 7 
2(BatCamt+Xr)Ar g i=! 


Using the values of R; found previously }>R, can be 
calculated as a function of ad and (A+G)A,;. Empiri- 
cally, it is found that to within 7% of fray is given by 
the expression 


B, A rm 


Oy 
: - -X—(e*4—1). (26) 
2(BatCamt+r) (G+Artr) a 


Srep 


The first of the three terms on the right-hand side of 
Eq. (26) is the fraction of metastable atoms which 
become nonresonance photons and reach the cathode. 
The second term is the fraction of the atoms excited to 
the resonance state which reach the metastable state 
as the result of collisions or radiation as calculated 
assuming that the only effect of imprisonment is to 
reduce the transition probability of the resonance state 
from A, to Ay. The third factor is the number of 
resonance atoms produced in the gap per electron 
leaving the cathode. Thus, so far as the volume de- 
struction of resonance atoms at high pressures is con- 
cerned, the effect of imprisonment is to a good approxi- 
mation equivalent to replacing the natural transition 
probability, A,, by an imprisonment transition proba- 
bility, Ar. 

If the separation between the energy levels of the 
metastable and resonance states is small enough, it is 
necessary to take into account the possibility that the 
atoms in the metastable state will be excited to the 
resonance state in collisions with ground-state atoms. 
Thus, studies of the decay of density of excited neon 
atoms” in the *P, and *P, state during the afterglow 
of a pulsed discharge show that we should add the 
terms 6B,n,(x) and B.n,(x) to the right-hand sides of 
Eqs. (4) and (6), respectively. The term Gn,(x) of Eq. 
(6) should be replaced by bB.n,(x). Here d is the ratio 
of the frequency of resonance atom destruction to the 
frequency of resonance atom production, B,. The ratio 
b is given by the theory of detailed balancing and, for 
example, is 1.67 exp (601/7) for the *P,-*P; transition 
of neon. We have been able to obtain a solution for 
this pair of equations only in the limits of (a) low 
enough gas density such that the coupling terms are 
negligible and the metastable atoms and resonance 
photons reach the walls independently or (b) high 
enough gas density such that the diffusion of the 
metastable atoms to the electrodes is negligible. At 
low densities the solutions are as given above. In the 
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limit of high densities the omission of the diffusion 
term in Eq. (4) allows one to solve Eq. (4) for n(x) 
and then eliminate n,(x) from Eq. (6). The new form 
of Eq. (6) is then identical with the old form if we 
replace v, by v-t+v.L1+(A+Com)/Ba}' and G by 
bB,[1+B./(A+Cam) |. Using these substitutions, the 
number of resonance photons reaching the cathode per 
electron leaving, f,, can be found from the empirical 
equation, Eq. (25). 

At this point it is appropriate to emphasize the fact 
that the behavior of imprisoned resonance radiation is 
much different from that of the diffusing metastable 
atoms and that the imprisonment of resonance radi- 
ation cannot be descrtbed by ordinary diffusion theory.’ 
First, we note that the parameter A/A, of the imprison- 
ment solution is independent of the gas density and 
varies only as the square root of the separation of the 
electrodes, whereas the parameter AN@D, of the 
diffusion theory is proportional to the density and to 
the square of the electrode separation. Secondly, the 
results of our calculations show that the fraction of 
metastable atoms reaching the cathode, the dashed 
curves of Fig. 2, depends much more strongly upon ad 
than does the fraction of the resonance photons reaching 
the cathode, the solid curves of Fig. 2. Thus, for a static 
discharge (A=0) and no volume destruction (G=B, 
=Cym=0) the fraction of metastable atoms reaching 
the cathode decreases from 0.5 to 0.125 as ad varies 
from 0 to 8 while the fraction of resonance photons 
reaching the cathode decreases 0.5 to 0.3 for the same 
variation in ad. For large (A+B,+C.»,)Nd*/D, the 
variation of the metastable fraction, f,, decreases 
exponentially with ad whereas the dependence of the 
resonance photon fraction on ad is essentially un- 
changed from that for (A+G)/A;=0. 
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Fic. 3. Townsend ionization and excitation coefficients for 
helium at high gas densities as a function of E/p at 300°K. This 
data can be used at other gas temperatures by considering p to 
be a unit of gas density equal to 3.22 10"* atom/cc. As discussed 
in the text this data is not applicable at low gas densities or very 
large A. 
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IV. APPLICATION OF THEORY 


In this section we will attempt to give our theoretical 
formulas more meaning by applying them to a calcu- 
lation of the growth constant, A, as a function of the 
applied voltage, V, for typical experimental conditions. 
First we consider pure helium and then helium with a 
very small admixture of neon. 


A. Pure Helium 


Helium is probably the best gas in which to test 
theories of breakdown since more is known about the 
behavior of electrons and excited atoms in helium than 
in any other gas. Thus, the cross sections for the elastic 
scattering of electrons and for the excitation and ioniza- 
tion of helium by electrons have been determined.'*:'7*° 
These have been used to calculate electron energy 
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Fic. 4. Electron and ion drift velocities as a function of E/p at 
300°K. The electron drift velocity data can be used at ether 
ternperatures by regarding » as a unit of gas density equal to 
3.22 10"* atom/cc. 


distribution functions, ionization frequencies, and ex- 
citation frequencies at various values of E/p (electric 
field to pressure ratio) for comparison with experiment. 
Electron and ion drift velocities have been meas- 
ured,'*%47 The diffusion coefficients, two-body and 
three body collision coefficients have been measured 
for helium atoms and molecules in the metastable 
states.!* Theoretical calculations have been made of 
the transition probabilities for the various radiative 
transitions and a few of the values have been checked 
by experiment.** Some of the frequencies of excitation 
transfer have been measured so that one can make 


* L.S. Frost and A. V. Phelps (to be published.) Similar results 
have been obtained by S._ J. B. Corrigan and A. von Engel, Proc. 
Phys. Soc. (London) 72, 786 (1958). Although these authors 
obtain shapes of the excitation cross-section curves for the various 
excited shapes of helium which differ significantly from those of 
Frost and Phelps, the ionization and total excitation frequencies 
are in satisfactory agreement. 

7 Phelps, Pack, and Frost, Phys. Rev. 117, 470 (1960), 
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Fic. 5. Schematic of processes ieading to the arrival of singlet 
metastable atoms and resonance and nonresonance photons at 
the cathode during the buildup of current preceding breakdown 
in helium. The horizontal lines represent excited states while 
diagonal lines represent processes characterized by the coefficients 
such as the transition probability, Ar, for the emission of reso- 
nance radiation by the 2'P resonance (R) state. The y.f, products 
at the ends of the arrows are the fractions of the cathode current 
resulting from the arrival of the species designated by the final 
subscript and originating at a state indicated by the initial sub- 
script. The equation used to evaluate the 7,f, value is indicated 
in parenthesis. 


estimates of the effect of this process on the net ex- 
citation rates.** 

An immediate simplification of the theory as applied 
to helium is that for \<10’ sec~ and gas densities 
greater than 10'’ atoms/cc the effects of the imprison- 
ment of resonance radiation and the transfer of excita- 
tion are large enough so that the only resonance photons 
which can reach the electrodes in significant numbers 
are those from the 2'P state. In the notation*™ of Sec. 
III this means that for the n'P states with »n>3, G>dA 
and G/A;>>1 so that none of the excitation to the 
higher m'P states reaches the electrodes but instead is 
divided among the metastable states and lowest 
resonance (2'P) state. As a result, for a given E/p, the 
rates of production of resonance and metastable atoms 
per electron are independent of gas density, growth 
constant, and electrode spacing. Figure 3 shows the 
variation with £/p of the excitation coefficients and the 
Townsend ionization coefficients for the production of 
atomic and molecular ions. Figure 4 shows the electron 
and positive ion drift velocities as a function of E/p. 
The processes leading to the arrival of photons or 
metastable atoms at the cathode are indicated in Figs. 
5 and 6. Values of the various associated coefficients 
are listed in Table II for an arbitrary gas density. The 
important \ dependent parameters of the theory are 
listed in Table III for d=1 cm and a gas pressure of 
100 mm Hg at 300°K. 

The number of atomic and molecular positive ions 
arriving at the cathode per electron leaving is calculated 
by substituting the values of a1, a2, 0, 01, and v2 from 


* Here G is the sum of (a) the transition probabilities per unit 
time for all radiative transitions except the transitions to the 
ground state (resonance transitions) and (b) the net frequencies 
of transfer of excitation to other states such as #'D and n*D. The 
helium densities of interest are high enough such that one ts 
the density of atoms in the n'P state relative to the densities of 
atoms in the corresponding n'D, n*D, etc., states to be given by 
detailed balancing. Also, one expects the net m'P destruction 
frequency by excitation transfer to be determined primarily by 
the radiative transition probabilities for the nD, n*D, etc., states. 
See reference 15, Chap. VII, Sec. 8.2 and reference 33. 





Fic. 6. Schematic of processes leading to the arrival of triplet 
metastable atoms and molecules at the cathode. The meaning at 
the symbols and lines is the same as for Fig. 5. The dashed lines 
indicate the additional processes introduced by the presence of 
small concentrations of neon. 


Figs. 3 and 4 and the value of Cj. from Table III into 
Eqs. (12) and (13). Figure 5 shows that atoms excited 
to the resonance (2'P) state either emit resonance 
photons or emit infrared photons in a radiative tran- 
sition to the singlet metastable (24S) state. Figure 5 
also shows that the radiative transition probabilities 
for the emission of the resonance photon and non- 
resonance photon are Ar and Ags, respectively, so 
that in this case G=Ars. The number of resonance 
photons arriving at the cathode per electron leaving, 
fr, is to be calculated using Eq. (23). According to 
Table III a value of \=2X10® sec™ is required to 
increase (Ars+A)/Ar by a factor of two so that at a 
given E/p we expect fr to be nearly independent of A 
for \< 10° sec". 

Figure 5 shows that atoms may be excited to the 
singlet metastable (2'S) state by radiative transitions 
from the 2'P resonance state as well as by direct 
excitation and by radiation from higher n'P states. 
The singlet metastable atoms may diffuse to the 
cathode as metastables with a diffusion coefficient Ds 
or may be converted into nonresonance photons as a 
result of collisions with ground-state atoms at a fre- 
quency, Bs. According to Table III, the conditions of 
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our example are such that usg*>>1 and, since ad<6, 
us’>a’d’ so that the number of singlet metastable 
atoms reaching the cathode per electron leaving, /s, 
is given by the limiting form of Eq. (12), fs=asd/ 
(us—ad) and is expected to be small for all \. The 
contribution to the cathode current due to the arrival 
by diffusion of singlet metastables which were originally 
formed as resonance atoms is smaller than fs and is 
neglected. Figure 5 shows that the number of non- 
resonance photons reaching the cathode per electron 
leaving, fsp+frsp, is found using Eqs. (16) and (24). 
Since Eqs. (16) and (24) depend upon A through the 
ratio \/Bgs, the contribution of nonresonance photons 
from the 2'S state will decrease rapidly for \>2X 10* 
sec, 

Figure 6 shows that atoms excited to the triplet 
metastable (2°S) state may diffuse to the cathode with 
a diffusion coefficient Dr or be converted into meta- 
stable (2°£) molecules in three-body collisions at a 
frequency, Cry. The data of Table III show that for 
the conditions of our example, u7?>>1 and ur*>a’d* so 
that the number of triplet metastable atoms arriving 
at the cathode per electron leaving is small and is given 
by the limiting form of Eq. (12), fr=ard/(ur—ad). If 
the helium used in a breakdown measurement is ex- 
tremely pure, then the metastable (2°) molecules 
appear to be destroyed only as a result of diffusion to 
the electrodes.7 The number of metastables arriving 
at the cathode per electron leaving is then given by the 
limiting form of Eq. (13) for u.?>>1 and y,?>a*?d’, i.e., 
the right-hand side of Eq. (12) with a, and yu, replaced 
by ar and wy and multiplied by (1+A/Cry)~. From 
Table III we see that u4y=1 for \=3.1 sec so that 
we expect fry to be significant only at very small A. 

In order to find the applied voltage which will yield 
a given value of \ we need to consider the boundary 
condition on the electron current given in Eq. (6). This 


TABLE IT. Coefficients governing current buildup in helium at 300°K. 





State and process 


He* to Hey* conversion 

2'P resonance transition probability 

2'P imprisonment constant 

2'P-2'S transition probability 

2'S diffusion coefficient 

2'§ collision induced radiation 

2'S three-body destruction 

2°S diffusion coefficient 

2*S three-body collision 

28S collision induced radiation 

2*E molecular metastable diffusion 

2°S destruction by neon 

Ne(*?P;) resonance transition probability 
Ne(*P;) imprisonment of resonance radiation 
Ne(*Po) de-excitation to *P; state by helium 
Ne(*P;) excitation to *P, state by helium 
Ne(*P:) three-body destruction 

Ne(®P;) diffusion coefficient 

Ne(*P3) elastic collision frequency in helium 
Helium density 

Fractional neon density 


Symbol 


6X 10°" N? sec 
1.8X 10° sec 
1.06 X 10° (d)-* sec 
2.0X 10° sec 

1.4X 10" cm™ sec™ 
6X10-4N sec 
<10-*N? sec 

1.51 10" cm™ sec 
2.5X10-*N? sec 
<2XK10°"'N sec 
1X10" cm sec 
3X10-"cN sec 
6.210" sec 

=3X 10*(cd)-* sec 
4X10 *N sec 
2X10-"N sec 
=5X10-“cN? sec 
2 10" cm™ sec 
4X10-°N sec 
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condition can be written in the form 


vifrtfstfit+rve( fet fu) 
+7e(frsptfspt+fr)=1. (27) 


Here we have assumed that the yield of electrons due 
to helium atomic ions and helium singlet and triplet 
metastable atoms are the same.** The electron yield for 
the helium molecular ion and metastable molecule is 
expected to be about 40% lower than the value for the 
atomic ions and metastables.** The energies of the 
resonance and nonresonance photons are nearly the 
same and are assumed to produce the same yield of 
electrons at the cathode. 

We have chosen gold as the cathode surface for our 
example since it appears to be a relatively stable surface 
and is easily prepared experimentally. The yields used 
in the calculation are: 0.3 for the atomic ions and 
metastable atoms,*® 0.2 for the molecular ions and 
metastable molecules,** and 0.05 for the photons.” 


TaBLe III. Parameters of imprisonment and diffusion equations 
for d=1 cm, N =3.22X10"* atom/cc (p= 100 mm), and 300°K 





Sy mbol 


Value (A in sec™) 
6X 10° second 
1.94+-9.4XK 10-7 
4.5X 10°+-0.23r 
5.2K 10~ 
550+-0.21d 
38X10 


Cis 
(Arst+a)/Ar 
ps? = (Bs tr\)N&/Ds 
d/Bs 
pr=(Crut+arA)N&/Dr 
TM 
Pure He 
wa? =r\NG*/Da 
He+2X10-'Ne 
pat=(Byutd\)NE/Du 
\/Bu 
une’ = (bB2+d)NG/Dye 
/A1(@P1) 
d/B: 
d/Bo 


0.32 


620+-0.32A 
5.0X10™ 
6X 10*+-0.17A 
1.4X10- 
1.55 10-5 
1.310 








These values must be multiplied by a factor which 
takes into account the effects of scattering of the 
emitted electrons back to the cathode as a result of 
collisions with gas atoms. Since we do not know of any 
measurements of this quantity for electrons in helium 
we shall assume’a typical value of 0.3 and neglect its 
variation with E/p and the initial energy of the elec- 
trons emitted from the cathode. The resultant values of 
y are: yi:=9.09, y2=0.06, and y,=0.015. The calcu- 
lations are carried out by calculating }-y.f, at integral 
values of ad for an assumed A and using an exponential 


"H. G. Hagstrum, Phys. Rev. 91, 543 (1953); and L. J 


Varnerin, Phys. Rev. 91, 859 (1953). These papers show; that if 
the work function of the metal surface is sufficiently large com- 
pared to the energy required to ionize the metastable atom or 
molecule, the metastable atoms or molecules will be ionized as 
they approach the surface and the electron yield will be the same 
as for the corresponding positive ion. See J. P. Molnar, reference 
24, for experimental evidence for the equality of the electron yields 
due to argon ions and metastable atoms. We have taken the yield 
for the molecular ion to be approximately two-thirds of that for 
the atomic ion as found by Hagstrum for gas covered tantalum 
“ J. B. Hasted, J. Appl. Phys. 30, 22 (1959) 
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Fic. 7. Predicted growth constant as a function of applied 
voltage for 100 mm Hg of helium at 300°K with infinite parallel 
plane electrodes and a gold cathode. The solid curve is calculated 
assuming all processes contribute to the cathode current and is 
the curve which should be observed experimentally. The dashed 
curves labeled, yrafu=1, yofe=1, and ypfe=1 show the ex- 
pected variation of \ with V if only the molecular metastables, 
molecular ions, or resonance photons contributed to the cathode 
current. 


interpolation to find the value of ad and V, which 
makes }-y,f,= 1. 

The calculated values of \ as a function of the ampli- 
tude of the voltage pulse applied to the gap are shown 
by the solid curve of Fig. 7, while the fraction of the 
electron current leaving the cathode for each secondary 
process, Y»/n, is given in Fig. 8 as a function of \. From 
Fig. 8 one sees that the principal source of cathode 
current at low values of \ is the emission of electrons 
resulting from the arrival of molecular metastables at 
the cathode, i.e., y2fra. At intermediate values of \ 
the contribution due to molecular ions, y2f2, dominates, 
while at the largest A the production of electrons due 
to the arrival of resonance radiation, 7pfr, is the most 
important process. 

The roles of the various secondary processes in deter- 
mining the shape of the \ as V curve is shown by the 
dashed curves of Fig. 7. Thus, the curve labeled 
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F1G. 8. Fraction of cathode current contributed by various 
secondary processes as a function of the growth constant. 
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vy2fru=1 is calculated by setting fra=1/y2 and 
finding the value V necessary to give a desired \. This 
is equivalent to assuming that the yields due to all 
other secondary processes are zero. From this calcu- 
lation we see that the knee of the A vs V curve at A~10 
sec~! corresponds to the knee of the y2fra;=1 curve. 
Examination of Eq. (16) and of the constants of Table 
III shows that these knees occur when the time required 
for a metastable molecule to diffuse across the gap is of 
the order of the time, 1/A, required for the current to 
increase by 2.7. As far as their contribution to the 
cathode current is concerned, the metastable molecules 
which remain in the gap during the buildup are as 
ineffective as if destroyed by some volume process 
characterized by a destruction frequency A. This 
equivalence of destruction and buildup of density in 
the gap is also seen in the differential equation for the 
metastable density, e.g., Eq. (14) for the atomic 
metastables contains the sum of the volume destruction 
frequencies and the growth constant. 

The curve labeled y2f2=1 in Fig. 7 shows variation 
of \ with V expected if only the molecular ions were 
capable of releasing electrons from the cathode. Here 
we see that the molecular ions are the principal factor 
in determining the shape of the A vs V curve for inter- 
mediate \. In this case, the knees of the A curves at 
\~10° sec result when the time required for the ions 
to cross the gap becomes comparable with 1/A and the 
ions begin to remain in the gap. Similarly, the y,fr=1 
curve assumes that only resonance photons release 
electrons at the cathode. The closeness of this curve 
and the }-y,f/,=1 curve at large \ again shows that 
the resonance radiation is the principal source of 
cathode current at A near 10? sec. 

Figure 8 shows that the contribution of collision 
induced radiation y»(fsp+frsp), to the cathode current 
varies from 5 to 25%. The detailed calculations show 
that about 40% of the singlet metastables, which are 
the source of the collision-induced radiation, arrive at 
the singlet metastable state by radiative decay from 
the resonance state. Also, the calculations show that 
the fraction of the molecular ions reaching the cathode 
which were formed from atomic ions by three-body 
collisions varies from 70% at small A to 35% at A~10° 
sec"'. Figure 8 shows that at the pressure and gap 
spacing of our example, the contributions to the cathode 
current of electrons produced from atomic metastables 
and atomic ions arriving at the cathode are less than 
6% of the total, and, therefore, essentially negligible. 

The effect of changing the helium density or electrode 
spacing is most easily seen by considering the changes 
in the A vs V curves for the dominant process con- 
tributing to the cathode current. Examination of the 
appropriate equations shows that in general none of 
the dominant processes in our example can be charac- 
terized by the usual three proper variables! of Ad, V, 
and Nd (or pd at constant temperature). Thus, we 
cannot regard the \ vs V curve of Fig. 7 as a Ad ws V 
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curve which will apply over wide ranges of gas density 
so long as Nd has the value chosen for our example. 
This failure of three variables to completely charac- 
terize the results is due to the presence of the three-body 
coefficients in the equations corresponding to the con- 
tributions of metastable molecules and molecular ions 
and to the dependence of the imprisonment constant, 
A,;, on the square root of the electrode separation. 


B. Helium with Neon Impurity 


If the helium used in the breakdown measurements 
contains small concentrations of impurities, the oper- 
ation of a glow discharge or the repeated application of 
breakdown voltages will drive most of the impurity 
atoms into the cathode as positive ions.“ However, 
neon is not removed efficiently by this process so that 
most samples of helium contain small concentrations of 
neon, ¢e.g., two parts in 10° of neon for high purity 
commercial helium." As shown by Fig. 6, this concen- 
tration of neon can result in the transfer of the helium 
2°> molecular metastable energy to the states of the 
2p*°3s configuration of neon at a frequency of By sec 
Figure 6 also shows that excited neon atoms found in 
the *P; and 'P; states may either emit neon resonance 
radiation or be converted into *P, 


j 


or *Po atoms upon 
collisions with ground state atoms.” Excited atoms 
formed in the *P, or *P» states may diffuse to the 
electrodes, be destroyed in three-body collisions with 
ground-state atoms, or be converted into *P; or 'P, 
states.“ Although the rates of diffusion, conversion, 
and three-body processes are known with sufficient 
accuracy, we cannot obtain a general solution of our 
problem because of a lack of knowledge as to the 
relative ratio of produc tion of the states of the 2p°3s 
configuration and because we have not solved the 
coupled equations at low gas densities where diffusion 
of the metastable atoms to the 
portant process. 

For helium densities equal to or greater than that of 
our example diffusion effects are negligible and im- 
portant simplifications occur in the solutions of the 
coupled equations for the various states of the2p*3s 
configuration. The helium densities of our example are 
expected to be more than that required for the escape 
of the neon resonance radiation to be controlled by the 
collision broadening of the resonance lines as described 
in Sec. III. Since we have no theoretical or experimental 
information as to the frequency of collisions causing 
significant perturbations of the radiating neon atoms, 
we shall use the elastic collision frequency computed 
from the diffusion coefficient for neon metastables in 
helium.”* This collision frequency, »., is shown in 
Table II and is used to calculate the line breadth using 
relations given by Mitchell and Zemansky”* and the 
imprisonment constant shown, A;, according to equa- 
tions given by Holstein.” For the conditions of our 


electrodes is an im- 


« A. Riesz and G. H. Dieke, J. Appl. Phys. 25, 196 (1954). 
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example A;(*P;) is «qual to 7X 10* sec? compared to 
1X 10® sec for the helium resonance line. We, there- 
fore, expect imprisonment effects to be significantly 
smaller than for the helium resonance line. If we take 
into account the effects of transitions between the *P2, 
*P,, and *P» states of the 2p°3s configuration according 
to the imprisonment theory in the presence of coupled 
equations given in Sec. III, we find that the effective 
value of the factor [1+ (A+G)/A1}"' of Eq. (23) varies 
from 1.0 for \=0 to 0.8 for \=10® sec. Accordingly, 
a lack of an accurate value for the frequency of line 
broadening collisions is not too important so long as it 
is not significantly smaller than our assumed value. 
Since the transition probability for the resonance 
transition originating with the 'P, state of neon (736A) 
is 13.2 times that for the *P, state,” the effective 
imprisonment constant for the 736A photons is larger 
than that for 743A photons and its exact value is even 
less important. 

If the theory of imprisonment in the presence of 
coupled equations is extended to include the two 
metastable states of neon, the effective frequency of 
neon *P; resonance atom production, v,, is found to be 
given by 


vp-=v(?P1)+v(?P2)(1+A/Be) 


+v(*Po)(1+/Bo). (28) 


Here the v’s are the frequencies of production of the 
respective states, and B, and Bp are the frequencies of 
conversion of atoms in the *P, and *Pp states to the *P 
state as given in Tables II and III. Here we have 
assumed that all of the *P» atoms are converted directly 
into *P,; atoms whereas actually about half are con- 
verted directly and about half by way of the *P, 
state.” Because of the large value of A;(*P;) the effect 
of this assumption on », is negligible. Since diffusion 
effects are assumed to be negligible, the frequencies of 
production of the various excited neon atoms are equal 
to the frequency of helium molecular metastable pro- 
duction times a factor of the form (1+A/By;)~', where 
By; is the frequency of transfer of excitation from the 
molecular metastable state to the state of the neon 
2p°3s configuration with a total angular momentum of 
j. The ratio of the frequency of helium molecular meta- 
stable production to the frequency of helium triplet 
atomic metastable production, vz, is (1+A/Cra)™. 
Our lack of knowledge of the relative values of the 
By; prevents effective use of Eq. (28). However, from 
Table III we see that A/By and \/B, are significantly 
smaller than \/Cry and \/By so that the contribution 
of the neon resonance radiation to the cathode current 
will be small when the \/ Bo and / B; ratios in Eq. (28) 
are comparable with unity. This means that to a good 


“ G. H. Shortley, Phys. Rev. 47, 295 (1935). Recently, A. Gold 
and R. S. Knox, Phys. Rev. 113, 834 (1959) have obtained 
theoretical values for the radiative transition probabilities for 
the 3'P, and 3*P; states of neon which are about a factor of two 
smaller than the values given in reference 22. 
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Fic. 9. Growth constant as a function of applied voltage for 
pure helium (dashed curve) and for helium containing 2K 10% 
neon (solid curve) 


approximation we can assume that neon atoms formed 
in the *P, and *P» states are converted into *P, atoms 
with negligible delay. Furthermore, because of the 
large values of A; for both resonance states compared 
to the A values of importance in this calculation 
(A<10* sec~'), we can assume that all of the excited 
neon atoms are formed in a single resonance state. Thus, 
the contribution of neon resonance radiation is given by 


| 1 
(14+A/Crm)(1+A/By) (1+0.175(ad)"} 
ar 


x -—(e%4—1). 


a 


(29) 


The dashed curve of Fig. 9 shows the calculated effect 
of conversion of helium metastable molecules into neon 
excited atoms and then into resonance photons for the 
conditions of our example. The yield of electrons per 
neon resonance photon striking the cathode was 
assumed to be the same as for helium photons. Thus, 
the effect of the 2X10~* parts of neon is to raise the 
voltage required to make \=1 sec™ from about 625 
volts to about 700 volts and effectively eliminate the 
“knee” attributed to the helium metastable molecules. 
The calculations show that the presence of the neon 
reduces the contribution of the molecular metastables, 
v2/rm, by a factor of 10 from its pure helium value. A 
slight knee appears at \~ 10" sec and is due to the 
decreasing contribution of the neon resonance radiation 
to the cathode current. 


Vv. DISCUSSION 


The preceding analysis shows that it is possible to 
make detailed predictions of the growth constant »s 
voltage characteristics for a rare gas for which the 
ionization and excitation probabilities, the interactions 
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of electrons, ions, and excited atoms with ground-state 
atoms, and the electron yields due to ions, excited 
atoms, and photons are known. At present the only 
gas for which this information is available is helium. 
Even in the case of helium, our knowledge of such 
processes as molecular ion formation from highly 
excited atoms and the net yield of electrons from 
cathode surfaces is unsatisfactory and constitutes a 
possible source of significant error in our calculation. 

Our conclusion that the net effect of resonance 
radiation can be described in much the same manner 
as the effect of delayed nonresonance photons is one 
more example of the fact that the transport of resonance 
radiation cannot be treated properly using conventional 
diffusion theory. Thus, the time constant character- 
istic of the resonance radiation, 1/A;, varies as the 
square root of the electrode separation and is inde- 
pendent of gas density while the time constant charac- 
teristic of conventional diffusion, Nd*/D,, is directly 
proportional to the gas density and to the square of the 
electrode separation. 

Two outstanding features of the analysis presented 
in this paper are the complexity of the problem and 
the fact that none of the processes found to control the 
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current buildup in helium are the simple processes 
involving atomic ions, atomic metastables, and non- 
resonance photons usually considered in the analysis 
of experimental data. Examination of available data 
as to ion and excited atom behavior in neon and argon 
suggests that the existence of four closely-spaced meta- 
stable and resonance states would lead to more com- 
plicated calculations than for helium. The calculations 
are not expected to be significantly simpler in the 
molecular gases except possibly in the case of hydrogen 
where there are no metastable molecules'* and where 
the time required for the destruction of metastable 
atoms and for an H,* ion to be converted into an H;* 
ion® is believed to be very short. 
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Corrections to a previous paper by the second author are presented. A calculation leading to t 


he simplifi 


t 


cation of the pair correlation functions is also presented. 


HE purpose of this brief paper is twofold: to 
correct some errors in a previous article,’ and to 
extend the utility of the theory by demonstrating a 
great simplification of the pair correlation function. It 
is to be emphasized at the outset that the errors in no 
way alter the physical arguments advanced by Rice 
or the final formulation of the diffusion coefficient. 
We proceed by remarking that the dynamical theory 
* The research reported in this paper has been sponsored in 
part by the Electronics Research Directorate Air Force Cambridge 
Research Center, Air Research and Development Command, and 
by the Office of Naval Research. SAR is grateful for a grant from 
the Alfred P. Sloan Foundation to the University of Chicago for 
support of research in chemistry 
t Portions of this paper are based on a thesis to be submitted 
by OPM in partial fulfillment of the requirements of the degree of 
Doctor of Science or Doctor of Philosophy in the Department of 
Electrical Engineering at the Massachusetts Institute of Tech- 
nology. 
t Alfred P. Sloan Fellow 
1S. A. Rice, Phys. Rev. 112, 804 (1958). 


presented previously is based on the Einstein relation 
D= 41 (Ax)?, (1) 


with I’ the frequency of atomic jumps and Ax the 
length of a jump. Equation (1) is conveniently rewritten 
in the form 


(2) 


with ¢ the site fraction of vacancies, and P({5}) the 
frequency of occurrence of a configuration in which the 


migrating atom has large amplitude of vibration 


properly oriented and there is a properly phased motion 
of the surrounding atoms. The summation is to be 
taken over all atoms that can jump into the vacancy. 
This usually consists of just the nearest neighbors and 


has been so indicated by n.n. Following the arguments 
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presented by Rice! P({8}) is given by 


Po 


eee a) h 
P((0))« fs T1 8(4)— ada, (3) 
€ j=l 


UoglkT 


with I’; the frequency with which the migrating atom, 
treated as independent, attains the critical configuration 
and where P™ is the joint probability of finding 
particles 1, ---, & within the ranges dq---dq, about 
gi:*-Qa- The factor exp(—Uo/kT) arises from the 
requirement that the jump frequency be conditioned on 
gi=qo. Finally, the factor [];.1"6(q;—4,) arises from 
the assumption that there is a negligible contribution 
from all configurations with values of g;> 4,0, since the 
state wherein g;= 9, is already one which occurs with 
low probability. The joint probability P™ is related to 
the probability density P defined in Eq. (R-20)* by 


PO x gh Pom) (4) 


with » a free volume to be determined subsequently 
Note that a factor v* is missing in the first form of 
Eq. (R-32). 

Consider now the displacements g; and gq». In the 
3N dimensional cartesian coordinate system (we neglect 
the 6 translation and rotation coordinates of the crystal 
as a rigid body) these represent displacements of atoms 
1 and 2 in specified directions along unit coordinate 
axes. We have® 


P® (9,92) = P™ (q:) P® (qs) g12 


fevnraas . -dqin 


, 





fovea - dan 


where 


2U= > 4: 39:4; +2 > Agiget 2 L 4259293 
i=3 j=3 


i,j=3 
+ 41.91°+ 201291924 42292", 
which may be rewritten (note the factors of 2) 


= ¥ moiQ2+2E augquRu 


i—3 1, i—3 


+2 2 G2j92R sv Qu + anger + 24129192 + 42292", 


U'=.j=3 


where w,’ is the ith eigenfrequency of the crystal when 
the two degrees of freedom are constrained, Q; is the 
corresponding normal mode and Rj: is a component of 


* Equations prefixed by R refer to reference 1 
* T. L. Hill, Statistical Mechanics (McGraw-Hill Book Company, 
New York, 1956). 
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the modal matrix R. By completing the square 


pod 


Pq) =| TI (2ekT/mw,,'*)* il (2rkT/ma,)| 


pol 


1 aN 


y LS 

Xexp| — >> —- 

2kT ums ma," 
Xexp[ —(1 /2kT) (a119:1°+ 24129192 +-42292") |, (8) 
with w, the angular frequency of the uth mode when 
there are no constraints. We have here used the fact that 
the determinant of the transformation matrix has the 
value unity. Moreover, L, is related to the normal 
eigenvector Ry, corresponding to column i of the 


transformation matrix by [note the factor of v2 
difference from (R-31) ] 


aN 


p (i491 + 42492) Ruy. 
i=3 


L,= (9) 


Consider now the sum 
ear . 
an iJ 


, 
pd Mw, . 


: RiuRn 
= = > (Qui +2192) (imGi + Gamg2) - 


p= 3 lms mu," 


~ ia Ry Rn 
D (41191 +2192) (Gimgi t+Gemg2) 2 ~ 


i.m~3 un 3 mw, 


(10) 


By the definition of the modal matrix,‘ 


R“gR=«, (11) 


with § the matrix of the coefficients a,;, i, 71, 2 and 
«x the matrix of the eigenfrequencies. Noting that 
6-'=Rx“R-, we have 
Riu Rin 
(y= 5 —— (12) 
3 mw," 
The substitution of (12) into (10) leads to three terms, 
the first of which is 
g’Lau— > 


— Bim 
l,m 2 


. 
21 14im_} 


Te (q:7/|8|)(au| 8! = ys 411Bim@im), 


i,mp*l 2 


(13) 


with B,, the cofactor of Bi,. The right-hand side of 
(13) may be rewritten as g;°(|8’|/|8|) with By’ =a,,, 
i, j#2. Proceeding in a similar manner the other 


‘See for example F. B. Hildebrand, Methods of Applied Mathe 
matics (Prentice-Hall, Inc., Englewood Cliffs, 1952). 
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terms may be evaluated. The final result is 


m 


I) 
p= 3 2nrkT 


| 1 a? a? 
x exp) [ot U2 
| kT ay” a,” 


aN 
2) (4g) = Il Wy 
pol 


2a 
+ oe 


Le Bie 22% 


. e , j 4 
> ¢ ay’, l j= gj / Dk ajx", 
Di jr’, 


with the coefficients aj, being the weight of the &th 
normal mode contribution to the displacement q;. 
Similarly, aj,’ is the weight of the &th normal mode 
contributing to the displacement g; when the degree of 
freedom corresponding to q, is constrained. Note that 
as the distance between the atoms whose displacements 
are g; and qe increases, a?/a;’*—> 1, aya2/>- a,'a2,’ — 0 
and therefore 


-( vw)|| (14) 
where 


(15) 


a; 


exp[ — (1/kT)(U1+U2)], 


1(q°) 


lim P® (91,92) (16) 


Ru 


where (g*) is the mean square displacement and we 
have used the fact that the ratio of the product of the 
frequencies is, to a good approximation, the product of 
the two highest frequencies in the crystal. The mean 
square displacement is to be evaluated for these high 
frequencies from 

9.2) = 2kT/mw,?. 


(17) 


We are now ready to turn to the critical question of 
normalization. By the definition in Eq. (5) {note the 
v! and the change in sign of the L,? term when compared 


to (R-30) as well as the factor exp[(U:+U2)/kT }} 


aN 
£12 of I] (2ekT/mw,’?)! 
pai 


3N 
I] (24kT/mw,?) | 


3 wel 


1 L2 
ae, se | ex (Ut U9/AT) 
2kT = mw, "_ 


xerp| 


<exp[— (1 2kT) (aurgv + 24129192 + 2292") ]. ( 18) 
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To calculate the free volume » we use the condition 


lim gis =1, (19) 


Rem 
so that 
pa (q:) = eo Uk? (r(¢ )4 


and 


It is pertinent at this point to make some further 
comments about the assumptions involved in the theory 
proposed by Rice.! First note that the jump of an atom 
into a neighboring vacancy may be accomplished not 
only when the shell atoms have exactly the critical 
amplitude, but also when this amplitude is exceeded. 
If the critical configuration is already improbable, the 
integration over even more improbable states should 
give a negligible contribution. Just this point is being 
investigated in detail by one of us’ (OPM) and will be 
published along with an alternative formulation which 
appears to lead to results equivalent to the first presen- 
tation.! Second, note that Eq. (8) would appear to 
eliminate the necessity of considering the pair corre- 
lation functions. In a formal sense this is true since 
£12." is defined in terms of P’ by Eq. (5). However, 
as in the theory of fluids, there are advantages to 
considering the motion of atoms at first as independent 
and then correcting for the correlation. This is particu- 
larly useful when model considerations are used as is 
shown in a separate publication.* The decomposition 
into independent probabilities multiplied by a corre- 
lation function is, of course, just the decomposition of 
Eq. (5). Finally, we note that none of the corrections 
have modified the physical arguments advanced by 
Rice' but only the details of the calculation of g..°’. 
The reduction of the pair correlation funct 
in Eq. (18) should greatly facilitate numerical compu- 
tation. 
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The magnetic properties of NiF: are studied theoretically with 
the use of a spin Hamiltonian approach. It is shown that the 
anisotropy of the susceptibility above the Néel temperature indi- 
cates a spin arrangement below the Néel temperature in which all 
the spins are perpendicular to the c axis and the angle between the 
two sublattice magnetizations is a little smaller than x, giving rise 
to a small net ferromagnetic moment along the (100) direction. 
This model explains the torque data below the Néel temperature 
quantitatively. The spin wave frequencies and the magnetic reso- 
nance frequencies are calculated. There is a low-frequency branch 


1. INTRODUCTION 


HE magnetic properties of iron group fluorides, 
MnFy., FeF., CoF2, and NiF, have been ex- 
tensively studied both experimentally and _ theoreti- 
cally.’ All of these compounds have a rutile type crystal 
structure, and the three other than NiF, show typical 
antiferromagnetism below their Néel temperatures ; the 


spins point along the +c axes. On the other hand, NiF; » 


has been reported to show the following strange proper- 
ties: It has a weak ferromagnetic moment below its 
transition point, and the measured torque curves show 
quite different behavior from those of usual antiferro- 
magnets or those of usual ferromagnets.? The specific 
heat of NiF, shows a weaker temperature dependence 
than those of the other fluorides at low temperatures.’ A 
neutron diffraction experiment on a powder sample 
studied by Erickson‘ led him to conclude that the spins 
are tilted from the c axis by 10 degrees. These unusual 
properties have remained unexplained so far. Recently 
Shulman® studied nuclear magnetic resonance of the 
fluorines in NiF». He has come to the conclusion that the 
spins point in directions almost perpendicular to the c 
axis, in contradiction with Erickson’s analysis of his own 
neutron diffraction data. 

As for the theoretical studies, Dzialoshinski® has 
shown from a symmetry consideration that there are 
five possible arrangements of the spins in rutile-type 
crystals assuming a two-sublattice model. Among them 
are an MnF; type structure (the spins pointing in the 


+c directions), structures in which the spins are in the 


1 See Nagamiya, Yosida, and Kubo, Advances in Physics, edited 
by N. F. Mott (Taylor and Francis, Ltd., London, 1955), Vol. 4, 
p. 1. Recently, paramagnetic resonances in samples extremely 
diluted by ZnF:, nuclear magnetic resonances, antiferromagnetic 
resonances, and optical absorption spectra in these iron group 
difluorides except NiF; have been studied by many people, though 
we don’t give references here. 

2 L. M. Matarrese and J. W. Stout, Phys. Rev. 94, 1792 (1954). 

3 J. W. Stout and E. Catalano, J. Chem. Phys. 23, 2013 (1955) 

*R. A. Erickson, Phys. Rev. 90, 779 (1953). 

*R. G. Shulman (to be published). 

* [. E. Dzialoshinski, J. Exptl. Theoret. Phys. U.S.S.R. 33, 1454 
(1959) [translation: Soviet Phys. JETP 6, 1120 (1958) ]. 


whose lowest. frequency (k=0) corresponds to the anisotropy 
energy in the ab plane. The magnetic resonance is expected at 
around 170 kilomegacycles/second. A recent nuclear magnetic 
resonance measurement by Shulman seems to support the present 
model. The spin arrangement below the Néel temperature pro- 
posed by Erickson from his neutron diffraction data seems to be 
neither possible theoretically nor consistent with the other experi- 
mental data. Possible structures of domains and domain walls are 
discussed based on the same model 


ab plane with a net moment, and a structure proposed 
by Erickson‘ which, however, is highly improbable even 
from his argument. His expression for the anisotropy 
energy is the most general one allowed by the crystal 
symmetry and some of the terms will vanish in the 
particular case of NiF:. A spin Hamiltonian approach, 
which seems to be adequate for NiF2, does not give 
those terms of the anisotropy energy which are ex- 
pressed by the fourth powers of the spin components or 
direction cosines of the spins. Kanamori’ showed from a 
spin Hamiltonian approach that Erickson’s structure is 
not stable both from classical and quantum-mechanical 
treatments. There are only two possible arrangements 
as will be shown in Sec. 4. 

The purpose of the present paper is to give a further 
theoretical study of NiF, based on a spin Hamiltonian 
approach. The main results are as follows: From the 
anisotropy of the paramagnetic susceptibility we can 
show that below the Néel temperature the spins align 
perpendicular to the c axis and there is a net magnetic 
moment along the a or b axis. This is caused by a rutile- 
type crystal structure in which there are two kinds of 
cation sites in a unit cell. This model explains at the 
same time the torque curves below the Néel tempera- 
ture; both the magnitudes and the field dependences of 
the torque curves in the (001) and the (110) planes 
measured by Matarrese and Stout? are explained quanti- 
tatively. The nuclear resonance frequencies expected 
from this model are actually observed recently by 
Shulman.* The spin wave frequency spectra in this 
model are obtainea. There is a branch which starts from 
the frequency corresponding to an anisotropy energy in 
the ab plane. This frequency is much lower than the 
corresponding frequency in usual antiferromagnets, i.e., 
a geometrical average of the exchange and the anisotropy 
frequencies. This seems to agree qualitatively with the 
specific heat data. At the same time the magnetic 
resonance frequencies for the uniform oscillating field 
are calculated. There is a mode whose frequency is ap- 
proximately 170 kilomegacycles/second corresponding 


7 J. Kanamori (unpublished). 
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Fic. 1. Rutile type crystal structure of NiF:. The solid and open 
circles represent Ni** and F~ ions, respectively. 


to the k=0 wave of the lower frequency branch of the 
spin wave modes. The diminution of the length of the 
spins due to the crystalline field splitting is studied 
quantum-mechanically and some remarkable effects, 
which are expected when the crystalline field splitting is 
of comparable order of magnitude with or larger than 
the exchange energy, are discussed. In NiF; this effect 
seems to be small. Finally, possible structures of do- 
mains and domain-walls are studied based on the same 
model. 


2. SPIN HAMILTONIAN 


The rutile-type crystal structure of NiF; is shown in 
Fig. 1, together with the coordinate axes which we shall 
use below. There are two kinds of cation sites, the corner 
and the body center sites, in this crystal. The crystalline 
electric fields around these two sites have an ortho- 
rhombic symmetry and are the same except that their 
principal axes in the ad plane, i.e., the x and the y axes, 
are interchanged. 

Ni** ion has a (3d)* configuration from which two 
triplet states *F and *P result. The energy of *P state is 
14.000 cm™ higher than *F for a free ion. When a Ni?* 
ion is placed in a cubic crystalline field produced by an 
octahedron of anions around it, *F states split into one 
orbital singlet state I’, and two orbital triplet states T's 
and I’,. The orbital singlet, I's, state is the lowest and the 
separation between I's and I's, the lowest excited state, 
is as big as 104 cm (8500 cm™ for Ni** surrounded by a 
water octahedron). In NiF, the orthorhombic compo- 
nent of the crystalline electric field lifts the degeneracy 
in the T's, I's, and *P(T',) states. However, the splittings 
due to the orthorhombic component are considered to be 
smaller than that due to the cubic field, so that we may 
assume that the ground orbital state lies well below the 
first excited state, justifying a perturbation method 


which gives a spin Hamiltonian. 
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The spin Hamiltonian for NiF; may be written as 
follows : 


xK=J; 7 


(j, kA 


tJof do 
(Jj, 3’)2 

+JaL pa (S;-S,) t 
Gj, 7°)3 

+> [DS ;2 R(S, 2 


| 


(S;-S,) 


S,-S,)4 


(2.1) 


T upd, 2? -H l, 


+> (DSF + E(Si2— Sry 
k 


where j represents a corner site and & a body center site; 
( )1 under the summation sign means pairs of neigh- 
boring corner and body center cations, { )2 pairs of 
cations neighboring along the c axis, and ( )3 those along 
the a or b axis, J:, J2, and J; denoting the corresponding 
exchange coupling constants; g” and g® are the g 
tensors of the cations at the corner and the body center 
sites, respectively, and H is the external magnetic field. 
The constants, D, EF, ¢, and g®, 
turbation calculation as follows: 


are given by a per- 


where 


L® denotes the orbital angular momentum of a cation 
at a corner site, \ the spin-orbit coupling constant whose 
numerical value for Ni*+ is —300 cm™, and g and n 
represent the ground and the excited states, respectively. 

Here we neglected the dipole and pseudodipole inter- 
actions which, we think, are not of primary importance 
in this case. 


3. PARAMAGNETIC SUSCEPTIBILITY 


A calculation of the paramagnetic susceptibility of 
NiF; from the Hamiltonian (2.1) is rather straight- 
forward if we take a molecular field approximation for 


} 


® For example, Moriya, Motizaki, Kanamori, and Nagamiya, J. 


Phys. Soc. Japan 11, 211 (1956 





THEORY GF 
the exchange interaction. The results are as follows: 
£.un'bs 
E + (8+ 2I2+4J5)5s 


X,=X,= 





+ 2u pA a) 


(D+ E) (gms) Port (D— E) (gun) +2ps* U(gi+83" )(23 +4Js)— 





_~ 


DP— F?-+2(2J,+4J;)[ (D+E)3,+ (D— E)b:]—4[ (8)? 


I — ¢-(D—E)(kT 


$;= —____ 
(D—- BAT 4 (+8) kT 


1—e (P+ B/kT 


1. 
1 e-(D- BRT 4 (+8) kT 


e (P E)/kT _ g—(D+ E)/kT 


5;= —_—_______—. 
1+e (D—E)/kT 4 g—(D+E)/ kT 


At high temperatures, these expressions for the sus- 
ceptibility components are well approximated by a 
Curie-Weiss law with additional terms of the tempera- 
ture independent susceptibility. 
we get at high temperatures 


After some calculation 


2g,uB 
Xu=— 
3k(T+0,;) 


+2y57A,, 


(gr + gy) up 
nnn gs o(As-+ Ac), 
3k(T+0,) 


where 
@,,=[2(8J1+2J2+4J3)+D]/3k, 


2g1g2 
©, -|2( nee 
gr+g? 


—1D-3 | / 3 
or 


According to the measurement by Matarrese and Stout,’ 
X, is larger than X,, above the Néel temperature. We 
shall show that this means that D is positive. At high 
temperatures, we get from (3.3) 


3k(T+0)? 


(gi°+g2° — 2ge' us? (a+ eet 2g.')ua? 
"eet. pee erage -A9 
3k(T +O) 


typ’ (Ait+A, - 2A;), 


6=4$(0,,4+90,), 
AO=3(0,,—9,). 
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26182 (SJ, ) bid, 
—+py?(Ait+Ag), 
—(2)> L4Js) 2152 





With the use of (2.2) and (2.3), (3.5) is reduced to 


Suz" _ 3(1" +82" +2g.')u x" 


X,—-Xy= 
= (T+). 4[3k(T+O)P 
4[1+2¢2/(g°+:7) us /8J1 3\ 
+ —4 ——+- -) (3.7) 
[3k(T+90) FP [A] \A| 


D and E may be of the same order of magnitude and are 
much smaller than |\|, and 8/; is smaller than |A|, so 
that the second term in the above expression (3.7) is 
regarded to be much smailer than the first term; we may 
safely neglect the second term. Then we can conclude 
that D is positive because its coefficient is definitely 
positive and the experimental values of X,—X,, above 
the Néel temperature are positive. This conclusion is 
very important in determining the spin orientation 
below the Néel temperature as is shown in the following 
section. 

We shall remark here that precise measurements of 
the susceptibility components X,, and X, above the Néel 
temperature as a function of temperature wil! make it 
possible to obtain the values of the parameters in the 
spin Hamiltonian (2.1). 


MB 
—|D 


4. SPIN ORDERING BELOW THE 
NEEL TEMPERATURE 


We shall take a two-sublattice model in which a 
magnetic unit cell is the same as a chemical unit cell. 
This assumption seems to be reasonable from the 
neutron diffraction data‘ as well as from the fact that 
the ratio of the paramagnetic Curie temperature 
(O,~100~116°K)® to the Néel temperature (Ty 

73.2°K) is nearly equal to those of MnF; and FeF;, 
in which the spin orderings below the Néel temperatures 
are well established.” 


* H. Bizette, J. phys. radium 12, 161 (1951); DeHaas, Schultz, 
and Koolhaas, Physica 7, 57 (1940) 

*® Recently Yoshimori (J. Phys. Soc. Japan 14, 807 (1959)] 
showed that when J2/J,;>1, a screw type spin-arrangement is 
stable. In this screw type structure, he obtained the following re- 
lation : 


Oy 4+ (J. Ii+2Is/Ji) 
Tr J» I,Y+ Ue/Is)—20 sr) 


From a consideration of the superexchange interaction [P. W. 
Anderson, Phys. Rev. 115, 2 (1959)] in NiFs, J:, Js, and J; are 
considered to be all positive and the ratio (J:/J,) may not he so 
large. We may say, therefore, if the screw type structure of the 
spins is actually the case in NiF':, @,/Tw should be much larger 
than 1 in contrast to the observation. An example of the screw 
type structure is seen in MnO, where 9,/T w™4. 
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Now we shall adopt a molecular field approximation 
with classical spins. There are, of course, some quantum 
effects in nickel salts whose spin is 1. However, when the 
exchange interaction is sufficiently larger than the 
anisotropy energy, the classical spin model is considered 
to show all the essential characters. Even if the ani- 
sotropy is of considerable magnitude, we expect that at 
least qualitatively the classical spin model gives a cor- 
rect answer to the problem. The possible quantum 
effects will be discussed in Sec. 8. 

The length of a spin is written as S. The direction 
cosines of the corner and the body center spins are 
written as (a;,81,7:) and (a2,82,72), respectively. The 
exchange and the anisotropy energies are expressed as 
follows: 


Ea= (N, 2)8J .S* (aya + Bi Bot V1¥2), 
Eun = (N/2)S*LD(v2+72) 
— E(a°—B?—a?+B?) }. 


(4.1) 


From the symmetry of the crystal and the anti- 
ferromagnetic exchange coupling we may require the 
following conditions: 


Y=—%2, 1=—Bs, Ai=—as. (4.2) 


The total energy is then written as 


- (N, 2)8J .S*[20181+ y? 
—m A ive+ A:(a?—8;’) |, 


E= (N/2)8J,S* 


where 


A\= 2D, 8J, A2=2E, SJ). 


By a transformation, 
a, =ag cosé— Bo sind, 
81 =apo sind+ > cos#, 


Y1> Yo, 
where 


tan20= 1/A 2, 


we get 


e= — (1— Aj) yP?— (144A?) *(ae?—8B,*). 




















Fic. 2. Four equivalent arrangements of the spins in NiF: below 
the Néel temperature. The spins are lying in the ab plane 
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We see from this expression that the following two types 
of spin orderings are possible." 
(1) When the condition, 


(4.8) 
is satisfied, the stable state is expressed by 
=1, ap=fo=0. 


The spins are aligned along the +c axes as in the case of 

MnF>. The condition (4.8) is not satisfied in NiF2, be- 

cause D (and accordingly A;) is positive as was seen in 

Sec. 3. There is no ferromagnetic moment in this case. 
(2) When the condition, 


(1—A,)<(1+A,7)! 


(4.9) 


is satisfied, the stable state is expressed by 


The spins are all perpendicular to the ¢ axis, and the 
spins on the different sublattices are not exactly anti- 
parallel; there is a net magnetic moment along the 
direction bisecting the x and y axes, i.e., along the @ or 
b axis. This spin arrangement is shown in Fig. 2. The 
magnitude of the ferromagnetic moment is a function of 
A,=2E/8J;, and is given by 


M = NSup(1/v2)(g; cos@— ge sind). (4.11) 


When A:<1, or | E|<8/;, we get 


M = N Spal 4 (gr —~ £2) T + (2; + £2 A; | 


; gitg. 8); 
= V Sup — A>. 
1 


This second case is considered to be realized actually 
in NiF; since the condition (4.9) is satisfied because of 
the positive sign of D. 

According to a torque measurement by Matarrese and 
Stout,? the easy direction of the ferromagnetic moment 
is the (100) direction in agreement with our present 
model. The magnitude of the ferromagnetic moment is 
simply proportional to AS as is seen in (4.12). From the 


(4.12) 


“ Dzialoshinski® has shown the possible arrangements of spins 
in rutile-type crystals from a symmetry consideration. According 
to him there are five possible arrangements. However in our par- 
ticular case of NiF:, there are only two possibilities (1) and (2) 
corresponding to his I and II, because the spin value one of Ni** 
may not allow any anisotropy energy which is expressed in more 
than fourth power of the directi: the coefficients f and g 
in his energy expression vanish 


yn cosines ; 
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numerical values : \ = — 300 cm™ and 8/,= 34(Tyw+ 9,) 
~95 cm™!, we may assume 


(e* 8); ) , 

4 Soar 
An analysis of the torque curves, which will be described 
in the following section, gives 


| A 2 S= M/Nus~.03, 
so that 
M = 170 erg gauss™ mole. 


5. SPIN ORIENTATION UNDER THE 
MAGNETIC FIELD—TORQUE 


In this section we shall study the equilibrium orienta- 
tion of the spins under the magnetic field and make a 
comparison between the theoretical and experimental 
torque curves. We shall here describe only the physics 
and leave the detailed calculations to Appendix I. 

Let us first consider the effective anisotropy energy of 
the ferromagnetic moment and the magnitude of the 
moment as a function of its direction. The change of the 
magnitude of the ferromagnetic moment is caused by 
the change of the angle between S, and S.. These are 
easily obtained by the following simple consideration: 
The spins S, and S, are in the ab plane and their direc- 
tions are denoted by the angles ¢; and g: measured 


from the [100] direction. General definition of the polar 
angles of the spins and the magnetic field are shown in 
Fig. 3. When H=0, 6,=0.=2/2. The exchange and the 
anisotropy energies are written as 


Eu=4N8J,S* cos(¢2— ¢1), 


(5.1) 
Exn=4}NES*(sin2g:—sin2¢:). | 


With the definitions: 


¥=(¢2—¢1)/2, ¢=(¢i+¢2)/2, (5.2) 


we write 


Ewr=4N8J)S*(cos2y— Az cos2¢ sin2y). (5.3) 


Here ¢ means the direction of the net magnetic mo- 
ment, and 2y the angle between S, and S». The value of 
¥ which makes FE, given by (5.3) minimum with the 
fixed value of ¢ is given by 
tan2y= — Az cos2¢. (5.4) 
Therefore, the effective anisotropy energy and the 
ferromagnetic moment as a function of ¢ are written as 
follows: 
E(¢) = —4NJ,S*(1+A? cos*2¢)! 
~—4NJI,S*(14+-4A? cos*2¢), 


M (¢)=NgupS cosy 
~}NgusSA: cos2¢. 


(5.5) 


(5.6) 


The effective ferromagnetic anisotropy energy has a 
cubic symmetry with the easy directions in the (100) 
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directions and its magnitude is smaller than the 
anisotropy energy E of a single spin in the ad plane by a 
multiplicative factor A» The net magnetic moment 
depends strongly on its direction. It should be noted 
that as we go from g=0 to ¢=2/2, the moment be- 
comes smaller; the moment vanishes at g=2/4 and 
becomes negative at g>2/4. 

The external magnetic field gives two effects. One is to 
change the direction of the net magnetic moment and 
the other is to induce a magnetic moment just as in 
antiferromagnets. It is easily seen that when the 
magnetic field is much smaller than E/gus (E is the 
anisotropy energy defined by (2.1) ] the change of the 
direction of the net moment is very small. This is due to 
the small magnitude of the net magnetic moment and 
to its angular dependence given by (5.6). Because of the 
latter effect the direction of the net magnetic moment 
which gives a minimum magnetic energy is not parallel 
to the magnetic field but is inclined toward the closest 
(100) direction. 

The torque in the limit of the weak magnetic field is 
given as follows: (1) Magnetic field in the (001) plane; 
torque along the c axis. 


T oon /H™ M, sino, 


where 4 is the angle between the magnetic field and the 
[100] axis, and My denotes the net magnetic moment 
under no magnetic field. (2) Magnetic field in the (110) 
plane; torque along the [110] direction. 


T t1u9/H™(1/v2) Mo sino, 


where 6p is the angle between the magnetic field and the 
[110] direction. The ratio Tjoon/T19=V2 and the 
angular dependences of the torques agree very well with 
the experiment. 

The field dependent part of the torque is mainly due 
to the field induced part of the magnetic moment. The 








Fic. 3. Definition of the polar angles of S;, Ss, and H, 





640 TORU 

susceptibility components along the directions perpen- 
dicular to $,— Sz, i.e., along the (100) and [001 } direc- 
tions are essentially X, in antiferromagnets which is 
given by X,=Ng*u,?/8J, in the first approximation. 
Thus we see that the field dependent part of the torque 
shows a similar behavior as that in usual antiferro- 
magnets. The reverse field dependences of the torques 
in the two cases measured by Matarrese and Stout [ H in 
(001) plane and #/ in (110) plane | are clearly understood 
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Fic 4. (a) Molal perpendicular magnetization, or torque divided 
by magnetic field, versus angle between field and [100)} direction. 
Rotation in (001) plane. Theoretical values are shown by the solid 
lines and experimental points are shown by the cross marks. (b) 
Molal perpendicular magnetization, or torque divided by magnetic 
field, versus angle between field and 110} direction. Rotation in 
(110) plane. Theoretical values are shown by the solid lines and 
experimental points are shown by the cross marks. 
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from this point of view. A remarkable fact is that the 
field dependent part of the torque curves depends es- 
sentially on the direction of the spin ordering, i.e., the 
direction of $,—S», and very little on the anisotropy 
energy provided the anisotropy energy is larger than the 
magnetic energy. We may say, therefore, that the field 
dependent part of the torque curves tells in what direc- 
tion the spins are aligned. The field dependent part of 
the measured torque curves in the (001) and (110) 
planes are explained by taking the direction of $,—S, 
along the [010 ] axis, consistent with our present model. 

A comparison between the detailed calculation (given 
in Appendix I) and the experiment is shown in Fig. 4(a) 
and Fig. 4(b). The numerical values used in addition to 
those given in the preceding section are 


(gitge)/4=1.2, 8/:/|A|=0.3, and A,S=0.03, (5.7) 
where A,S was determined so as to get the best fit of the 
formula (A.12) with the measurement in the (001) 
plane. The agreement is excellent both qualitatively and 
quantitatively. The departure of the experimental 
points from the theoretical curve near 45° in the (001) 
plane may come from some secondary effects. At 45° 
there is no preference for the direction of the net mag- 
netic moment between the [100 | and [010] directions. 
Moments in some domains may point in one and those in 
the others point in the other direction; their effect will 
thus be cancelled, i.e., the torque at 45° may be zero. 
Near 45° there may be some distribution of domains 
between those pointing nearly in the [100 } direction and 
those pointing nearly in the [010] direction. 

We shall finally predict that in the {100} plane the 
field dependence of the torque is almost one order of 
magnitude smaller than in the (001) plane. This is ex- 
pected because of the nearly isotropic susceptibility in 
the {100} plane. 


6. NUCLEAR MAGNETIC RESONANCE 
OF FLUORINES 


We shall briefly sketch the nuclear resonance fre- 
quencies of the fluorines expected from our present 
model. As the nuclear spins see the local field coming 
from the individual spins of Ni?*, the spin arrangement 
below the Néel temperature can be studied by this 
method. From the consideration of the crystal structure 
including the Ni** spins below the Néel temperature, it 
is clear that there are two kinds of fluorine site in the 
absence of the external magnetic field. The local fields at 
these sites are perpendicular to the ¢ axis and one of 
them is obtained by a 180° rotation of the other around 
the [100] direction in which the net ferromagnetic 
moment is directéd. 

As was discussed in Sec. 5, the spin directions are 
changed very little by the external magnetic field, unless 
the latter is too strong. The local field at the fluorines 
are, therefore, approximately the vector sum of the 
external field and the local field in the absence of the 
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external field. For example, if the magnetic field is 
applied along the c axis, the resonance frequency is 
given by 

w=7(H"*+H,.2)', (6.1) 
where ¥ is the gyromagnetic ratio of F® nuclei, and H, 
and Hice are the external magnetic field and the local 
magnetic field in the absence of the external field, 
respectively. 

According to Shulman’s recent experiment,® this rela- 
tion is actually satisfied. This also strongly supports our 
present theory. The detailed analysis of the nuclear 
resonance data will be reported by Shulman. 


7. SPIN WAVES AND MAGNETIC 
RESONANCE FREQUENCIES 


We shall study in this section the frequency spectra 
of the spin waves and the magnetic resonance fre- 
quencies by using a continuum model which is good for 
spin waves of long wavelengths. The procedure is an 
antiferromagnetic counterpart of the Herring-Kittel 
theory of ferromagnetic spin waves.” We need two 
variables corresponding to the two sublattice magnetiza- 
tions. The spin densities corresponding to the two 
sublattices are defined by 


S.(r) =— (2/N)>; 5(r— r,)S;, 
S2(r) = — (2/N) Xn 8(r—1e)Sy. 


The negative signs are taken in order to make the spin 
densities parallel (not antiparallel) to the sublattice 
magnetizations. We shall assume, for simplicity, that g 
is isotropic and neglect the exchange ‘interaction be- 
tween the spins in the same sublattice. The Hamiltonian 
(2.1) is then rewritten as 


(7.1) 


X= w/e fS.(r) -S.(r)do 


+4 [S. ASxir+ 4A, f (Ss2+ S2,?)dv 


—_: 4A 1 f (Si2—Siy?—S22-+S2)do 


~B fh-(S,+82)d} (7.2 
where 
A=a’/8, 
a being a lattice constant along the a axis, 


B= gue /8J,S, 
and 


h=H/d. 


A, and A; are defined by (4.4) and the scale of the z 
direction is changed by a factor (c/a). When the spin 


1 C. Herring and C. Kittel, Phys. Rev. 81, 869 (1951) 
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densities S,(r) and S;(r) are changed by arbitrary small 
amounts, the corresponding energy change is expressed 
by 


85C = (/2)8), f de [6S,-(S2+AAS,+A Sin 


—A oS ial +A »S\ym = BSh) +-8S,- (S,+-AAS, 


+A,Som+AoSed—AoS2m—BSh)], (7.3) 


where I, m, and n are unit vectors pointing in the z, y, 
and z directions, respectively. The effective magnetic 
fields for the two kinds of spins are 
Hog” = (8J:/gus)[S2+A AS.+A 151,n 

—A oSiel+AsSi,m—BSh], 
Hee = (8J:/guz)[Si:+AAS,+A »5Som 

+A oS2el—AoS2ym— BSh]. 
The equations of motion are given by 


h(d/dt)Si= — gueSiXHer™, 
h(d/dt)S.= — gueSeX Her. 


(7.4) 


(7.5a) 
(7.5b) 


As we are looking for the modes of small vibrations of 
the spins near the equilibrium position, it is advan- 
tageous to choose the equilibrium direction of the spin 
as one of the three coordinate axes. We shall introduce 
two coordinate systems (£,n,{) and (£’,n’,¢’) as shown in 
Fig. 5. The ¢ and ¢’ axes will be chosen to be along the 
equilibrium directions of S,; and S2, respectively. The 
unit vectors along the &, n, {, &, 9’, and {’ axes are 
written as 1,, m), m, lo, me, and ms, respectively. The 
polar angles of these axes referring to the original 


z 4 











Fic. 5. Orientation of £, 7, and ¢ coordinate axes. ¢’, 9’, and {’ 
axes are defined by replacing 4; and ¢; in the (&,,f) system with 
0, and ¢s. 
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coordinate system are given in the following equations: 
I= 1, cosé; cosg;—m, sing; +n, sin; cos¢,, 


m= |, cos6; sing;+m, cos¢;+n, sind; sing;, (7.6) 


na=>-— 1; siné,;+n, cos8 ;. 


The polar angles of the magnetic field are written as 
o, $o- 

Now we shall express the equations of motion (7.5) 
in the new coordinate systems ; the components of S; are 
written in the (£,»,f) system and those of S, in the 
(¢’,n’,€) system. Linearization of the equations of 
motion is carried out simply by neglecting the terms 
more than quadratic with respect to Sig, Sig, Seg, and 
Ss. Two out of the six equations, the ¢ component of 
(7.5a) and the ¢{’ component of (7.5b), give the equi- 
librium conditions of the spins; they are shown in 
Appendix II. These equilibrium conditions are the same 
as those treated in the preceding sections. The other 
four components represent the spin wave motion. They 
are 

(1/we)Sig= aS it (C+) Sig t pS2e+9Sey’, 
(1/w.)Sig= — (c—d)Sg— Sg + 7S 2p +5S2y’, 


(1/w.)Soe: =- sSigt qSie— bSoy+ (e+ A) Sa, 
(1/w)Soy’ = rSie— PS (e— P)Soe+bSoy, 


where w,=8J,S/h. General expressions for the coeffi- 
cients in (7.7) are given in Appendix III. They can be 
evaluated in general and when the external field is not 
strong, i.e., B/A, and B/A, are sufficiently smaller than 
1, the expressions in (A.10) are applicable together with 
(A.2) and (A.5). 

We shall give here some simple examples: the spin 
wave frequency spectra without the influence of the 
magnetic field and the magnetic resonance frequencies 
due to a uniform oscillating field under a constant mag- 
netic field in the ab plane. The other cases are easily 
calculated in the same way. 


(7.7) 


(7.8) 


(1) Spin Wave Frequency Spectra (H =0) 


When the external field is absent, the coefficients in 
(7.7) are simply as follows: 


a=b=p=s=0, 
c=e=14+}4A;4-A?, 
d= f=—}3A,+}A?, 
g=— (1— AR’) (1—4A,’), 
r= —(1—AF’), 
where & is a wave number of a spin wave. The secular 
equation is then written 


(w/w.)'— 2B (w/w.)?+C=0, (7.10) 
with 


B=2—d— (1—}A,7) (1— AR), 


7.11) 
C= B*—[c+d—(c—d)(1—4A) P(1— AR). —_— 
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Thus we get the following two branches of the frequency 
spectra: 

wi=w 241+ (2—A,) AP}, (7.12) 

we=w,[ (2A2)?+(2+A) AR}. 
These dispersion relations are similar in form to that of 
antiferromagnetic spin waves under the presence of an 
anisotropy. Actually, the first branch, w;, has just the 
same form as in usual antiferromagnets. However the 
second one, ws, has a different character, that is, the 
lowest frequency (k=0) corresponds to the anisotropy 
energy instead of an average of the exchange and 
anisotropy energy as in the case of usual antiferro- 
magnets. This means that there are spin wave modes of 
much lower frequencies in NiF; than in the other iron 
group difluorides, MnF>2, FeF2, and CoF». According to 
the specific heat measurement and its analysis by Stout 
and Catalano,’ the spin contribution to the specific heat 
at low temperatures of NiF» is larger than that of FeF, 
and its temperature dependence is weaker than that of 
any other iron group difluorides. This seems to agree 
qualitatively, though not quantitatively, with the nature 
of the spin wave frequency spectra obtained here. 


(2) Magnetic Resonance Frequencies (H in the ab Plane) 
Magnetic resonance frequencies due to the uniform 

oscillating field will be obtained by putting k=0 in (7.7). 
For simplicity, we shall treat the case where a magnetic 
field is applied in the ad plane, i.e., 9o=2/2. The coeffi- 
cients in (7.7) are given by 

a= b=p=s=0, 

c=14+}3A,+A2?—3B sindot+A2B cosy, 

d= — 1A i+ bA e+ 1B sinyot tA 2B cose, 

e=14+4A,+A243B sinyot AaB cospo, 

f= “m 1A it SA — 1B sing + AB cospo, 

q=— (1—4A/?), 

r=—1. 


The same type of secular equation as in (1) leads to the 
following resonance frequencies : 


wi=w,| 2A it+A e+ AB Cosy, |}, 
@o= wel (2A 2)?+ 5A »B ( os, |}, 


(7.14) 


where Wo is the angle between the (100) direction, in 
which the net moment is directed, and the direction of 
the magnetic field; |yYo| should be smaller than x/4. The 
lowest resonance frequency is 

w=2Aw,.=4ES/h, 


whose numerical value is estimated to be 


(w/2e) = 8J 2A oS/WE&X1.7X 10", 


corresponding to a wavelength of about 2 mm. 
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8. DIMINUTION OF THE LENGTH OF SPIN 


The treatment given so far is classical except the 
calculation of the paramagnetic susceptibility. We be- 
lieve that the classical treatment gives, at least quali- 
tatively, a correct answer to this problem of NiF:. 
However, it is needed to study what kind of effect is 
expected from a quantum mechanical treatment and 
how large the effect is. 

When the crystalline electric field has an orthorhombic 
symmetry, the spin states split into three singlets even 
without the magnetic field or the exchange interaction” ; 
there is no Kramers degeneracy. Each state has no 
magnetic moment associated with it. The external 
magnetic field as well as the exchange interaction gives 
rise to a polarization of each state. When the exchange 
interaction is sufficiently larger than the crystalline field 
splitting of the spin levels, the expectation value of a 
spin at 0°K will be nearly equal to one. On the other 
hand, when the spin level splitting is of comparable 
order of magnitude with the exchange interaction, the 
expectation value of a spin at 0°K will be appreciably 
diminished. As we shall see later in this section, when 
the splitting between the lowest two spin levels is more 
than two times larger than the exchange energy, there 
is no antiferromagnetic state at all, at least within the 
framework of a molecular field theory. 

To simplify the problem, we shall consider the case 
of an orthorhombic crystal in which all the cation sites 
have the same crystalline field. Taking a two sublattice 
model with the nearest neighbor interactions, we may 
write the spin Hamiltonian for the spins on the two 
sublattices as follows: 


KH = DS, 2 — E(S12—Siy)+IJ251 45:2), 


(8.1) 
50(2) — DS:7-— E(S22- S27) +J282 AS a)» 


where again a molecular field approximation was adopted 
in expressing the exchange interaction, J is the exchange 
coupling constant between the neighboring spins, z is the 
number of nearest neighbors, and D and E are taken 
positive without loss of generality. The easy direction 
of the spins is then assumed to be along the x axis. With 
the abbreviation: 


JxS22)= hh, JXS;2)= he, (8.2) 


we have the following matrix for the Hamiltonian: 


—}(D+3E)+h; 0 4(D—E) 
0 0 0 F (8.3) 
—}(D+3E)—h, 


where i= 1, 2. This is diagonalized by a transformation: 
cos#; 0 sind, 
0 1 - 5. 
—sind; 0 cosé; 
4% When the crystal symmetry is tetragonal and the axis is the 


hard direction for the spins (D>0, E=0), the lowest energy state 
is singlet. The succeeding argument is valid for this case, too. 


Kx v= 
4(D—E) 0 


(8.4) 
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NiF; 
with 
tan20;= (D—E)/2h. 
We get the following energy eigenvalues: 
E, = —4}(D+3E)+(4(D—E)*4+-h2}, 
E,=0, 


Es = —}(D+3E)—[}(D—E)*+h2}). 


(8.6) 


The statistical average of a spin is given by 
E,‘ 
Oh; 


0 
(Siz)= s ™ 


-exp[— E,°/kT]//S exp[— E,{°/kT] 


ty 
= ——________-? sinh{[(D— E)’+-h?]/kT 
DEAF MEMO B+ we WYAT) 


x (e~MHL) kT 


+2 cosh{{}(D—E)*+h?2}/kT})“. (8.7) 
This equation should be solved for 
(S2)= (Siz) = — (S22). 
With the abbreviation 
x=[(S.)+ ((D—E)/2Jz)*}, 
6=kT/Jz, 
d= (D+3E)/2Jz, 


(8.8) 


2 sinh(x/8) 


x= (8.9) 
e~4/*4-2 cosh(x/@) 


At the absolute zero temperature, this becomes simply 
x= {(S,)*+[(D—E)/2JeP}'=1, 


(S.)=(1-[(D—E)/2J2 P91. 


This shows the diminution of the expectation value of a 
spin due to the crystalline electric field. 

In order to have 4 nonimaginary value of (S,) in 
(8.10), (D— E)/2 must be smaller than Jz. This require- 
ment is just the same as the condition for the existence 
of an antiferromagnetic state, or a Néel temperature, as 
we shail show below. 

The Néel temperature is obtained by putting (S;2) +9 
in (8.7). With the abbreviation 


2D/Jz=A, 2E/Jz=Az, 
kT n/Jz=6y, 


(8.10) 


(8.11) 

we get 

e7(Art3Aa)/4on 4 2 cosh{ (A = A 2) /44n~ )} 
=[8/(A,—A:)]sinh{(4;—A;)/40n]. (8.12) 


From this equation we can see that the condition for the 


existence of a Néel temperature is 


4! A,;—Az| <1, 
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Fic. 6. Néel temperature of tetragonal nickel salts, whose 
tetragonal axis is the hard direction of the spins, versus ratio of 
anisotropy energy to exchange energy. 


| D—E| <Jz, (8.13) 
in consistence with the condition for (S,) in (8.10) to 
have a real value. 

The absence of the antiferromagnetism discussed 
above may be expected in some magnetically dilute 
salts. We may see a very rapid decrease of the Néel 
temperature when we dilute samples gradually. Nu- 
merical values of @y=kTy/(D/2) as a function of 
a= D/2Jz are shown in Fig. 6, where E is taken to be 
zero. The effect of D on the Néel temperature is small 
except where a= D/2Jz is larger than about 0.8. 

In the case of NiF2, the argument given above is not 
strictly applicable because of the two kinds of sites in 
a unit cell. Though it is possible to extend the same type 
of calculation to NiF2, we shall here simply contend 
ourselves with the following approximate consideration. 
As we have seen in the classical treatment, the spins in 
NiF; are almost aligned along one line and the deviation 
from it is very small owing to the small value of E/Jz. 
So we may approximately evaluate the value of (S) by 
taking E~0. Then we have 


(S)~[1—(D/2J2)*}. 
From the measured anisotropy of the susceptibility the 
value of D may roughly be estimated from (3.7). We get 


D~6 cm“ from the value of X,—X,,=1.10210~ at 
301.15°K.? This value is rather big as compared with 
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those measured in other nickel salts. (S) is very close 
to 1. 


9. DOMAINS AND DOMAIN WALLS 


As we have seen in Sec. 4, there are four equivalent 
arrangements of the spins in which the net magnetic 
moments are pointing in the (100) directions. When the 
magnetic field is absent, the crystal is naturally divided 
into domains of these four kinds of magnetization direc- 
tion. We shall briefly discuss a possible structure of 
domains and domain-walls. 

The high anisotropy energy in the [001] direction 
makes a domain wall perpendicular to the ad plane 
highly unfavorable. On the other hand, the effective 
ferromagnetic anisotropy energy in the ab plane is more 
than two orders of magnitude smaller than that out of 
the ab plane. We may expect, therefore, that a domain 
wall perpendicular to the c axis is energetically the most 
favorable one. A favorable domain shape then is a flat 
plate perpendicular to the c axis. We shall further dis- 
cuss on this type of domains and domain walls. 

The spin arrangement in a domain wall is deduced 
from Fig. 2 and from the discussion in Sec. 5, particu- 
larly from (5.6). The expected arrangements of the 
ferromagnetic moments in a 99° wall and a 180° wall are 
shown in Fig. 7(a) and Fig. 7(b), respectively. The 
sublattice spins are rotating gradually as we proceed 
along the c axis, and at the same time the angle between 
the two sublattices are changing. The ferromagnetic 
moment at the middle of a 90° wall is zero. The direc- 
tions of the two sublattices in both sides of the domain- 
walls are shown in the same figures. 

Now we shall estimate the wall energy and thickness. 
When a 90° wall consists of m atomic layers perpen- 
dicular to the c axis, the anisotropy energy per unit area 
may be given by 


Can EA2S*n/ a’, (9.1) 


where a is a lattice constant. While the exchange energy 
is estimated as 


(9.2) 


Sex (nJ25*/2a*) (x/2n)? 


nm is determined so as to make wai} = Gan +¢ex Minimum. 
We get 


no~nJ2/4E~ 40. (9.3) 


This value is one order of magnitude smaller than in the 
case of iron. A more precise calculation leads essentially 
to the same result. The wall energy is given by 

wal lV ES*/a?~0.1 erg, (9.4) 
which is one order of magnitude smaller than that in 
iron. The wall thickness and energy of a 180° wall may 
be twice as large as those of a 90° wall. 

Let us now estimate the size of a domain in a crystal 
with rectangular cross sections as shown in Fig. 8. We 
shall consider a domain structure shown in Fig. 8. The 
magnetostatic energy per unit area in the bc plane is 
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given by" 


Wmnag™ 1.71 2d, (9.5) 


where J, is the magnetization per unit volume, d the 
domain width in the ¢ direction. The wall energy per 
unit area in the bc plane is given by 


Watt 2ES*/a*d. 


The total energy per unit area is 


(9.6) 


w= Wmagt Wwall, 


which is a minimum with respect to the domain width d 
when 


d= (2ES*1/1.71 2a*)!. (9.7) 





te 


Fic. 7. (a) Rotation of magnetization in a 90° domain wall in 
NiF;. The moments are in the ad plane and 2; indicates z coordinate 
which becomes larger as i increases. Directions of sublattice 
magnetizations in the domains in both sides of the wall are shown 
by S:(zo) and'S;(2:s)(i=1, 2). (b) Rotation of magnetization in a 
180° domain wall in NiF, 


“ C. Kittel, Revs. Modern Phys. 21, 541 (1949). 
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Fic. 8. A domain structure in a crystal with rectangular 
cross sections. 


Therefore the width is of the order of 


d~0.061' cm, (9.8) 


which is nearly two orders of magnitude larger than in 
the case of iron. This is due to the small magnetic 
moment in NiF>. 

It seems to be probable in this crystal that there are 
some domain boundaries related with crystal imper- 
fections or internal strain. 


10. CONCLUDING REMARKS 


We studied the magnetic properties of NiF; theo- 
retically with the use of a spin Hamiltonian approach 
which is considered to be very good in this case. Our 
theory seems to be consistent with almost all the data 
measured so far, except the neutron diffraction data by 
Erickson. The spin arrangement proposed by Erickson 
seems to be consistent neither with the fluorine nuclear 
resonance data nor with the torque data below the Néel 
temperature. Moreover, this arrangement seems not to 
be possible theoretically as we discussed in this paper 
with reference to the former work. Erickson’s data on 
NiF2, however, does not seem to be very accurate be- 
cause of the weak intensity of magnetic scattering. 

So we may say, at the present stage, that the model 
proposed here is reasonable. We expect further experi- 
mental studies to make the matter clearer." 


** After this paper was prepared for publication, M. Peter ob- 
served the electron spin resonance of Ni** in ZnF 3. According to 
his measurement, the parameter D in the spin Hamiltonian 6.1) 
is definitely positive. The observed values are 


D=125.5 kMc/sec (4.19 cm™), 
E=80.1 kMc/sec (2.67 cm™), 
g=2.33. 


This result also strongly supports our theory. The values of D and 
E estimated roughly in this paper are D=6 cm™ and E=1.5 cm“, 
not far from the observed values. It should be noted that our 
estimate of D is not very accurate, because it was derived from the 
value of X1;—X, at one point of temperature. The estimate of E/J;, 
may be much more accurate, but J; may be underestimated from 
T w and @ because of the molecular field approximation. The writer 
wishes to thank Dr. M. Peter for informing him of his experimental 
result and for permitting him to quote it here prior to publication. 
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Note added in proof —The behavior of the paramag- 
netic susceptibility near the Néel temperature is par- 
ticularly noteworthy. According to the forrnula (3.1) in 
the text, X, increases very sharply near Ty and diverges 
at Tw, while X,,; shows no such increase near Ty. After 
some manipulation (for brevity we neglect J; and J3), 
X, in (3.1) is reduced near Ty to 


X &[2N g*us?/3k(T +0) ]-(T—To)/(T—Tw), 
where 
T w—T oe (E*/kI2)[ (3/16)+ (J2/ ||) 0.06. 


This behavior of X, has actually been observed by 
Shulman (to be published) in his NMR measurement 
and by Cooke (private communication for which the 
writer wishes to thank). Burgiel, Jaccarino, and 
Schawlow (spoken at 1959 Cleveland Meeting) ob- 
served the same behavior in powdered NiF; and 
Ni(IO3)22H,0O. We can fairly generally show that this 
sharp increase of the magnetic susceptibility near Ty is 
a common feature to weak ferromagnets and the smaller 
the ferromagnetic moment below Ty, the sharper the 
increase of x. 
APPENDIX I 


We shall here study the equilibrium orientation of the 
spins under the magnetic field using the classical spin 
model as in Sec. 4. We shall then calculate the torque 
when the magnetic field is applied in the (001), (110), 
and (100) planes. 

The polar angles of the magnetic field H, the corner 
spin S, and the body center spin S, are written as 
(00,¢0), (A1,¢1) and (@2,¢2), respectively.’® These angles 
are shown in Fig. 3. 

The exchange, the anisotropy, and the Zeeman 
energies are written as follows: 

E.;= (N/2)8J .S*{cos0; cos6, 
+ sind; sin®, cos(¢i— ¢2) |, 
(N/2)S*CD(« 0s76,+ cos2) 
— E(sin*#, cos2¢1—sin*6z cos2¢z) |, 
E,= — (N/2)uaSH{ ¢g, cos6o(cos6;+ cos62) 
+sinOo cos¢o(g: sin®; Cos¢i+ ge sind, cos¢2) 


Fan* 
(A.1) 


+-sin®y sin go(ge sind; sing + g; sind: sings) }. 
Putting 
(62+6;)/2=8, 
(0.—0;)/2=6, 


4° For convenience we shall take S parallel to the magnetic 
moment; S points the reverse direction to the true spin. 


(got ¢1)/2= ¢, 
got $1 / ¢ (A.2) 
(g2— ¢1), 2=y, 
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we get 


€= (Exotar/$N8J,S") 
= cos (8—5) cos(0+5)+-sin(@—4) sin(6@+-4) cos2y 

+4A,[ cos?(@—5)+-cos?(0+-8) ] 
— 4A sin*(@—4) cos2(¢—y) — sin*(6+-8) cos2(¢+y) ] 
— B{g, cosOo[_cos(@—5)+cos(8+-8) ] 
+sin6y cos ¢o[_g: sin(@—5) cos(y—y) 
+g. sin(6+-5) cos(¢+y) ] 
+sin9, sin gol ge sin(@—5) sin(y—y) 


+g; sin(6+5) sin(g+y)]}, (A.3) 


where A, and A; are given by (4.4) and 


6=pupH/8)S. (A.4) 


When the magnetic field is not large, i.e., 8, 8/A; and 
B/Az are small, the equilibrium spin orientation is very 
near to that with no maynetic field. So we shall take the 
deviation from the latter as new variables. Considering 
the result of Sec. 4, we write 

6= (r/2)—&, 
g= (x/4)+n, (A.5) 
2y=2x—A2—6. 
The quantities &, 5, 7, and ¢ are all expected to be small. 
Now we expand the energy expression (A.3) in the 
powers of these quantities. The expansion up to the 
second order with respect to &, 5, 7, and ¢ is 
e=const+A?+ B#+Cr?+ De? 
+X (t+ 4nt)+at+cen+dt, (A.6) 
where 


A =2+Ai+}A?, 
C=2A/, 


B=A,+}A?, 
D=}(1+}3A?), 
X = — (gi+g2)8 sin® sin( go— 7/4), 
a= —2g,8 cosbo, 


£itge BJ, ; ? 
c= —28A2| ———+— } sin® sin( ¢go— 2/4), 
4 In| 


d= —4(g1+-g2)8 sin®y cos( go—2/4)+4A2?. 

We assumed here that A;, As, 8/A;, and B/A:2 are small 
quantities and expanded the coefficients in (A.6) in the 
powers of these quantities. 

§, n, 5, and ¢ are determined so as to make the energy 
(A.6) minimum. This is easily done and the result is as 
follows : 

’ Xa 
Rubens 


4AB—X? 


oe 


Xc—4Cd 


8CD—}X? 
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Inserting (5.7) into (5.8), we get 
£=}2,8 cose, 
= (6°/8A1)g.(git+g2) sin26o sin( go— 
n= (8/2A:) (A + we 


1/4), 
(A.9) 

) sinOy sin( g¢o>—7/4), 

{= (8/2) (git+ge) sin®o cos( go— 7/4). 


This result is used below to calculate torques in various 
cases. 


(1) Magnetic Field in the (001) Plane; 
Torque Along the c Axis 
&=5=0, 


gitg 
= (8/242)(* - ) sin( 
4 


¢= (8/2)(gi+g:2) cos( go—#/4). 


The torque along the c axis is given by 


In this case 69= 72/2, so that 


BJ 
nl 


—m/4), (A.10) 


T \oo1 = (N/2)unSH {sin go(g: cosgit ge cos¢s) 
— cos ¢o(g2 singi+g: sings) |. 
(A.5), 


(A.11) 


Inserting (A.2), and (A.10) into the above ex- 


pression, we get 


T 1001) = NupS AH sin( ¢go—x/4) 


£itg2 8J; 
(ee 
4 Ir] 

Lit ge 8); 
x{(=*) + (- ) Jeoster—n /s)} (A.12) 


(2) Magnetic Field in the (110) Plane; 
Torque Along the [110] Direction 
We can calculate the torque in this case in the same 
way as in the case (1). The result is 


)+(39/24.) 


T 119 = (1/V2)NupSAoH sind 


x| (*-— 8J, 


a 


(f8 SJ; 
x a_umenen —— 
4 In] 


= ~ (38/A:) 


git ge 


*) — r/s6ia) 


Jeo 


6 being measured from the [110] direction. 


ETISM OF 


NiFs 
(3) Magnetic Field in the (100) Plane; 
Torque Along the [010] Direction 
We shall show only the result, 
T (010) _ NSpsA oS sind{ [ (git g2)/4) 
—_ (28, ‘A »{g2— i (gitg:)*] cos6}, 


6 being measured from the [100] direction. 


(A.14) 


APPENDIX II 


The equilibrium conditions of the spins obtained from 
the procedure in Sec. 6 are as follows: 


cos6; sinBs cos(g@»— ¢1)— sin; cosb, 
—A 2 sind; cos); cos2¢1— A, siné, cos, 
+ Bl cos sin8;— sin®y cos6,; cos( ¢o— ¢1) }=0, 


sind, sin(¢g2— 91) +A: sind; sin2¢g; 


— B sins sin( go— ¢1) = 0, 


sinBy CcosO, cos(¢2— 91) — Cos#,; sinBs 
+A» sinO, cosb, cos2 ¢2— A, sin®, Cosb, 


+ Bl cos@o sin8,— sin, cos@, cos(go— g2) J=0, (A.17) 


sin; sin(¢2— ¢1) +A sind, sin2¢, 


+B sins sin(go— ¢2)=0. (A.18) 


APPENDIX III 
The expressions of the coefficients in (6.7) are given 
as follows: 
a= Az, cosh; sin2¢), 
b= Az cos#, sin2 go, 


c= —sind; sinb, cos({¢a— ¢1) — cosb; Cosbe 


—4A,(3 cos’®;—1)+-3A:2 sin, cos2¢; 
+ Bl cos@ cos#,+ sin8, sind, cos( go— 
d= —}4A, sin*#,+4A2(1+ cos) cos2¢1, 
p= (1— AF’) cos: sin(g2— 
q=(1—A 


¢1) J, 


¢1), 
¢1), 

— (1—A*)[cos8; cos#, cos(¢ 
s= (1—Ak?’) 


k?) cos(¢2— 


— ¢i)+sind, sind. |, 
cos, sin(¢@2— ¢)), 
e= —sin#,; sinBs cos(g2— ¢1) — cos8; COsb, 
—4A,(3 cos*#,—1)— $A. sin”, cos2¢2 
+ Bi cosy cos8.+sin®s sin, cos(go— 


— 4A, sin*#,—4A2(1+ cos) 


¢2) |, 
COS2 ¢>2. 
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Ideas and techniques known in quantum electrodynamics have 
been applied to the Bardeen-Cooper-Schrieffer theory of super 
conductivity. In an approximation which corresponds to a 
generalization of the Hartree-Fock fields, one can write down an 
integral equation defining the self-energy of an electron in an 
electron gas with phonon and Coulomb interaction. The form of 
the equation implies the existence of a particular solution which 
does not follow from perturbation theory, and which leads to the 
energy gap equation and the quasi-particle picture analogous to 
Bogoliubov’s. 

The gauge invariance, to the first order in the external electro 


magnetic field, can be maintained in the quasi-particle picture by 
taking into account a certain class of corrections to the charge- 
current operator due to the phonon and Coulomb interaction. In 
fact, generalized forms of the Ward identity are obtained between 
certain vertex parts and the self-energy. The Meissner effect cal- 
culation is thus rendered strictly gauge invariant, but essentially 
keeping the BCS result unaltered for transverse fields. 

It is shown also that the integral equation for vertex parts 
allows homogeneous solutions which describe collective excitations 
of quasi-particle pairs, and the nature and effects of such col- 
lective states are discussed 





1. INTRODUCTION 


A NUMBER of papers have appeared on various 
aspects of the Bardeen-Cooper-Schrieffer' theory 
of superconductivity. On the whole, the BCS theory, 
which leads to the existence of an energy gap, presents 
us with a remarkably good understanding of the genera! 
features of superconducivity. A mathematical for- 
mulation based on the BCS theory has been developed 
in a very elegant way by Bogoliubov,’? who introduced 
coherent mixtures of particles and holes to describe a 
superconductor. Such “quasi-particles” are not eigen- 
states of charge and particle number, and reveal a very 
bold departure, inherent in the BCS theory, from the 
conventional approach to many-fermion problems. 
This, however, creates at the same time certain theo- 
retical difficulties which are matters of principle. Thus 
the derivation of the Meissner effect in the original BCS 
theory is not gauge-invariant, as is obvious from the 
viewpoint of the quasi-particle picture, and poses a 
serious problem as to the correctness of the results 
obtained in such a theory. 

This question of gauge invariance has been taken up 
by many people. In the Meissner effect one deals with 
a linear relation between the Fourier components of the 
external vector potential A and the induced current J, 


* This work was supported by the U. S. Atomic Energy Com 
mission, 

' Bardeen, Cooper, and Schrieffer, Phys. Rev. 106, 162 (1957 
108, 1175 (1957). 

2 N. N. Bogoliubov, J. Exptl. Theoret. Phys. U.S.S.R. 34, 58, 73 
(1958) | translation: Soviet Phys. 34, 41, 51 (1958)1; Bogoliubov, 
Tolmachev, and Shirkov, A New Method in the Theory of Super- 
conductivity (Academy of Sciences of U.S.S.R., Moscow, 1958). 
See also J. G. Valatin, Nuovo cimento 7, 843 (1958). 
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which is given by the expression 


3 
Ji(qg)= p Ki;(q)A ;(q), 
j=l 
with 
a 
Ku(¢)=—- 
m 


O| 7:(q) | (| 7;(—g)|0) 
E, 


(0! p| 0)8;; +E 


(O i; g)|)(n| J4(q) -) a3 
+ - s z ) 
En 


p and j are the charge-current density, and |0) refers 
to the superconductive ground state. In the BCS model, 
the second term vanishes in the limit g-+ 0, leaving 
the first term alone to give a nongauge invariant result. 
It has been pointed out, however, that there is a sig- 
nificant difference between the transversal and longi- 
tudinal current operators in their matrix elements. 
Namely, there exist collective excited states of quasi- 
particle pairs, as was first derived by Bogoliubov,? which 
can be excited only by the longitudinal current. 

As a result, the second term does not vanish for a 
longitudinal current, but cancels the first term (the 
longitudinal sum rule) to produce no physical effect ; 
whereas for a transversal field, the original result will 
remain essentially correct. 

If such collective states are essential to the gauge- 
invariant character of the theory, then one might argue 
that the former is a necessary consequence of the 
latter. But this point has not been clear so far. 

Another way to understand the BCS theory and its 
problems is to recognize it as a generalized Hartree-Fock 
approximation.‘ We will develop this point a little 
further here since it is the starting point of what follows 
later as the main part of the paper 


* Recently N. N. Bogoliubov, Uspekhi Fiz. Nauk 67, 549 (1959) 
{translation: Soviet Phys.—Uspekhi 67, 236 (1959)], has also 
reformulated his theory as a Hartree-Fock approximation, and 
discussed the gauge invariance collective excitations from this 
viewpoint. The author is indebted to Prof. Bogoliubov for sending 
him a preprint. 
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QUASI-PARTICLES IN 
Take the Hamiltonian in the second quantization 
form for electrons interacting through a potential V: 


a= [ Xvit(e)Ka(2\Px+} f f E wre) 


t—1 
Xvat(y) V (x,y Wa (y)Wa(x)d*xd*y 


= Hot Hine. (1.2) 
K is the kinetic energy plus any external field. i=1, 2 
refers to the two spin states (e.g., spin up and down 
along the z axis). 

The Hartree-Fock method is equivalent to linearizing 
the interaction Hint by replacing bilinear products like 
vit (x)y.(y) vfith their expectation values with respect 
to an approximate wave function which, in turn, is 
determined by the linearized Hamiltonian. We may 
consider also expectation values (y;(x)¥.(y)) and 
(Wit (x)¥i*(y)) although they would certainly be zero if 
the trial wave function were to represent an eigenstate 
of the number of particles, as is the case for the true 
wave function. 

We write thus a linearized Hamiltonian 


Hi = f LvtKadet f f [vst (x) Xa xy)va(y) 
‘ i,k 


+Yit (x)bia(xy)pat (y) 


+e (x)beit (xy)pi(y) Jd*xd*y 


where 
Xia (xy) = 56" (x— ) f V¢as) L Wit (2)¥i(2) )d*2 
—V (xy) Yt (y)yi(x)), 


dix (xy) =} V (xy) We(y)pi(x)), 
bit (xy) =3V (xy) Wat (y)Wit (x). 


(1.4) 


We diagonalize H,’ and take, for example, the ground- 
state eigenfunction which will be a Slater-Fock product 
of individual particle eigenfunctions. The defining 
equations (1.4) then represent just generalized forms of 
Hartree-Fock equations to be solved for the self-con- 
sistent fields x and ¢. 

The justification of such a procedure may be given 
by writing the original Hamiltonian as 


H= (Hot+A,)+ (Him — H.)=Ho'+ Fins, 


and demanding that H;,;’ shall have no matrix elements 
which would cause sing!e-particle transitions; i.e., no 
matrix elements which would effectively modify the 
starting Ho’: to put it more precisely, we demand our 
approximate eigenstates to be such that 


(n| Hine’ |0)= (n| H\0)=0, (1.5) 
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if in |) more than one particle change their states from 
those in |0). This condition is contained in Eq. (1.4).* 
Since in many-body problems, as in relativistic field 
theory, we often take a picture in which particles and 
holes can be created and annihilated, the condition 
(1.5) should also be interpreted to include the case 
where |m) and |0) differ only by such pairs. The sig- 
nificance of the BCS theory lies in the recognition that 
with an essentially attractive interaction V, a non- 
vanishing ¢ is indeed a possible solution, and the cor- 
responding ground state has a lower energy than the 
normal state. It is also separated from the excited 
states by an energy gap ~ 29. 

The condition (1.5) was first invoked by Bogoliubov’ 
in order to determine the transformation from the 
ordinary electron to the quasi-particle representation. 
He derived this requirement from the observation that 
Hin,’ contains matrix elements which spontaneously 
create virtual pairs of particles with opposite momenta, 
and cause the breakdown of the perturbation theory as 
the energy denominators can become arbitrarily small. 
Equation (1.5), as applied to such pair creation proc- 
esses, determines only the nondiagonal part (in quasi- 
particle energy) of H, in the representation in which 
Ho+H, is diagonal. The diagonal part of H, is still 
arbitrary. We can fix it by requiring that 


(1’| Hine’|1)=0, (1.6) 
namely, the vanishing of the diagonal part of Hin: for 
the states where one more particle (or hole) having a 
Hamiltonian Hy’ is added to the ground state. In this 
way we can interpret Ho’ as describing single particles 
(or excitations) moving in the “vacuum,” and the 
diagonal part of H, represents the self-energy (or the 
Hartree potential) for such particles arising from its 
interaction with the vacuum. 

The distinction between Eqs. (1.5) and (1.6) is not 
so clear when applied to normal states. On the one 
hand, particles and holes (negative energy particles) 
are not separated by an energy gap; on the other hand, 
there is little difference when one particle is added just 
above the ground state. 

In the above formulation of the generalized Hartree 
fields, x and @ will in general depend on the externa! 
field as well as the interaction between particles. There 
is a complication due to the fact that they are gauge 


‘dependent. This is because a phase transformation 


¥i(x) + e® (x) applied on Eq. (1.3) wiil change x 
and ¢ according to 
x (2y) + A+ By (ry), 
(xy) =" e+ a “(xy), 
b* (xy) > € O)- OW G+ (zy). 


(1.6) 


* Equation (1.5) refers oniy to the transitions from occupied 
states to unoccupied states. Transitions between occupied states 
or unoccupied states are given by Eq. (1.6). These two together 
then are equivalent to Eq. (1.4). For the analysis of the Hartree 
approximation in terms of diagrams, see J. Goldstone, Proc. 
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It is especially serious for ¢ (and ¢*) since, even if 
(xy) =68*(x—y) times a constant in some gauge, it is 
not so in other gauges. Therefore, unless we can show 
explicitly that physical quantities do not depend on the 
gauge, any calculation based on a particular ¢ is open 
to question. It would not be enough to say that a 
longitudinal electromagnetic potential produces no 
effect because it can be transformed away before making 
the Hartree approximation. A natural way to reconcile 
the existence of ¢, which we want to keep, with gauge 
invariance would be to find the dependence of ¢ on the 
external field explicitly. If the gauge invariance can be 
maintained, the dependence must be such that for a 
longitudinal potential A=—gradd, it reduces to Eq. 
(1.6). This should not be done in an arbitrary manner, 
but by studying the actual influence of Hin on the 
primary electromagnetic interaction when ¢ is first 
determined without the external field. 

After these preliminaries, we are going to study the 
points raised here by means of the techniques developed 
in quantum electrodynamics. We will first develop the 
Feynman-Dyson formulation adapted to our problem, 
and write down an integral eauation for the self-energy 
part which corresponds to the Hartree approximation. 
It is observed that it can possess a nonperturbational 
solution, and the existence of an energy gap is immedi- 
ately recognized. 

Next we will introduce external fields. Guided by 
the well-known theorems about gauge invariance, we 
are led to consider the so-called vertex parts, which 
include the “radiative corrections” to the primary 
charge-current operator. When an integral equation for 
the general vertex part is written down, certain exact 
solutions are obtained in terms of the assumed self- 
energy part, leading to analogs of the Ward identity.® 
They are intimately related to inherent invariance 
properties of the theory. Among other things, the 
gauge invariance is thus strictly established insofar as 
effects linear in the external field are concerned, in- 
cluding the Meissner effect. 

Later we look into the collective excitations. A very 
interesting result emerges when we observe that one 
of the exact solutions to the vertex part equations 
becomes a homogeneous solution if the external energy- 
momentum is zero, and expresses a bound state of a 
pair with zero energy-momentum. Then by perturba- 
tion, other bound states with nonzero energy-momentum 
are obtained, and their dispersion law determined. Thus 
the existence of the bound state is a logical consequence 
of the existence of the special self-energy @ and the 
gauge invariance, which are seemingly contradictory to 
each other. 

When the Coulomb interaction is taken into account, 
the bound pair states are drastically modified, turning 


Roy. Soc. (London) A239, 267 (1957). Compare also T. Kinoshita 
and Y. Nambu, Phys. Rev. 94, 598 (1953). 
* J. C. Ward, Phys. Rev. 78, 182 (1950). 
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into the plasma modes due to the same mechanism as 
in the normal case. This situation will also be studied. 


2. FEYNMAN-DYSON FORMULATION 


We start from the Lagrangian for the electron- 
phonon system, which is supposed to be uniform and 
isotropic.’ 
£=) > ar Lip," p)¥i(p) —ypit (plewi(p) | 

+3 AL o(k) o(—k)—A ok) o(—2)] 
1 


—g— & vit (p+h)Wilp)a(k) o(R). 
VUs 


(2.1) 


“ 


p is the phonon field, with the momentum & (energy 
w,=ck) running up to a cutoff value ky (w,»,); ¢ is the 
phonon velocity. ¢, is the electron kinetic energy rela- 
tive to the Fermi energy ; gh(k) represents the strength 
of coupling.* (U is the volume of the system.) 

The Coulomb interaction between the electrons is 
not included for the moment in order to avoid com- 
plication. Later we will make remarks whenever neces- 
sary about the modifications when the Coulomb inter- 
action is taken into account. 

It will turn out to be convenient to introduce a two- 
component notation® for the electrons 


¥i(x) Vi(p) 
v(z)=( ) or v= ( ), (2.2) 
v2 (x) v2*(— p) 


and the corresponding 2X2 Pauli matrices 


() ) (" 
dN ’ 
1 0 1 


The Lagrangian then becomes: 


ra) 
£=>)" ¥(0)(i—— errs )e(o) 


P al 


+> 4Le(k) o(—k)-—Ao(k) o(—k)] 
& 


1 
—g— ¥ V+ (p+hk) ral (p)h(k) o(R)+E €, 
/V pk of 


= Lo + Lint +const. 


The last infinite c-number term comes from the rear- 
rangement of the kinetic energy term. This is certainly 
uncomfortable, but will not be important except for the 
calculation of the total energy. 

The fields obey the standard commutation relations. 


7 We use the units A=1 

® For convenience, we have included in A(z) 
factor: A(k)=h,(k)ko. 

* P. W. Anderson [ Phys. Rev. 112, 1900 (1958)], has also intro- 
duced this two-component wave function. 


the frequency 
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Especially for ¥, we have 
(Wi(x), Vi (y)} = Vie) ¥s* ()+¥7* 0) ¥i(a) 
- 5:6*(x—y), 
(Vi(p), vst (p’)} = bi bpp - 


We may now formally treat Hin, as perturbation, using 
the formulation of Feynman and Dyson.” The unper- 
turbed ground state (vacuum) is then the state where 
all individual electron states ¢,<0(>0) are occupied 
(unoccupied) in the representation where ¥,*(p)¥i(p) 
is the occupation number. 

Having defined the vacuum, the time-ordered 
Green’s functions for free electrons and phonons 


(T (Hs (at) vi* (x’t’)))= [Go(x—x’, t—t’) )s3, 
(T (¢(xt),e(x’t’)))= Ao(x—2’, t—7’) 


(2.5) 


(2.6) 


are easily determined. We get for their Fourier repre- 
sentation (in the limit U — «)' 


Go(xt) = (1/(2m)*) f Gol ppo)e'? *-*0td¥ pd po, 


Ao(xt) = 


(2 | Ao(RRo)e™ ‘=the Pkdko, 
<r [k| <ktm 


1 
Gale) P- ———in sgn(r3€p)5(po— re) 


Po €pTs 


= i( pot EpTa), ( pe e,’ +ie), 


1 
Ao( ko) = i pP—— ot irs(hi— 2) | 


k?- ck? 


=i/(ke—CR+ie). 


With the aid of these Green’s functions, we are able 
to calculate the S matrix and other quantities according 
to a well-defined set of rules in perturbation theory. 

We will analyze in particular the self-energies of the 
electron and the phonon. In the many-particle system, 
these energies express (apart from the self-interaction 
of the electron) the average interaction of a single 
particle or phonon placed in the medium. Because the 
phonon spectrum is limited, there will be no ultra- 
violet divergences, unlike the case of quantum electro- 
dynamics. 

These self-energies may be obtained in a perturbation 
expansion with respect to Hinz. We are, however, 
interested in the Hartree method which proposes to 
take account of them in an approximate but nonper- 
turbational way. It is true that the self-energies are in 
general complex due to the instability of single par- 

” F. J. Dyson, Phys. Rev. 75, 486, 1736 (1949); R. P. Feynman, 
Phys. Rev. 76, 769 (1949); J. Schwinger, Phys. Rev. 74, 1439 
(1948). Although we followed here the perturbation theory of 
Dyson, there is no doubt that the relations obtained in this paper 
can be derived by a nonperturbational formulation such as 
J. Schwinger’s: Proc. Natl. Acad. Sci. U. S. 37, 452, 455 (1951). 

4s P stands for the principal value; ie in the denominator is a 
small positive imaginary quantity. 
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” a 
S P 

Fic. 1. Second order self-energy diagrams. Solid and curly lines 

represent electron and phonons, respectively, themselves being 

under the influence of the self-energies = and Il. All diagrams are 


to be interpreted in th@ sense of Feynman, lumping together all 
topologically equivalent 


ticles. But to the extent that the single-particle picture 
makes physical sense, we will ignore the small imaginary 
part of the self-energies in the following considerations. 
Let us thus introduce the approximate self-energy 

Lagrangian £,, and write 

L= (Lo+L,)+ (Linr— L,) 

= Lo'+ Lins’, 

Lo= Ls Vt+Lo¥,+Li 4 ¢.M og-t, 

£.=—L>p v,*2V,— Lie delle, 

Io—Zz=L, M,—U=M. 


(2.8) 


The free electrons with “spin” functions wu and phonons 
obey the dispersion law 

Lo(p, po= €p)u,=0, Mok, ko=w,) =0, 
whereas they obey in the medium 

L(p, po = E,)u,=0, M (k, kyp=Q,) =0. (2.9’) 
> will be a function of momentum # and “spin.” II will 
consist of two parts: II (kok)=II,(k)ko*?+112(&) in 
conformity with the second order character (in time) 
of the phonon wave equation." 

The propagators corresponding to these modified 

electrons and phonons are 


G(ppo) = i/(L(ppo) +i sgn(po)e), 
A(kko) =i/(M (ko) +i). 


(2.9) 


(2.10) 


We now determine © and II self-consistently to the 
second order in the coupling g. Namely the second order 
self-energies coming from the phonon-electron inter- 
action have to be cancelled by the first order effect of 
Lint. 

These second order self-energies are represented by 
the nonlocal operators” (Fig. 1) 


$((t+1')/2)= ff frrcose-z,-1 


KV (x't')d*xd*x'd(t—t’), 


(2.11) 
P((t+-0')/2)=} ff fe P(x—x’, t—#’) 


K o(x'')d*xd*x'd(t—t’), 


“In the same spirit 2 should actually be in the form 
‘1 (p)pot+Z2(p). Here we neglect the renormalization term 2, 
since the two conditions (2.13) can be met without it. 

% We use the word nonlocal here for nonlocality in time. 
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where S and P have the Fourier representation 


S(ppo) = — ig*rsd*(p)5(po)h?(0)A(0) 


x f TrL7sG(p' po) pd po 


<i f r1G(p—k, po— ke) rah? (kiko) 
XK A(kho)dkdko, 
P(kko) = igth(keko)* f Trl 7sG(ppo) 


(2.12) 


XG(p+k, pot ko) ld*pdpo. 


In Eq. (2.11) we have chosen more or less arbitrarily 
(t+2’)/2 as the fixed time to which we refer the nonlocal 
operators $ and &. The self-consistency requirements 
(1.5) and (1.6) mean in the present case that 2, IT must 
be identical with S, P (a): for the diagonal elements 
[on the energy shell, Eq. (2.9) ], and (6): for the non- 
diagonal matrix elements for creating a pair out of the 
vacuum. 

The pair creation of electrons is possible because Y, 
being a two-component wave function, can have in 
general two eigenfunctions uy, (s=1, 2) with different 
energies E,, for a fixed momentum, p, only one of 
which is occupied in the ground state. 

Thus taking particular plane waves u,,*e~*? **+‘P0!, 
Up g/e'P’ **’—tpo'’ for Wt and WV in (2.11), we easily find 
that the diagonal matrix element of 2 corresponds to 
Ups S(p, Eps) Ups, While the nondiagonal part corresponds 
tO Uys*S(p,0)up.’, 55’ ( po’ = — po). 

A similar situation holds also for the photon self- 
energy II. Since II consists of two parts, the diagonal 
and off-diagonal conditions will fix these. 

With this understanding, the self-consistency rela- 
tions may be written 


2=(pE,)p - S(p,E»y)p, 
II (kQ,) = P(kQ,), 


= (pO)nn=S(p0)np, 


II (k0) = P(k0), (2.13) 


where D, ND signify the diagonal and nondiagonal 
parts in the “spin” space. As stated before, we have 
agreed to omit possible imaginary parts in S and P. 
(The nondiagonal components, however, will turn out 
to be real.) 

Before discussing the general solutions, let us consider 
the meaning of Eq. (2.13) in terms of perturbation 
theory. Suppose we expand G occurring in Eq. (2.12), 
with respect to 2: 


G= Go— 1GoLGo— GoLGoLGo+ ies 


and expand & itself with respect to g*, then we easily 
realize that Eq. (2.13) defines an infinite sum of a 
particular class of diagrams, which are illustrated in 
Fig. 2. The first term in S of Eq. (2.12) corresponds to 
the ordinary Hartree potential which is just a constant, 
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0.2.29 
? + i owl 


-2,2%, 4A, @R,.... 


Fic. 2. Expansion of the self-consistent self-energy 2~S in terms 
of bare electron diagrams 





whereas the second term gives an exchange effect. In 
the latter, the approximation is characterized by the 
fact that no phonon lines cross each other. 

It must be said that the Hartree approximation does 
not really sum the series of Fig. 2 completely since we 
equate in Eq. (2.13) only special matrix elements of 
both sides. For in the perturbation series the 2 obtained 
to any order is a function of fo, whereas in Eq. (2.13) 
it is replaced by a fo-independent quantity. Hence 
there will be a correction left out in each order 
(analogous to the radiative correction after mass renor- 
malization in quantum electrodynamics). 

In this perturbation expansion, S in Eq. (2.13) is 
always proportional to 7; on the energy shell since 
Ho « r3. Accordingly = will be «7; and commute with 
Ho, so that no off-diagonal part exists." 

It is important, however, to note the possibility of 
a nonperturbational solution by assuming that 2 
contains also a term proportional to 7; or rz. Thus, take 


=(p) =x(p)rs4+-6(P) 71, 


HH,’ T T3T QT) 


This form bears a resemblance to the Dirac equation. 
Its eigenvalues are 
E=+E, 


+ (@,?+¢,7)!. (2.15) 


Since Ho’ describes by definition excited states, we 
have to adopt the hole picture and conclude that the 
ground state (vacuum) is the state where all negative 
energy “quasi-particles” (Z£<0) are occupied and no 
positive energy particles exist. If @ remains finite on 
the Fermi surface, the positive and negative states are 
separated by a gap ~2/|¢|. The corresponding Green’s 
function G now has the representation 


p ) +é,73+ PpT1 


G(ppo) =i— (2.16) 


po — E,*+ie 
In order to extract the diagonal and nondiagonal parts 
in spin space, we will use the trick 
Op= , Tr (AQ), 
Oxp= — (i/2) Tr (AOrs), 
A=[E,+4Ho'(p) //2Ep. 
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Applying this to Eq. (2.13a) with Eqs. (2.12), (2.14), 
and (2.15), we finally obtain the following equations 
E,E5—+«O% 


for x and ¢ 
“p 
pf [Es 
M% 
h(k)* 


XK (Ene p4+— bp of me ee i 
E,— (E,. aM)? 


gr 


~ (Qe) 


Epst% 


gx 
= [ Grwtrtibrs) 
(2x)* 


h(k)*d*k 


x- -, (2.18) 
E,+%(E, 1+) 


The second equation, coming from the nondiagonal 
condition, has a trivial solution ¢=0. If a finite solution 
@ exists, it cannot follow from perturbation treatment 
since there is no inhomogeneous term to start with. 

Equation (2.18) is equivalent to, but slightly dif- 
ferent from, the corresponding conditions of Bogoliubov 
because of a slightly different definition of the non- 
diagonal part of the self-energy operator, which is 
actually due to an inherent ambiguity in approximating 
nonlocal operators by local ones. (This is the same kind 
of ambiguity as one encounters in the derivation of a 
potential from field theory. The difference between the 
local operator = and the nonlocal one S shows up in a 
situation like that in Fig. 3, and the compensation 
between = and S is not complete.) We may avoid this 
unpleasant situation, by extending the Hartree self- 
consistency conditions to all virtual matrix elements, 
but this would mean that @ (and x) must be treated as 
nonlocal. We will discuss this situation in a separate 
section since such a generalization brings simplification 
in dealing with the problem of gauge invariance and 
collective excitations. 

For the moment we consider the second equation of 
(2.18) and rewrite it 


gr Ji, op h(k)d*k 
op=. ge aera SEE 
7 ”(2e)! Ey (Epa+%)' 


ane] («-* éyh(k)Pk ) 


Ep 4% (Ey 4+) 
This is essentially the energy gap equation of BCS if 
g°A ,h(k)?/Q.(Ep,+1+) is identified with the effective 
interaction potential V, and if @,~«,(X,~0). It has a 
solution 





4 


o~2,,exp(—1/VN), 
if VN<1, N being Re, of states: N=dn/de, on 
the Fermi surface. 
The phonon self-energy IT may be studied similarly 
from Eq. (2.13), which should determine the renor- 
malization of the phonon field. It does not play an 
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Fic. 3. An example of the situation where the can- 
cellation of Zwp versus Swp is not complete. The two : 
self-energy parts overlap in time, and their centers ‘ 2 
of time #, and ¢, are such that # >#. If calculated ac- \ 
cording to the usual perturbation theory, this process 
will not be eliminated by the condition Zyp= (S)nn’ 


t{e_ 
essential role in superconductivity, though it gives rise 
to an important correction when the Coulomb effect is 
taken into account. (See the following section.) 

From the nature of Eq. (2.12), it is clear that rid 
can actually be pointed in any direction in the 1-2 plane 
of the r space: r:¢1+ 722. It was thus sufficient to take 
¢:#0, ¢:=0. Any other solution is obtained by a 
transformation 

Vv — exp(iar,/2)¥, 


2. 
(6,0) —> (6 conn, ¢ sha). Ga 


In view of the definition of ¥, Eq. (2.20) is a gauge 
transformation with a constant phase. Thus the arbi- 
trariness in the direction of @ is the 1-2 plane is a 
reflection of the gauge invariance. 

For later use, we also mention here the particle- 
antiparticle conjugation C of the quasi-particle field V. 
This is defined by 


C: Vo¥’=C¥t=r,¥', 


( vio ) Bary, 
yt? iy,t J 
and changes quasi-particles of energy-momentum (fo,p) 
into holes of energy-momentum (— fo, —), or inter- 


changes up-spin and down-spin electrons. Under C, the 
r operators transform as 


C: r7C WC=—r,7, i=1,2,3 


(2.21) 


(2.22) 


where T means transposition. 
As a consequence, we have also 


C: L(p)>L°(—p)=—L(—p)". (2.23) 


Finally we make a remark about the Coulomb inter- 
action. When this is taken into account, the phonon 
interaction factor g*h(k)*A(k,ko) in Eq. (2.12a) has to 
be replaced by 


[g*h(k)?A (ko) + ie*/k* |/ 
{1 —iI1 (eho) [A (bho) +ie?/g*h(k)*#*)}. 


As is well known, the denominator represents the 
screening of the Coulomb interaction. Discussion about 
this point will be made later in connection with the 
plasma oscillations. 


3. NONLOCAL (ENERGY-DEPENDENT) 
SELF-CONSISTENCY CONDITIONS 


In the last section we remarked that the self-con- 
sistency conditions Eq. (2.13) may be extended to all 
virtual matrix elements, namely, not oniy on the energy 
shell (diagonal) and for the virtual pair creation out of 
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the vacuum, but also for the self-energy effects which 
appear in intermediate states of any process. 

This simply means that ¢@ and # are now nonlocal; 
i.e., depend both on energy and momentum arbitrarily, 
and are to be completely equated with S and P, 
respectively, 


X(ppo)=S(ppo), (3.1) 


Actually, these self-energies can no more be incor- 
porated in Ho’ as the zeroth order Lagrangian since they 
contain infinite orders of time derivatives.” Neverthe- 
less, Eq. (3.1) has a precise meaning in the bare particle 
perturbation theory. It defines the (proper) self-energy 
parts (in the sense of Dyson) as an infinite sum of the 
special class of diagrams illustrated in Fig. 2. 

The earlier condition of Eq. (2.13) represented, as 
was noted there, only an approximation to this sum. In 
other words, Eqs. (2.13) and (3.1) are not exactly 
identical even on the energy shell. 

The Hartree-Fock approximation based on Eq. (3.1) 
could be interpreted as a nonperturbation approxi- 
mation to determine the “dressed” single particles 
(together with the “dressed vacuum’’) or the Green’s 
function (0| T(¥ (xt), Wt («’?’))| 0) for the true interacting 
system. Such single particles will satisfy 


L(p,po)u=0, 


II (kko) = P(kko). 


M (k,ko) 0. (3.2) 


We use the approximate equality since a really stable 
single particle may not exist. 

Let us assume that these determine the approximate 
renormalized dispersion law 


pe? 2 kt=2,(k)?. (3.3) 
If we write for = 
Z(ppo) = pos (Ppo) +x (Ppo)ts+o(Ppo) m1, 
where ¢, x, ¢ are even functions of fo, then 
E}(p) =Lé(ppo)?+o(ppo)? /L1—F (ppo) P| po? = #e(n)? 
= E(ppo)*/Z (ppo)*| po* = #,(n)*. (3.5) 


(3.4) 


The Green’s functions G and A will be given by 


G(ppo) =i/L(ppo) 


poZ (px) +é( px) rs+o(px)r: 
< Im — a a 


Z(px)*— E( px)? 


‘8 Tt would seem ther: that we lose the advantage of the generali- 
zation since we cannot find the Bogoliubov transformation. 
However, we could still start from the older solution (2.13) as 
the zeroth approximation to Eq. (3.1), and then calculate the 
correction; namely, the “radiative” correction to the Bogoliubov 
vacuum and the Bogoliubov quasi-particle. These corrections 
would take account of the single-particle transitions which remain 
after the Bogoliubov condition (2.13) is imposed. 


(3.6) 
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A(kko) =i/ M(kho) 


This representation assumes that G(po)[A(ko) ] is 
analytic except for a branch cut on the real ‘axis. The 
imaginary part in the integrand is expected to have a 
delta function or a sharp peak at x= E£/(p) [O,(k*)]. 
These properties are necessary in order that the vacuum 
is stable and the quasi-particles and phonons have a 
valid physical meaning as excitations." In the following, 
we will generally consider this quasi-particle peak only, 
and write 

. poZ (ppo) +e ppo)rs+o( Ppo)r 
G(ppo) =1 , ec. 
boZ (ppo)*— E( ppo)*+ie 


The Hartree equations now take the form 


9 
a2 


2 (ppo) = —i- [- G(p—k, po—ko)rsh(kko)*d*kdko, 
(27)* 


2m) 
Il (kko) =i— -f Ir | rsG(k— p, ko— po) 
(2r)* 
XtsG(ppo) ld pdpo. (3.7) 


This equation for = is much simpler than the previous 
one (2.18) since we may just equate the coefficients of 
1, rs, 71 on both sides. In particular, we get the energy 
gap equation 


ig” f ( p’ po’ 
(2r)* 4 piPZ(p' po')*— E(p’ po’)? +e 


Xh(p—p’, po— po')*A(p—p’, p 


o(ppo 


bo')d*p'dpo’, (3.8) 
which is to be compared with Eq. (2.19). 

Although the existence of a solution to Eq. (3.6) may 
be difficult to establish, the solution, if it exists, should 
not be much different from the older solution to Eq. 
(2.19). At any rate, our assumption about the ana- 
lyiticity of G and II is consistent with Eq. (3.6) or (3.7) 
which implies that = and II are also analytic except for 
a cut on the real axis. 

In later calculations we shall encounter various 
integrals which we may classify into three types re- 
garding their sensitivity to the energy gap. First, a 
normal self-energy part, for example, represents the 
effect of the bulk of the surrounding electrons on a 
particular electron, and is insensitive to the change of 
the small fraction ~¢/Er of the electrons near the 


Fermi surface in a superconductor. Such a quantity is 


I n of the Lehma 
Nuov » cin 0 11, 342 1954 1] which car 
the Green’s functions in terms of Heisenberg operators. See also 
V. M. Galizkii and A. B. Migdal, J. Exptl. Theoret. Phys. 
U.S.S.R. 34, 139 (1958) [translation: Soviet Phys. JETP 7, 96 
(1958) }. 


n type [H. Lehmann, 
be derived by defining 
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a 


G. 4. Construction of the vertex part I’ in bare particle picture 
The second line represents the polarization diagrams 


given by an integral like 


€& , 
¢ f —se-we, 
E 


+k 


(3.9) 


where the region «& <Ey= («&?+¢*)! makes little con- 
tribution if f(p—) is a smooth function. 

Second, the energy gap itself is determined from an 
equation of the form 


d*k dk 
gf —s0-w~ef — —s0-w~1, 
FE; ES } 


tom Ey 


(3.10) 


which means that even if g’ is small, such an expression 
is always of the order 1. 
Finally we meet with integrals like 


Ed 
ef —f(p—k)d*k, 
EE 


9 


o ¢ (f/f 7 
ef —Jo-we, etc. (3.11) 
Ej? 


They have an extra cutoff factor ~1/E, 1/E, etc., in 
the integrand which restricts the contribution to an 
energy interval ~2¢ near the Fermi surface. The 
integrals are thus of the order 
gNo/wm, 
In the following, we will not be primarily concerned 
with the ordinary self-energy effects. We will assume 
that proper renormalization has been carried out, or 
else simply disregard it unless essential. When we carry 
out perturbation type calculations, we will arrange 
things so that quantities of the second type are taken 
into account rigorously, and treat quantities of the 
third type as small, and hence negligible (g2V<1). 


g’N, etc. 


4. INTEGRAL EQUATIONS FOR VERTEX PARTS" 


In the presence of an electromagnetic potential, the 
original Lagrangian £ has to be modified according to 
the rule 


for the electron. Going to the two-component repre- 


‘® Hereafter we will often use the four-dimensional notation 


= (x,t), p= (p,po), d*p=d*pd pe. 


sentation, this corresponds to the prescription 


0 a 
1 — i—+erT3Ao, 
al al 


e 
9- p—-rh (4.1) 
c 


acting on WV. It can also be inferred from the gauge 
transformation WY — exp(iars)W as was observed pre- 
viously. So the ordinary charge-current operator turns 
out to be in our form given by 


(4 
p(x) =-([¥+ (x), 73% (x) ]+- (+(x), ¥(x)}), 
2 


- 1€ 
j(x)=- 
4m 
+[(—v—ier,A)¥*(x), ¥(x)] 
+{¥*(x), (Wrs—ieA)¥(x)} 


— {(r39 —ieA)¥* (x), ¥(x)}). 


([¥tix), (W—iersA)¥(x) ] 


(4.2) 


The second terms on the right-hand side, being infinite 
C numbers, arise from the rearrangement of y and y*, 
and will actually be compensated for by the first terms. 

This expression, however, has to be modified when 
we go to the quasi-particle picture. 

For we have seen that the self-energy ¢ of a quasi- 
particle is a gauge-dependent quantity. If we want to 
have the quasi-particle picture and gauge invariance at 
the same time, then it is clear that the electromagnetic 
current of a quasi-particle must contain, in addition to 
the normal terms given by Eq. (4.2), terms which would 
cause a physically unobservable transformation of ¢ if 
the electromagnetic potential is replaced by the gradient 
of a scalar. In other words, the complete charge current 
of a quasi-particle has to satisfy the continuity equa- 
tion, which Eq. (4.2) does not, since 


Op/At+¥F - j =2V tore. 


In order to find such a conserving expression for 
charge current, it is instructive to go back to the bare 
electron picture, in which the self-energy is represented 
by a particular class of diagrams discussed in the 
previous sections. 

It is well known" in quantum electrodynamics that, 
in any process involving electromagnetic interaction, 
perturbation diagrams can be grouped into gauge- 
invariant subsets, such that the invariance is main- 
tained by each subset taken as a whole. Such a subset 
can be constructed by letting each photon line in a 
diagram interact with a charge of all possible places 
along a chain of charge-carrying particle lines. The 
gauge-invariant interaction of a quasi-particle with an 
electromagnetic potential should then be obtained by 
attaching a photon line at all possible places in the 
diagrams of Fig. 2. The result is illustrated in Fig. 4, 


6 Z. Koba, Progr. Theoret. Phys. (Kyoto) 6, 322 (1951). 
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which consists of the “vertex”’ part I’ and the self-energy 
part 2. 

In this way we are led to consider the modification 
of the vertex due to the phonon interaction in the same 
approximation as the self-energy effect is included in the 
quasi-particle. It is not difficult to see that it corre- 
sponds to a “ladder approximation”’ for the vertex part, 
and we get an integral equation"’ 


ls(p',p) =i P’,p) ~¢ f rG(p'— bry. p—k) 


XG(p—k)rsh(k)*A(k)d*k, (4.3) 


where y;, i=0, 1, 2, 3 stand for the free particle charge 
current [r3, (1/2m)(p+p’)] which follows from Eq. 
(4.2). Similar equations may be set up for any type of 
vertex interactions. 

Equation (4.3) is the basis of the rest of this paper. 
It expresses a clear-cut approximation procedure in 
which the “free” charge-current operator 7; of a quasi- 
particle is modified by a special class of “radiative 
corrections” due to H jn:’. 

As the next important step, we observe that there 
exist exact solutions to Eq. (4.3) for the following four 
types of vertex interactions 


(a) y@ (p’,p) ” Lo(p’) — Lo(p) 

= (po’— po) —3(€p— €), 
r'@ (pp) = L(p’)—L(p) 

= 1 0(P)—[2(p")—2(p)], 
vy (p’,p) = Lo(p’) rs— raLo(p) 

= ( po’ — po) r3— (€p'—€p), 
lr) (p’ p): L(p’)ra—sL(p), 
¥°(p' ,p) = Lo(p’)ritrile(p’), 
lr‘) (pp) = L(p’)r1+71L(p), 


(dZ) y(p',p)=Lo(p’)ra+ 121 (9), 
lr (p',p) = L(p’)ret+roL(p). 


The verification is straightforward by noting that 
G(p) =i/L(p), and making use of Eq. (3.7). 

The fact that there are simple solutions is not acci- 
dental. These solutions express continuity equations 
and other relations foliowing from the four types of 
operations, which do not depend on the presence or 


‘7 This equation may also be derived simply by considering the 
self-energy equation (3.7) in the presence of an external field, and 
expanding = in A. = should be now a function of initial and final 
momenta, and we define 


5 
ZA) (p',p) =Z(p)o"(p’—p)+ Z (Ti (p’,p)—vi(9",p)) 


XA'(p’— p)+0(A?). 


In the limit p’—p=0, [;—y;=d82/0A"', which is the content of 
the Ward identity. Investigation of the higher order terms in A 
is beyond the scope of this paper. 
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absence of the interaction: 
(a) W(x) — ef @H(x), Wr 
(bd) Vv — cf, 

(c) Ve yh, 

(d) Vv — e7F, 


>W*(x)e = 
“ >We irts3a 
>Wreri« 
, 


a 
>Wte 2, 


where a(x) is an arbitrary real function. 

(a) and (6) correspond, respectively, to the spin 
rotation around the z axis, and the gauge transforma- 
tion. The entire Lagrangian is invariant under them, 
so that we obtain continuity equations for the z com- 
ponent of spin and charge, respectively : 


0 Pp 

—_ww+y-"t—7,W=0, 

at m 

0 p 
Ws W+¥: et — P=), 

al m 


where W is the true Heisenberg operator. 
These equations are identical with 


wy wal, WtyOu=0, (4.7) 


Taken between two “dressed” quasi-particle states, 
the left-hand side of Eq. (4.7) will become 
P)-2(| p’| Wt (x)y(™ W(x) | p 


=U, *T™(p' pu, 
=0, (n=a, dD) 


eile’ 


(4.7’) 


where “,, “, are single-particle wave functions satis- 
ry = * PY on 
fying L(p)u,=u,*L(p’)=0. 
In this way we have shown the existence of spin and 
charge currents I';(p’,p) and I’, (p’,p) for a quasi- 
particle, for which the continuity equations 


(po’ — po) To —>- (p’— p):- TM =P (p'’,p) =0 
i—1 
will hold. 

The last two transformations of Eq. (4.4) are not 
unitary, but mix ¥; and y,* in such a way as to keep 
W+7,¥ invariant. From infinitesimal transformations of 
these kinds we get 

p 
—}w=0, 
m 


a a 
at al 
(4.8 


_— 


a8 p 
—ietr,| —— wy V'V'r, ( t 
ot at m1 


which bear the same relations to y 
Eq. (4.6) did to y+ andr 


~ 


7 
- w=(, 
m 


4) and I'“):@ as 


+) Note that the above 


equations are unaffected by the presence of the phonon 


interaction. 


The fact that we can find a conserved charge-current 
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K 


Fic. 5. The diagram for the 
kernel K®), 


for a quasi-particle is rather surprising. A quasi-particle 
cannot be an eigenstate of charge since it is a linear 
combination of an electron and a hole, tending to an 
electron well above the Fermi surface, and to a hole 
well below. We must conclude than that an accelerated 
wave packet of quasi-particles, whose energy is confined 
to a finite region of space, continuously picks up charge 
from, or deposits it with, the surrounding medium 
which extends to infinity. This situation will be studied 
in Sec. 7, where we will derive the charge current 
operators I; explicitly. 


5. GAUGE INVARIANCE IN THE 
MEISSNER EFFECT 


We will next discuss: how the gauge invariance is 
maintained in the problem of the Meissner effect when 
the external magnetic field is static. We calculate the 
Fourier component of the current J(q) induced in the 
superconducting ground state by an external vector 
potential A (gq): 


(5.1) 


1(q)=3; KislQAs(q), 
jel 


where gq is kept finite. 
For free electrons, K is represented by 


Kij=Kij4+Kij%, Ky=—biné/m, (5.2) 


where m is the number of electrons inside the Fermi 
sphere. K“ comes from the expectation value of the 
current operator Eq. (4.2), whereas K® corresponds 
to the diagram in Fig. 5. [Compare also Eq. (1.1). ] It 
is well known that in this case K,; is of the form 


Kis(q)= Giga) KY), 


so that for a longitudinal vector potential A «(q)~qA(q), 
we have 


(5.3) 


J (g)=KigqaA(qg)=9, 


establishing the unphysical nature of such a potential. 

In the case of a superconducting state, the free 
electron lines in Fig. 5 will be replaced by quasi- 
particle lines. But then we have K®(g)-+0 as g— 0 
since the intermediate pair formation is suppressed due 
to the finite energy gap, whereas K“ is essentially 
unaltered. Thus Eq. (5.2) takes the form of the London 
equation, except that even a longitudinal field creates 
a current. 

According to our previous argument, this lack of 
gauge invariance should be remedied by taking account 
of the vertex corrections. Starting again from the free 
electron picture, and inserting the phonon interaction 


(5.4) 
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Ox + OO De 


“C8 


Fic. 6. Graphical derivation of Eq. (5.5). The thick lines repre- 
sent quasi-particles. 


effects, as indicated in Fig. 6, we arrive at the con- 
clusion that either one of the vertices y in Fig. 5 has to 
be replaced by the full I. In addition, there is the 
polarization correction represented by a string of 
bubbles. Let us, however, first neglect this correction. 
K,; is then 
—ié 
Ki; (¢)=— 
( 


- THe 4/2, p+ a/2G(P+4/2) 
7) 
XI (p+9/2, p—q/2)G(p—q/2) dp. 


Although we do not know I';(p,p) explicitly, we can 
establish Eq. (5.4) easily. For 


(5.5) 


3 
— LM i(p+q, 949; 


j=l 


is exactly the solution (p+, p) of Eq. (4.4) where 
go is equal to zero. Substituting this solution in Eq. 
(4.5) we find 


Ky; (9)q5 


—1 
=—— | Tr({y.(p— 9/2, p+4/2) 
(2x)* 


XL rsG(p+q/2)—G(p—q/2)ra}}d*p 
—1 
=—— | Tr{[v(p—¢, »)—lP, P+9)] 
(2x)* 
X riG(p)}d*p 


1 4 
= — f TH rG(ph ie, 


= (5.6) 
(2x)* m 
where the properties of y; and G under particle con- 
jugation and a translation in p space were utilized in 
going from the first to the second line. 
On the other hand, the part K“ is, according to Eq. 
(4.2) given by 


” 


K,j= ~5,—(O[¥*(2),r08(2) 10) + (9402) #G))) 
m 


= Ky 4K. (5.7) 
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The first term becomes further 


e 
ba is—(0| [wt (x), 7a¥ (x) ] | 0) 
m 


é 
=—5,—} lim (0) TH+ (x, 4) rs (x,1))]0) 
0 + 


m ° 


e 
= —$§,;— Trl 7sG(xt=0) ] 
m 


- a 

a naa +, Trl rsG(p) ]x*p. 
m (2r)* 

Thus 


CK is" (q)+4 Ki; (q) Jgs=0. 


The second term K“® comes from the c-number term 
of the current operator (4.2), and is just the anticom- 
mutator of the electron field, which does not depend on 
the quasi-particle picture, nor on the presence of inter- 
action. Therefore we may write for this contribution 


(5.9) 


setae —ie 1 
K;;"(q)Aj(q)=—— — fe iqz3y 
2m (27)* 


X (Wt (x), (73V—teA (x)) W(x)} (5.10) 
to show its formal gauge invariance since 73V—ieA (x) 
is certainly a gauge-invariant combination for free 
electron’ field. 

As for the polarization correction, we can easily 
show in a*similar way that it vanishes for the static 
case (go=0) because 


f Tr T's(p—g/2, p+9/2)G(p+q/2) 


X vol p+q/2, p—g/2)G(p—q/2)d*p=0. 
Thus the above proof is complete and independent of 
the Coulomb interaction which profoundly influences 
the polarization effect. Although the proof is thus 
rigorous, it is still somewhat disturbing since K, 
K® and K® are all infinite. Actually there is a certain 
ambiguity in the evaluation of K®, Eq. (5.6), which 
is again similar to the one encountered in quantum 
electrodynamics.'* An alternative way would be to 
expand quantities in g without making translations in 
p space. In this case we may write 


—T(pt+q/2, p—g/2)=#(p+q/2)—2(p—q/2) 
—ireo(p+q/2)+¢(p—9/2) ] 


= p-q/m—2itrae. (5.11) 


The first term then gives 


9 


é f  (p-4\° 2 2 (5.12 
. — ip: qa°’p = é 3.12) 
(2x)? J 4E5\ m Orne . 


18H. Fukuda and T. Kinoshita, Progr. Theoret. Phys. (Kyoto) 
5, 1024 (1950) 
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which is convergent and the same as the one obtained 
from Eq. (1.1) using the bare quasi-particle states. The 
second term also is finite and equal to 


9 


e ¢ 
(23) E 3 3m’ 


The last line follows from Eqs. (6.11) and (6.11’) below. 
The calculation of K® from Eqs. (5.7) and (5.10), 
gives, ou the other hand, the same value as Eq. (5.2), 
so that we get (Ki;"0+K, 7;=0 in the limit of 
small g. (The polarization correction is again zero.) 
Since Eq. (5.13) is a contribution from the collective 
intermediate state (see Secs. 6 and 7), we may say 
that the collective state saves gauge invariance, as has 


n(e-/m)qi. 


(5.13) 


) 


been claimed by several people.* 

It goes without saying that the effect of the vertex 
correction on K,; will be felt also for real magnetic 
field. But as we shall see later, it is a small correction 
of order g*?N (except for the renormalization effects), 
and not as drastic as for the longitudinal case. 


6. THE COLLECTIVE EXCITATIONS 


In order to understand the mechanism by which 
gauge invariance was restored in the calculation of the 
Meissner effect, and also to solve the integral equations 
for general vertex interactions, it is necessary to examine 
the collective excitations of the quasi-particles. In fact, 
people* have shown already that the essential difference 
between the transversal and longitudinal vector poten- 
tials in inducing ‘a current is due to the fact that the 
latter can excite collective mot 
pairs. 

We see that the existence of such collective excita- 
tions follows naturally from our vertex solutions Eq. 
(4.4). For taking p=’, the second solution ' (p’,p) 
becomes 


ions of quasi-particle 


T®) (p,p) 


b 


7 


satisfies a homogeneous 


In other words r2(p) 
integral equation: 


bo(p) = — (Qn)! f Gp 
x)* 


b(p')G(p’) 


xX tah(p—p’PA(p—p’)d*p. (6.2) 
We interpret this as describing a pair of a particle and 
an antiparticle interacting with each other to form a 
bound state with zero energy and momentum g= p’— p 
=0. 


% On the other hand, the way in which the collective mode 
accomplishes this end seems to differ from one paper to another. 
We will not attempt to analyze this situation here 
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In fact, by defining 


F(p, —p)=—G(p)%0(p)G(9), 
Eq. (6.2) becomes 


ss 
L(’)F(?, — p)L(») = -——_ F(t’. —9’ 
p)F(p, — p)L(p (ny f tah (p, —p) 


(6.3) 


Xrah(p— p'PA(p— p’)d'p’, 


or 


E L(p)sL°(— pak (p, — Pin 
Sen 


j 1 


—¢ 
- 8 (rs)is(ra)e (p’, — pds 


(Qr)§ J i,t 
Xh(p—p'PA(p—p’)d*p. (6.4) 
The particle-conjugate quantity L° was defined in Eq. 
(2.23). 

Equations (6.2) and (6.4) are the analog of the so- 
called Bethe-Salpeter equation” for the bound pair of 
quasi-particles with zero total energy-momentum. 
F .;(p, —p) is the four-dimensional wave function with 
the spin variables, j and the relative energy-momentum 
(po,P). 

Since there, thus, exists a bound pair of zero mo- 
mentum, there will also be pairs moving with finite 
momentum and kinetic energy. In other words, there 
will be a continuum of pair states with energies going 
up from zero. We have to determine their dispersion law. 

For a finite total energy-momentum gq, the homo- 
geneous integral equation takes the form 


b,(p) =L(3qt+p)F (4q+?, 3q— p)L(p— 4q) 
1 


Xryh(p— p'PA(p—p’)d*p. (6.5) 


From here on we carry out perturbation calculation. 
Let us expand F and L in terms of the small change 
L(p+q/2)—L(), thus 


F(a+p, bo—P)= FOP) FO (D.G/2)+- +s 6 6 
L(p+q/2)=L(p)+AL(p, +g/2). 
Collecting terms of the first order, we get 
L(p)F™ (p,q/2)L(p) +U (p,q/2) 
1 
ae a f rsF(p’,9/2) 
(2m)* 
X ryh(p— p’)*A(p— p’)d*p’, 
p.q/2)=AL(p,qg/2)F™ (p)L(p) 
+ L(p)F(p)AL(p, —q/2). 


™ FE. E 


Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951). 
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This is an inhomogeneous integral equation for F. 
In order that it has a solution, the inhomogeneous term 
U(p) must be orthogonal to the solution @9(p) of the 
homogeneous equation. This condition can be derived 
as follows: 


We multiply Eq. (6.7) by F® (p) = —G(p)o(p)G(p), 


and integrate thus: 
Jf tr FO DLP (94/2.L (9009 


+f Tr F (p)U (p,q/2)d*p 


1 
- — g— ~ ff Tr F 0 (p)raF™ (p’,g/2) 
(2x)* 
x rah(p— p’PA(p— p’)d*pd*p’. 


In view of Eq. (6.5) the last line is 


- fim L(p')F (p')L(p)F™ (p’,q/2)d4p’, 
so that 


(FU) = f Tr F(p)U(p,q/2)d*p=0. (6.8) 


This is the desired condition. 
For the evaluation of Eq. (6.8), we will neglect the 
p dependence of the self-energy terms. Thus 


F (p)=120/(pP—-Ef+ic), Et =,°+¢’, (6.9) 
AL(,q/2) = qo/2—13(p-q/2m+ (q/2)2/2m). 


We then obtain 


Ce T(ey seay 
(F® Ua )=2ri f ~) -(=) 
EJL\ 2 2m 
€p ‘ep 0 
m2 
qo\? qVelP && 
()-@ Esl 
2 2/13 m m 
where the average f is defined 


= frozen / f Xp 


The weight function ¢°/E,’=¢*/(e,*+¢*)! peaks 
around the Fermi momentum, so that ~*~ pp’, e,~0. 
Thus 


(6.10) 


(6.10') 


2, ob ws py? / 3m’, (6.11) 
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which is the dispersion law for the collective excita- 
tions.?* We also note, incidentally, that 


1 ¢ 
7)? f : dp =N= mpr/®, 
BS 


(2r)* 


(6.11’) 
aN = pr*/ 33?m =n. 


We would like to emphasize here that these collective 
excitations are based on Eq. (6.2), which takes account 
of the phonon-Coulomb scattering of the quasi-particle 
pairs, but does not take into account the annihilation- 
creation process of the pair due to the same interaction. 

It is well known that this annihilation-creation 
process is very important in the case of the Coulomb 
interaction, and plays the role of creating the plasma 
mode of collective oscillations. We will consider it in a 
later section. 

As for the wave function F“ itself, we have still to 
solve the integral equation (6.7). But this can be done 
by perturbation because on substituting U in the 
integrand, we find that all the terms are of the type 
(3.11). In other words, to the zeroth order we may 
neglect the integral entirely and so 


F (p,q/2) = —G(p)U™ (p,q/2)G(). 
The original function 
©o(p) = —L(p+9/2)F (p,9/2)L(p—9/2) 
is even simpler. We get 


®,(p) ~$o(p) 


(6.12) 


(6.13) 


to this order. 


7. CALCULATION OF THE CHARGE-CURRENT 
VERTEX FUNCTIONS 


In this section we determine explicitly the charge- 
current vertex functions I';, (t«=0, 1, 2, 3) from their 
integral equations. Only the particular combination I’? 
of these was given before. 

Let us first go back to the integral equation for I> 
generated by r:: 


mal 17/9? —@/?) 
o(p+q/2, p—9/2 


T3 -# f 3Gr +-9/2)To(p’+q/2, p’—¢/2) 
XG(p'—9q/2)rsh(p— p’A(p— p’)d*p’, 


or 


L(p+9/2)Fo( p+4/2, p—9/2)L(p—9/2) 


=T; tet f rPo(p +9/2, p’—q/2) 
X ryh(p— p’)PA(p— p’)d'p’. 


(7.1) 


For small g’, the standard approach to solve the equa- 
tion would be the perturbation expansion in powers of g*. 
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We know, however, that there are low-lying collective 
excitations, discussed before, to which r; can be 
coupled, and these excitations do not follow from per- 
turbation.” 

Fortunately, if we assume g=0, go *0, then we have 
an exact solution to Eq. (7.1) in terms of [ of Eq. 
(4.4). Namely, 


l'o(p+q/2, p—g/2)=T (p+g/2, p—g/2)/qo 
= 1a{(Z(p+9/2)+Z(p—q/2)}/2 
+ (po/qo) LZ (p+ 9/2) -—Z(p—g/2)]} 
—[x(p+9/2)—x(p—9/2) 1/90 
+ireo(p+9/2)+6(p—¢/2)V/qo, (7.2) 
which can readily be verified. 

The second term is the result of the coupling of r; 
to the collective mode. This can be understood in the 
following way. I’) contains matrix elements for creation 
or annihilation of a pair out of the vacuum. These 
processes can go through the collective intermediate 
state with the dispersion law (6.11), so that I’ will 
contain terms of the form 


Ri/(q aq). 
The residues Ry can be obtained by taking the limit 


R,= 


lim T 
qo tag --0 


p+q . q 2)(qgo-aq). (7.3) 
Applying this procedure to the integral equation (7.1) 
for Io, we find that R, must be a solution of the 


homogeneous equation; namely, 


Ri =Cx®,(), (7.4) 


under the condition gotag=0. 
For the particular case g=0, &,(p) reduces to r26(p), 
which in fact agrees with Eq. (7.2) if 
C,=—21 (7.5) 
This observation enables us to write down Ip for 
q #0. According to the results of Sec. 6, &,(p) =#o(p) 
in the zeroth order in g*V. Since corrections to the non- 
collective part of I’y also turn out to be calculable by 
perturbation, we may now put 


lo(p+q 2, p =—¢ 2) T3Z T 2iredg ‘(q 2 
6 =[46(p+¢/2)+¢(p—¢/2) 1/2, 
2 =(Z(p+49/2)+Z(p—9/2)}/2 


—a*g°), 


to the extent that terms of order g*.V and/or the p-de- 
pendence of the renormalization constants are neglected. 

In quite a similar way the current vertex I may be 
constructed. This time we start from the longitudinal 


%1 Tf we proceeded by perturbation theor we would find in 


each order terms of order 1. 
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component for go=0, g#0, which has the exact solution 
l(p+q/2, p—g/2)-a/g= —T (pt+q/2, p+9/2)/q 
pq x(p+9/2)—x(p— 4/2) | 
=—{1+ 
mq p-q/m } 
— tap $(pt+q/2)—$(p—g/2) V/q 
a o(p+9/2)+¢(p—4¢/2) ; 


— 21 —— (/.4) 
" 





For go*0, then, we get 
I(p+¢/2, p—9q/2)-a/q 
~ (p:q/) 9 +2irepaty/ (qe?—a?g), 
F =1+[x(p+¢/2)—x(p—9/2) / (p- a/m). 


(7.8) 


Combining (7.6) and (7.8), the continuity equation . 


takes the form 


goT o— q:T= gotsZ+ (p-q/m) ¥+2ired 


wT, 


which is indeed zero on the energy shell. 
The transversal part of I, on the other hand, is not 
coupled with the collective mode because the latter is 
a scalar wave.” We may, therefore, write instead of 
Eq. (7.8) 
V'(p+q/2, p—g/2)~ (p/m) ¥ 
+ 2ireda*g/(qe?—a*g’). (7.10) 
Equations (7.6) and (7.10) for Ty have a very inter- 
esting structure. The noncollective part is essentially 
the same as the charge current for a free quasi-particle 
except for the renormalization Z and Y, whereas the 
collective part is spread out both in space and time. 
Neglecting the momentum dependence of Z, Y, and ¢, 
we may thus write the charge-current density (p,7) as 
1 of 
-= pot agate 
a dl 


1 df(x,t) 
p(x,t) Set 7,2 (x,t) +—- 
a at 


(7.11) 
j (x,t) e+ (p/m) V(x, — 0 f(z) = jo—V/, 
where f satisfies the wave equation 


1 & 
(4-- _) f= — Dee rb 
a a 


(7.12) 


(po,jo) is the charge-current residing in the “core” 
of a quasi-particle. The latter is surrounded by a cloud 
of the excitation field f. In a static situation, for ex- 
ample, f will fall off like 1/r from the core. When the 
particle is accelerated, a fraction of the charge is 
exchanged between the core and the cloud. 

The total! charge residing in a finite volume around a 
core is not constant because the current —V/ reaches 
out to infinity. 


= There may be transverse collective excitations (Bogoliubov, 
reference 2), but they do not automatically follow from the self 
energy equation nor affect the energy gap structure. 
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8. THE PLASMA OSCILLATIONS 


The inclusion of the annihilation-creation processes 
in the equations of the previous sections means that 
the vertex parts get multiplied by a string of closed 
loops, which represent the polarization (or shielding 
effect) of the surrounding medium. We will call the 
new quantities A, which now satisfy the following type 
of integral equations 


A(p’,p) = ~i f rG(p'—DA(p'—2, p—k) 
XG(p—k)rsD(k)d*k 
+iD(p’— prs TrLrsG(p’—k) 
XA(p’—k, p—k)G(p—k) dk, 
D(q)= —ig*h(q)*A(q)+e/¢. 
D(q) includes the effect of the Coulomb interaction 
[see Eq. (2.24) ]. Putting 
Xiy'—p)mi f Trl rsG(p’—k)A(p’—k, p’—k) 
XG(p—k) dk, (8.2) 


Eq. (8.1) takes the same form as Eq. (4.3) for I’ with 
the inhomogeneous term replaced by y+73DX, so 
that A is a linear combination of the I corresponding to 
y andT»: 


A=r+r,DX. (8.3) 


Substitution in Eq. (8.2) then yields 
Xiy-p)=i f Trl rsG(p’—k) 
XI (p’—k, p—k)G(p—k) |d*k 
+iD(9'—PR(9'—p) [ THrGp'-#) 
XT o(p’—k, p—2)G(p—k) ]d'k, 
or 
Rip) =f Trl rsG(p’—k) 
XI (p’—k, p—k)G(p—k) \d*k 


x | 1—iD(p’— pf TrLrG(p’—k) 


~| 
xTo(p’—k, p—WG(p— Hye} 


= X(p’'—p)/[1—D(p’—p)Xo(p’'—p)]. (8.4) 
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Especially for y= 73, we get 
Xo(p’— p) =Xo(p’— p)/[1—D(p’— p) Xo(p’— p) ], 
Ao(p’,p) =T'o(p’,p)/[1— D(p’— p) Xo(p’,p) J. 


To obtain the collective excitations, let us next write 
down the homogeneous integral equation : 


8,(9)=—i f Gp’ +4 


XG(p’ 


(8.5) 


©O,(p 
q 2)raD(p p’ d‘p’ 


+ it,D q f irl rG(p’ + q 2)0,(?’) 


xG(p’ q 2) |d'p’, 8.0) 


which means 


©,(p) To(pt+q 2, p-q 2)D(q)x(q), 


x(q) if wire p’+ 


K O,(p')G(p’—9q/2) rs \d'p’. 


q ‘'2) 
(8.7) 


Substituting ©, in the second equation from the first, 
we get 


D(q)X0(q), (8.8) 


where Xo(g) is defined in Eq. (8.4). 
The solutions to Eq. (8.8) determine the new dis- 
persion law go= f(q) for the collective excitations. 
With the solution (7.6), the quantity Xo in Eq. (8.8) 
can be calculated. After some simplifications using Eq. 


(6.11), we obtain 
. god’ p 
J i p\ E,?—a’¢/4) 


gd’ p 


a gq 


a ¢ 


+O(q"*). 8.9 


For ag, and go>¢ or <¢, the second integral may 
be dropped and 
XS age, (g 2— ag" ). (8.10) 
For small g*, the dominant part of D(g) in Eq. (8.8) 
is the Coulomb interaction e*/g*. Equation (8.8) then 
becomes 


g’=e'a®N=e'n (g?— 0), (8.11) 
where m is the number of electrons per unit volume. 
This agrees with the ordinary plasma frequency for free 
electron gas. 

We see thus that the previous collective state with 
go?=a*g* has shifted its energy to the plasma energy as 
a result of the Coulomb interaction. 
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On the other hand, if lomb interaction 


neglected, Eq. (8.8) leads to 


qo? = ag’ 1 — ig’ (q,q0)h(q,90)2 8.12) 


The correction term of the order g*NV, 
hence should be neglected to | onsistent with 
approximation. 


We can also study 
go— 0 for small but finite ¢’: 


our 


which comes entirely from the noncollective part of To, 
but again agrees with the free electron value. 


regarding X o(q,qo) 
irge de nsity corre- 


is the following. Xo represents the « 
lation in the ground state: 


z. 9,40) fo T(p ri), p(O) )| O)e~*4 FF 40g 3 xd 


If |0) is an eigenstate of charge, X 
q >0, 


Another observation we can make 
} 


should V anish for 


~() since the rig 


qe hen con ists of 
the nondiagonal matri lement of the total charge 


operator U 


n'0'0 


The converse is also true if F > do 
qoX0. Our result for Xo, as lear from Eqs 
and (8.9), has indeed the correct property in s 
fact that the “bare” vacuum, from which we 

is not an eigenstate of charge 


nO for 


started, 


>» 1 


9. CONCLUDING REMARKS 


We have discussed here formal mathematical 
ture of the BCS-Bogoliubov theory. The 
approximation is characterized ess 
Hartree-Fock method, and can be given a simple inter- 
pretation in terms of perturbation expansion. In the 
presence of external fields, the corresponding approxi- 


struc- 
nature of the 


= ¢se ites +} 
entially as tne 


mation insures, if treated properly, that the gauge 
maintained. It 
quasi-particle picture and conservation (or 


gauge invariance) can be reconciled at all 


invariance is nteresting that the 
charge 
This 1S pos- 
sible because we are taking account of the “radiative 
corrections” to the bare quasi-particles which are not 
eigenstates of charge. These corrections manifest them- 
selves primarily through the existence of 
excitations. 

There are have been left out. 
We would like to know, for one thi: hat will happen 
if we seek corrections to our Hartree-Fock approxi- 
mation by including processes 
have not been considered here 


collective 


some questions which 


(or diagrams) which 


Even within our ap- 


% Compare Anderson, refer 
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proximation, there is an additional assumption of the 
weak coupling (g?V<1), and the importance of the 
neglected terms (of order g*N and higher) is not known. 

Experimentally, there has been some evidence™ 
regarding the presence of spin paramagnetism in super- 
conductors. This effect has to do with the spin density 
induced by a magnetic field and can be derived by means 
of an appropriate vertex solution. However, this does 
not seem to give a finite spin paramagnetism at 0°K.** 

* Knight, Androes, and Hammond, Phys. Rev. 104, 852 (1956); 
F. Reif, Phys. Rev. 106, 208 (1957); G. M. Androes and W. D. 
Knight, Phys. Rev. Letters Z, 386 (1959) 

* K. Yosida, Phys. Rev. 110, 769 (1958). 
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The collective excitations do not play an important role 
here as they are not excited by spin density. [T', 
Eq. (4.4), does not have the characteristic pole. ] 

It is desirable that both experiment and theory 
about spin paramagnetism be developed further since 
this may be a crucial test of the fundamental ideas 
underlying the BCS theory. 
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A calculation of the interband contribution to the frequency dependent dielectric constant of metals is 
attempted based on a specific model. The frequency region near the threshold for the interband transitions 
is considered. Emphasis in the model is laid on the bending of the energy bands near the Brillouin zone 
boundary. Attention is focused on cases when the Fermi surface approaches the zone boundary or has a 
finite area of contact with it. The momentum matrix element is taken as constant, which is fitted so as to 
achieve agreement with the experimentally found dip in the dispersion curve of the extinction coefficient. 
The values of the square of the matrix element for the noble metals, copper, silver, and gold, which fit the 
experimental data of Schulz, are found to be in the ratio 0.43:0.69:0.69. 


1. INTRODUCTION 


HE theoretical calculation of the optical constants 
of metals might be interesting as there is an 
accumulating amount of experimental data which now 
becomes sufficiently consistent to allow comparison 
with the computed curves. Moreover the theory might 
indicate where further measurements of the optical 
constants are needed to give more information on the 
band structure of metals. The present knowledge of the 
optical properties of metals is reviewed by Givens,' 
Schulz,? Ginsburg and Motulevich,’ and Roberts." 
Roughly speaking in the wavelength region below 
1000 » down to 104 (microns) the notions of the skin 
effect theory are more appropriate to describe the 
optical properties of metals.'* It is mainly between 
10 » and 0.01 uw where the classical concepts of the two 
optical constants, the refractive index m and the 
extinction coefficient k, apply best. In the region 
between 104 and 14 the simple theory of Drude is 


* Present address: Institute of Theoretical Physics, University 
of Warsaw, Warsaw, Poland. 

1M. P. Givens, Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1958), Vol. 6, p. 313. 

2 L. G. Schulz, Suppl. Phil. Mag. 6, 102 (1957). 


*V. L. Ginsburg and G. P. Motulevich, Uspekhi Fiz. Nauk 
55, 469 (1955). 

#8 S. Roberts, Phys. Rev. 100, 1667 (1955) ; 114, 104 

*R. B. Dingle, Physica 19, 311, 348, 729, 1187 (1953). 
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able to predict these constants, at least the extinction 
coefficient, quantitatively. The refractive index pre- 
dicted is always too small. 

In many metals pronounced deviations from the 
Drude theory are observed mainly in the region of 
wavelengths shorter than 1 uw. These are due to the 
effect of the interband elecironic transitions between 
the occupied bands and the higher empty bands. This 
volume effect is neglected in the classical theory of 
Drude. It is the purpose here to propose a simple model 
which would allow the calculation of the contribution 
of the interband transitions to the optical constants of 
metals. 


2. CLASSICAL EXPRESSIONS 


The classical electromagnetic theory relates the 
experimentally measured refractive index m and the 
extinction coefficient & to the frequency dependent 
dielectric constant e(v) and the electrical conductivity 
a(v). Instead of ¢ alternatively the imaginary part of 
the dielectric constant may be used: = 2¢/y 

n={3[(e+e?)!+e]}!, (2.1 
9; 2] ‘ ) 
b= (AL (e+e)! ep). 


The dielectric constant and the conductivity both 
consist of two parts: Drude and interband, as we shall 
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shortly call them. We simply add the effect of both 
mechanisms 


e=eptep, €=ep'+ep’ or o=aptep. (2.2) 


The Drude expressions,® denoted by the subscript D, 
are determined by the effective number of electrons per 
unit volume JN, the static electrical conductivity oo, and 
the effective optical electron mass m*. In terms of 
these parameters the Drude relaxation time and its 
reciprocal y= eV /2xm*ao is defined and the formulas 
derived : 

ep=1—Ne*/xm*(v’+7’), 
op=y'o0/ (v"?+y’). 

For frequencies v sufficiently large to neglect y the 
imaginary part of the Drude dielectric constant is 
negligibly small and the real part gives the usual 
contribution due to the acceleration of the electrons 
with the effective mass m*. 


3. THE INTERBAND TRANSITIONS 


The calculation of the interband electronic transitions 
in solids has been done by Kronig.®:’? Later an improved 
treatment based on the nearly free electron approxi- 
mation has been given by Sergeiev and Tchernikovsky*® 
and their formulas persist until today in the litera- 
ture.**" For this formulation of the theory it is 
necessary to assume that the Fermi surface does not 
touch the Brillouin zone boundary. If it does the matrix 
elements become infinite. 

The theory of the interband transitions for insulators 
has been developed by Wilson.’ He noticed the peculiar 
form of the dispersion curve resulting from the inter- 
band transitions between the filled bands. 

The terms which the interband transitions contribute 
to the dielectric constant and the conductivity will be 
calculated according to the standard formulas.*:” The 
local field corrections" are neglected. Fermi distribution 
function is taken at the absolute zero. 

The formula for the real part of the dielectric constant 
will be used in the form which utilizes the f-sum rule. 
This makes possible the separation of the contribution 
from the conduction electrons which is already taken 
into account by the Drude term, Eq. (2.3). 

Therefore the real part of the interband dielectric 


5A. H. Wilson, The Theory of Metals (Cambridge University 
Press, New York, 1936 

*R. L. Kronig, Proc. Roy. Soc. (London) A124, 406 (1929); 
Proc. Roy. Soc. (London) A133, 255 (1931). 

7H. Y. Fan, Phys. Rev. 68, 43 (1945). 

®M. I. Sergeiev and M. G. Tchernikovsky, Physik Z. Sowjet- 
union 5, 106 (1934). 

* A. H. Wilson, Proc. Roy. Soc. (London) A151, 274 (1935). 

” Pp. N. Butcher, Proc. Phys. Soc. (London) A64, 765 (1951). 

 E. M. Baroody, Phys. Rev. 101, 1679 (1956). 

2 F, Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), pp. 649 ff. 

13 See the series of papers: P. Nozitres and D. Pines, Phys. 
Rev. 109, 741, 762, 778 (1958); 113, 1254 (1959); J. Hubbard, 
Proc. Phys. Soc. (London) A68, 441, 976 (1955). 
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constant is the principal value of 


e 2. ¢_|Py.|%d*k 
go—-——- FF —— 
amh (2x)? 3  « Vo'g\Verg —V') 


and the imaginary part is 


¢ 2 2 
ep = ——__- ——_->> =f P,.,|*5(ve.—v)d*k. (3.2) 
2m*hv* (29)* 3 «+ 
Ev—E, 
is the energy difference between band s’ and s. The 
momentum of the incident electromagnetic radiation 
of frequency »v is neglected, thus the electronic transi- 
tions are vertical only, in the reduced zone scheme. The 
summation of the wave vector k goes therefore over 
such states that are occupied by electrons in the band 
s and unoccupied in band s’. The matrix element of 
the interband transitions 


i 
fo “*V Uy x 
i 


is a quantity which is difficult to evaluate. There are 
arguments that the absolute value of it should decrease 
away from the zone boundary towards the zone center, 
especially when the symmetry types of the lower and 
upper bands differ at the zone boundary, being there 
purely s like and like, respectively."*-'® For the present 
we limit our calculation taking the matrix element 
constant. The values of the constant will be determined, 
whenever possible, from comparison with the experi- 
mentally known dispersion curves (Sec. 5). 


Here m is the ordinary electron mass, hy,-, 


(3.3) 


4. BAND MODEL 


To enable explicit analytical calculations we are 
looking for a simple model which would contain in a 
natural way the relevant quantities characteristic for 
the bands involved, such as the band separation, the 
Fermi level, etc. 

There has recently been much 
whether the Fermi surface does or does not touch the 
boundary of the Brillouin zone, particularly in the 
noble metals. The question is of a fundamental nature 
as the difference between a singly and 
multiply connected Fermi surface should have its 
bearing on many electronic properties which depend on 
the density of states and band anisotropy. A few 
properties like the thermoelectric power,'* the electronic 
specific heat,'? magnetoresistance,'* and the anomalous 


discussion as to 


connected 


4 N. F. Mott and H Jones, Theory 
and Alloys (Oxford University Press, New York, 1936). 


f the Properties of Metals 


18M. H. Cohen and V. Heine, Advances in Physics, edited by 
N. F. Mott (Taylor and Francis, Ltd., London, 1958), Vol. 7 
p. 395. 

16H. Jones, Proc. Phys. Soc. (London) A68, 1191 (1955). 

17H. Jones, Proc. Roy. Soc. (London) A240, 321 (1957). 

1% R. Olsen and S. Rodriguez, Phys. Rev. 108, 1212 (1957). 
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skin effect"* may be mentioned at once and many 
others can be found in literature.” 

We would like to set up a model which would allow 
the calculation of the optical constants, taking inte 
account the details which are important near the zono 
boundary. That is, the energy gap, the bending of the 
energy bands, and the Fermi surface which approaches 
the zone boundary closely or eventually touches it, 
even with a finite area of contact. There is a variety 


of possibilities amenable to analytical calculation. We 


limit our discussion to a particular one. 
We assume the two bands E, and E_ of the following 
dependence on the wave vector k,, k,, k, 


ny 


hy 1 1 
Eg (hayky,he) =—} —(ha?+hy?) +—[hi?+ (ka— hx)? 


MT + mL 


+2ki((ke—kr)?+Vi?)*}}. (4.1) 


In the noble metals nearest to the Fermi surface are 
the hexagonal faces of the Brillouin zone. We put 
therefore the k, axis along the I'L line in k space and 
take k, equal to the length ['L. The form of the energy 
bands is closely similar to the one obtained from the 
nearly free electron approximation,™ but we take the 
transverse effective masses mr, and mr_ in the two 
bands to be different, in general. The energy bands 
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Fic. 1. Energy bands in copper according to Eq. (4.1). The 
cross section is along the I'L line. The energy gap at the point L 
is 2.25 ev. 
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M> 2 
Fic. 2. Fermi surfaces in copper according to Eq. (4.9) and 


(4.19). The cross section is along the I'L line. The cr 
are in succession &, =0.1, 0.05, 0.0001, and a = 0.0036, 0.04 


have the axial symmetry along the I'L axis, the cross 
section is shown in Fig. 1. The constant 24°; V1/mz, 
is the energy gap at the point L. 

The occupied states in the lower band are bounded 
by the surface E_(k,,ky,k.)=Er, where the constant 


Er has the meaning of the Fermi energy.** The examples 
of the Fermi surfaces are shown in cross section in Fig. 2. 
The energy difference between the two bands (4.1) is 


nf )assnp 
MT + 


2 
+—biL (he bv), (4.2) 


mL 


We introduce the dimensionless parameters 


mf 1 1 
pil cat 
2 MT + mr. 


p= (k2+k/J)'/kz, k=(ki—k,)/kx, 


V=V1/kt. (4.4) 


Thus for the point [ or (000) we have p=0, k=1, for 
the point LZ or (00k,) we have p=0, k=0. We put for 
simplicity m_p=mr.=m, and we take a positive. 
Further we abbreviate 


b= 2mEpr(hkyt), 
2x? mc 
“ah 
1 | P,_/(hkz)|? 
. oak. 


(4.5) 


wmy 

3=——— (4.6) 
hk? 

e’m IP, _4* 

M =———_= 

3h 4rk 3 


(4.7) 
The abbreviations & in (4.4) and ¢ in (4.6) should not 
be confused with the standard symbols in Eqs. (2.1). 
\ is the wavelength, c is the velocity of light and ag 
is the Bohr radius. 


27 am indebted to Professor H. Jones for the suggestion on 
the Fermi surface. 
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(a) Multiply-Connected Fermi Surface 


If the Fermi surface touches the Brillouin zone 
boundary we can characterize it in our model by the 
area of contact with the boundary plane. We write 
a=[pr(k=0) FP, and have from (4.1) 

a=o—1+2V. (4.8) 

The integration in (3.1, 2) must extend over p from 0 

to the upper limit pr(k) given by 


[pr(k) ? 


and over k from 0 to ky. There are two possibilities of 
choice for ke. If we require the energy bands to be 
symmetric with respect to the reflection in the k,=0 
plane, we have to integrate between k,=k, and k,=0. 


o—1—k+2(k+ V2)3, (4.9) 


FCZYNSKI 


The calculated expressions for the dielectric constant 
then have discontinuity in slope for the frequency 
corresponding to the band separations at k,=0. For 
frequencies not greatly exceeding the energy gap at L 
the expressions are as good as in the second model in 
which we integrate from k,=k, not only to k,=0 but 
further to k,=—k,. The bands in this second model 
are not exactly symmetric with respect to reflection in 
k,=0 plane (see Fig. 1), but the dielectric constant 
expressions do not suffer discontinuity in slope for the 
aforementioned frequency. We are interested in the 
optical region which extends a few electron volts on 
both sides of the energy gap; the differences between 
the results of calculations based on either model are 
completely negligible. We usually integrate down to 
k,=0, i.e., our ko=1. 
Using our abbreviations we have 


ka perk) 
€p tom [ ak f pdp {[ap?+2(#+ V?)¥)[ (ap? +2 (k?+ V2)#)?— (2c)? }} 
0 0 


, 
€p 2 


a 


T 


M 
o 
The result of the integration (4.10) can be written 
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M 


(ke 
i nf 


ac 


é¢p= 


Ao(a,k) 


k+ 
Re 


—4(o?— Vy?) In 


For i=1, 2 


ke ePrtk) 
- f an f pdp 5[ ap?+-2(k+ V2)t— 2e ]. 
0 0 


+ V*)[(2(1-+1/a) (ha?+ V?)!— k?-+¢—1)?— (20/a)*]| 
(ke? + V?—o0”)(2(1+-1/a) (ko? + V*)'— ke +6— 1 


| 
l? 


, ko) —2A4(0,k2) ] (4.12) 


— (V?—o*)§ arctan[k(V?—o)-4] for |o 


| for 
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(o?— Vy)! 


ry 
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o*— } 


A,(o,k) =(V?—s?(c) }{arctanlk(V?—s?(c))-*)]+arctan[ksi(o)[(+V2)(V? 


ks(o)+{ (2+ V*)[s2(0)—V?}}3 


V(k—[s2(o)—V*}} 


7 [s2(c) -\l? |! In 


Her: 


si(o)=(1+1 ‘a) FC (1 +-1/a)? 


+V2+¢—1—20/a}'. (4.15) 


For i=1 the — sign and for i=2 the + sign is taken. 
The imaginary part of the dielectric constant can be 
calculated as done by Wilson’ and Dexter.** It is 
proportional to the difference between the k values of 
the intersection of the curve ap*+2(#+ V?)!—2¢: .0 
with the boundaries of the p, & region of integration. 
For frequencies below the threshold for the photo- 


#1). L. Dexter, Proceedings of the Conference on Photoconduc- 
tivity, Allantic City, 1954, edited by R. G. Breckenridge et al. 
John Wiley and Sons, Inc., New York, 1956), p. 155. 


| for S;(o) > V. 
i 


(4.14) 


electric absorption, «= V, the imaginary part vanishes. 
For frequencies between 


? 


V <o<V+<aa/2, mM /ac*)(c?—V?)§. (4.16) 


For frequencies 


).< 


J 
ep’ = (xM/ao*){ (o?—J 


(ke? 


; r 
i—I § 


ee ee } y2)h, . 
2), (4.17) 


interesting as for most 


(a)—J 


Frequencies still higher are not 
metals they lie in the ultraviolet 

The real part “of the dielectric 
mum at the frequency o 


constant has a maxi- 
V. If the difference between 
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the transverse effective masses in the two bands is smal 
the height of this maximum is proportional to (a/a)'. 

The imaginary part has the maximum at the higher 
frequency ¢= V+aa/2. It is also proportional to (a/a)', 
its width being proportional to aa. The frequency 
derivative of the real and imaginary part is discon- 
tinuous at these maxima. It is necessary to have the 
transverse effective masses mr, and mr-_ slightly 
different, that is a0, in order to keep the real and 
imaginary part finite at the maxima. Discussion of the 
effect of the transverse effective masses for the calcu- 
lation of the optical absorption can be found in reference 
9 and particularly in reference 26. 


(b) Singly-Connected Fermi Surface 


The case where the Fermi surface does not touch 
the Brillouin zone boundary can be dealt with using 
essentially the same formulas. The Fermi surface 
can now be characterized by its distance from the 
point LZ, call it Ai, 


o=k+1—2(k2+ V?)4. (4.18) 


ep= Mj [k2+V2—2(kit+ V2)!" B(o,k2) — B(o,h1) ] 


Here 
B(o,k) = (1/0) (V? 
ko 


(1/20) (o?— V?)-4 In 
|ko-+ 


By(o,k) = (V?—o*)~- arctan[k(V? 


CONSTANTS OF 


o”)~4 arctan[ ko[ (k?+ V?)(V? 
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The Fermi surface equation can be written 
Cor(k) P= ky? —2(ki2+ V?)'— +-2(+ V8, 
The real part of the dielectric constant 
expressible as the difference 
ep(ki,ke) = ep (Re) — ep(hi), (4.20) 


where ep(k) for k= hk, is written down in (4.12). The 
imaginary part now has the threshold at the frequency 
o = (k?+ V*)'. For the frequency range 
(ki+V*)§<o< (ke+V")), 
ep’ = (xM/aa*){ (o?— V*)'§—[s°(0) — V?}4}. 


(4.19) 


is now 


(4.21) 


When the Fermi surface has no finite area of contact 
with the zone boundary one can take the limiting case 
of small @ and the real and imaginary part of the 
dielectric constant remain, even for a=0, continuous at 
the threshold frequency. Taking a small, developing 
the square roots and keeping only terms of the first 
power in a which cancel with the a in the denominator 
before the curly bracket in (4.12) one obtains from 
(4.20) 


y ki +(k2+ Vv") 
+ 2[ Bo(o,ks) - Bo(o,hs)}+In( — - :)}. (4.22) 
ho+ (ko? + V*)! 


for ao<V 


for 


k—(o?— V*)4 


=}(o?—V?)-4 In 


|k+(o?— V?)3 


The imaginary part is now, for o> (k?+ V")!, 


ep’ = (tM //c)(o?— V?) Lk? + V? 
—2(k2+V?)'—o?+20]. (4.25) 
The formulas (4.22, 25) are obtained more simply by 
first setting a=0 in (4.10, 11) and then integrating. For 
Fermi surfaces without contact only these simpler 
formulas (4.22) and (4.25) were used in numerical 
computations, with however one modification. The 
model we are aiming at should simulate as much as 
possible the actual shape of bands in the metal. The 
energy bands assumed do not comply with the sym- 
metry requirements of the fcc lattice, they are only 
axially symmetric along ['Z line. There are eight hex- 
agonal faces in the actual Brillouin zone. To simulate 
this situation the following refinement has been used 
for the case of Fermi surfaces with no contact. The 
dielectric constant has been calculated first with the 
limits of integration k= k, and k= kz, call it ep(k1,k:), 
then with the limits k=0.1 and k= kz, call it ep(0.1,k2). 


for o>V. (4.24) 


9) 


In the fcc metal the distance between the hexagonal 
face of the Brillouin zone and the Fermi sphere for one 
electron per atom is 0.0975k;. The actual real and 
imaginary parts of the dielectric constant used were 
calculated as 


ep {AL ep( hike) -ep(0.1,k2) |+€p(0.1,k2)}, (4.26) 
to simulate the effect of the four pairs of hexagonal 
faces. It must be said that this refinement which 
numerically was rather small was not being done for 
surfaces with a finite area of contact because then the 
formulas were used with a0 and these are very 
lengthy. The comparison of the numerical results 
obtained in the two different cases, contact and no 
contact, must be taken with due reserve. 

We mention another circumstance about the Fermi 
surfaces without contact, i.e., simply connected. When 
such a surface recedes further away from the Brillouin 
zone boundary the maximum in the real part of the 
dielectric constant gets shifted to higher frequency than 
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Fic. 3. The calculated values of &/A vs Ind for gold. The solid 
curve was computed with &;=0.01, M=0.72. The broken curve 
was computed from the Drude formulas. The circles denote the 
experimental points of Schulz. 


the one corresponding to the energy gap at the point L. 
To adjust the position of the maximum to the experi- 
mentally given frequency one has to choose the value 
of V smaller than the energy gap at the point L. 

The contact of the Fermi surface with the zone 
boundary has a pronounced effect on the resulting 
dispersion curve. As already remarked a finite area of 
contact gives rise to the sharp, narrow peak in the 
imaginary part of the dielectric constant, at a fre- 
quency higher by aa/2 than the threshold frequency. 
This peak does not exist for Fermi surfaces without 
finite area of contact. 

When the extinction coefficient dispersion curves 
are calculated with reasonable values of the constant 
M, see Sec. 5, it is apparent that, for surfaces with 
contact, the aforementioned peak of the imaginary 
part does not exhibit itself very strongly, especially 
when @ is small and a is not. It may be that the experi- 
mental curves are not at all sufficiently precise or the 
peaks in them are spread out by different factors, like 
the phonon scattering, nonvertical transitions, and 
temperature, polycrystalline, and surface effects, etc. 
Eventually the sharp narrow peak in the immediate 
vicinity of the threshold for the internal photoelectric 
absorption can be undetectable. 

On the other hand, the peak in the real part of the 
dielectric constant exists, in every case, whenever the 
Fermi surface approaches closely the zone boundary, 
irrespective of whether contact is achieved or not. 
Therefore the conclusion whether the Fermi surface 


TABLE I, The Drude parameters adopted for the calculation of 
the dispersion curves. The wavelength A in microns is given at 
which the dip in the experimental k&/d curve is centered. N is the 
effective number of electrons in 10" cm™*, go is the static electrical 
conductivity in 10" sec~', m* is the effective optical electron mass. 


» 
Copper < 0.5: 
Silver 0.32: 
Gold , . 0.5 


does or does not touch the Brillouin zone boundary is 
difficult to draw. The peak in the real part of the 
dielectric constant is due to the increased density of 
states near the zone boundary. In the present treat- 
ment, with the matrix element constant, the density of 
states is the only determining factor. The increased 
density of states is ultimately connected with the 
energy gap at the boundary plane. 

The situation is similar with every energy gap, and 
it should be similar in a superconductor where the 
energy gap of fre- 
quencies.?*~** 


exists in the microwave region 


c) The d Band 


Until now only one filled and one unoccupied band 
have been considered, all other bands being disregarded. 
There are indications“. that in copper the transitions 
from the filled 3d band also contribute to the anomalies 
in the dispersion curve. It was therefore attempted to 
calculate the contributions from a tentatively described 


rasLe IL. The relati matrix 
element for the interband transitions the calculations 
for the noble metals. The rn ] ce Ww S imed to approach 
the zone boundary by the tal é 


squared 


i= ( 10 107* 1075 


0.43 
0.69 
0.69 


Copper 0.44 
Silver 0.69 
Gold iZ 0.7 


0.43 
0.69 
0.69 


d band. The d band was assumed in the form 


‘iL’ }*}. (4.27) 


The 3d band in copper is completely filled. For sim- 
plicity the filled zone has been approximated by a 
cylinder of length &; and of radius pzkz corresponding 
to the circle inscribed into the hexagonal face of the 
Brillouin zone. The transitions were considered to the 
band E, of Eq. (4.1), with a constant matrix element. 
Its square was taken proportional to the parameter Mg. 
The calculation proceeds similarly to the previous case 
of the Fermi surface with contact. The area of contact 
is now very big. It is essential to have the transverse 
effective masses mrg and mr, different.?* The disposable 
constants which we now have in addition are (1) the 
width of the d band, Wz= E(00k,)— Zo, (2) its mini- 
mum separation from the unoccupied band E,, i.e., 


*7R. H. Glover and M. Tinkham, Phys. Rev. 108, 243 (1957). 
81D. C. Mattis and J. Bardeen, Phys. Rev. 111, 412 (1958). 


® Biondi, Forrester, Garfunkel, and Satterthwaite, Revs. 
Modern Phys. 30, 1109 (1958); P. L. Richards and M. Tinkham, 
Phys. Rev. Letters 1, 318 (1958); Ginsberg, Richards, and Tink 
ham, Phys. Rev. Letters 3, 337 (1959). 

* J. Friedel, Proc. Phys. Soc. (London) B65, 769 


1952). 
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the energy gap at the point L, Ug= E,(00k,) — E(00k_), 
(3) the area, ag=pzx?, and (4) the difference 


mf i 1 
ea? a oo . 
2\mr4 = Mra 


5. COMPARISON WITH EXPERIMENTAL DATA 
(a) Noble Metals 


(4.28) 


For the wavelengths between 3 and 0.254 the 
experimental curves of the extinction coefficient taken 
recently by Schulz?! can serve as a basis for comparison. 
Schulz plotted &/A versus Ind (Fig. 3). We have used 
Schulz’s values for the parameters N, oo, and m* in the 
calculation of the Drude contributions, see Table I. 
For wavelengths longer than 1 u the agreement between 
the experiment and the calculated Drude values is 
generally good for the extinction coefficient. However 





Fic. 4. The calculated values of k/d vs Ind for silver. The solid 
curve was computed with &,=0.0001, M=0.69. The broken 
curve was computed from the Drude formulas. The circles 
denote the experimental] points of Schulz. 


the refractive index calculated from Drude formulas is 
several times too small and the addition of the interband 
contributicns does not improve it satisfactorily. (See 
Figs. 3-7.) 

The noble metals exhibit departures from the simple 
Drude theory in the form of well shaped dips in the 
k/d curves. These can be reproduced by the present 
theory reasonably well. The wavelength (see Table I) 
at which the dip is centered was, as explained earlier, 
determining the value of the energy gap V. The 
value of the k; is determined by the lattice constant do, 
in the fcc metal &, = xV3/ao. The interband contribution 
was calculated for the different Fermi surfaces approach- 
ing the zone boundary by distance &;. For each k, the 
constant M was chosen so that in the dispersion curve 
of k/d the resulting dip reproduces as closely as possible 
the one found experimentally. 

The portion of the dispersion curve for wavelengths 


1. G. Schulz, J. Opt. Soc. Am. 44, 357 (1954). 
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Fic. 5. The calculated values of the refractive index m vs Ind 
for silver, with the same parameters as used in Fig. 4. The circles 
denote the experimental] points of Schulz. 


longer than 1 uw was not sensitive to the choice of M, 
but the computed curve was dependent critically on 
M for short wavelengths. 

The case when the Fermi surface just touches the 
Brillouin zone boundary, that is k,=0, has been 
discussed elsewhere.™ 

Proceeding from lighter to heavier noble metals it 
was found necessary to take the constant M, for the 
given k, value, larger for silver and gold than for 
copper, see Table II. This shows a reasonable trend in 
the values of the optical matrix element, as can be 
expected when we imagine it calculated between the 
orthogonalized plane waves.”"* The fact that the 
optical constants of metals vary in a regular way with 
the atomic number has been noticed by Nathanson.* 

It is seen from Figs. 4 and 6 that the dip in the calcu- 
lated k/X curve is narrower if the spread in the energy 
bands involved, see Fig. 1, is smaller. For silver the 
energy of the free electron at the point L is 6.76 ev higher 
than at the point I’ and the -nergy gap at L was taken as 
3.81 ev, the ratio is thus 1.77. The dip in the k/A curve 
is too narrow. For copper the free electron energy at L 
is 8.67 ev, the energy gap at L was taken as 2.25 ev, 
the ratio is 3.85, and the dip in the k/A curve, computed 
with no contact, is too broad. 
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Fis. 6. The calculated values of k/d vs Ind for copper. The 
solid curve was computed with k,=0.0001, M=0.444, The 
broken curve was computed from the Drude formulas. The 
circles denote the experimental points of Schulz. 

® M. Suficzynski, Proc. Phys. Soc. (London) 73, 671 (1959). 

*M. Suffczynski, Bull. acad. polon. sci. 6, 481 (1958). 

* J. B. Nathanson, J. Opt. Soc. Am. 28, 300 (1938). 
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different experiment: as is seen from the graphs 
quoted by Schulz rude parameters envisaged 
for zinc by different rkers are widely different.?-*® 
On the other il ve is plotted the dielectric 
tals versus 


constant a I I ) verTal me 


a 
wavelengt I I tv \ raritnn scale. For zinc 9 
xX 


, 36 


according to measur ts of t al.*® ¢ exhibits a 

sharp peak for \~ 1 yw, and ¢ i broad peak for AS 1. 

This is in line with the theoretical arguments for zinc 

that the Fermi surface touc!l the planes bounding a 

zone containing two electrons per atom® or an overlap 

takes place It i ( ble 1 nat pe aks in the 

ae 4A density of states arise at two different energies, which 
2 Sp renders a more complicated situation in the optical 
properties. It would be very valuable to repeat with an 





Fic. 7. The calculated values of the refractive index n vs In) 
for copper, with the same parameters as used in Fig. 6. The ; J ; 
circles denote the experimental points of Schulz. and copper-zinc alloys. The tent itively computed k/x 


curve for zinc reproduces thi ilts of reference 36 


improved accuracy the optical measurements on zinc 


only qualitatively, see Fig t was difficult to find 
reasonable values of parameters to fit the experimental 
points, see Table III. S lar ZiI are the experi- 





l on iA 
2 Sp 
Fic. 8. The calculated \ vs Ind for copper. The 


curve was computed with the rmi surface having the contact 
‘ 0.001, a=0.25, M=0.29 


with the zone boundar The 


The calculations with the matrix element not con- 


stant, but diminishing in the absolute value away from 





the zone boundary towards the zone center, made thi 
resulting dip narrower. Fic 

For copper, which has a complicated shape of the CUrVe was « : , 

, with the z ur ulue 1=0.0001 
dip in k/X curve, the calculations have been done for jo 3163 
the case of the Fermi surface with a finite area of 
contact. It is realized that it is difficult to reconcile, in 
principle, the small energy gap (2.25 ev) with the 
contact at the zone boundary; very strong anisotropy 
of the Fermi surface would be required. Two examples 
of the curves computed from the formulas (4.12-17), 
for particular choice of the parameters, are shown in 
Figs. 8 and 9. 

For copper, also, the calculation has been tried with 
the contribution from the d band. An example of the 
curve obtained is given in Fig. 10. 








(b) Other Metals 


A few remarks now concerning other than noble Fic. 10. 1 
metals. curve wa 
For zinc, the one divalent metal for which many CO!ROU hf 220.034 
: - - aaq= , J O35 
optical measurements have been reported,'*? the com- —— 
8 J. N. Hodgson, Pro 
® Bor, Hobs iW 


parison with the experimental points presents diffi- 
culties because of lack of agreement between the (1939). 
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mental dispersion curves for beryllium' though the 
peaks are much broader there. 

In the dispersion curve for aluminium no well-shaped 
dip can be found. The overlap into the second zone 
does take place in aluminium,” but probably to such a 
considerable extent that, due to the selection rule of 
the vertical transitions, the states near the energy gap 
cannot play a role. The upper band near the zone 
boundary may be occupied by the overlapping electrons 

We do not discuss the alkali metals as they are 
usually dealt with in the standard form of the theory 
as proposed by Sergeiev and Tchernikovsky.* Since 
the alkali metals have the bec structure and the Fermi 
surface probably remains nearly spherical, the energy 
gap plays no essential role in the calculation of the 
optical constants for these metals. 

There are serious theoretical indications,” ” however, 
that in lithium the Fermi surface is strongly anisotropic 
and actually does touch the zone boundary. We have 
purely tentatively computed the k/A curves for lithium 
assuming a small area of contact and a rather small 
matrix element, see Fig. 12. The energy gap was taken® 
as 3 ev. 

It would be very interesting to have better experi- 
mental results on the optical constants of lithium. 
Until now no experimental evidence has been found for 
the interband transitions in lithium. The optical matrix 
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Fic. 11. The calculated values of &/A vs Ind for zinc. The 
curve was computed with the Fermi surface having contact with 
the zone boundary. The value of a=0.0036, a=0.16 and M =0.66 
The circles denote the experimental points of Bor et al.** 


27M. L. Glasser and J. Callaway, Phys. Rev. 109, 1541 (1958 
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Fic, 12. The calculated values of &/A vs Ind for lithium. The 
curve was computed with the Fermi surface having the contact 
with the zone boundary. The value of a=0.0001, a=0.25 and 
M =0.22. 


TaBLeE III. The Drude parameters adopted for the calculation 
of the dispersion curves for lithium and zinc. The energy gap 
assumed in the calculation of the interband contribution is given 
in electronvolts. 


Energy gap 


Lithium 8 5 : 3 


Zinc 5 1 2 


element for lithium should not be large in absolute 
value. The wavelengths, however, where deviations 
from the Drude theory are to be expected, lie in the 
visible which is more easily accessible for measurements. 

In the course of the present investigation numerous 
tables of the dispersion curves have been computed for 
a wide variety of parameters. Copies can be obtained 
by interested persons. 
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Resistance vs current diagrams and “Diagrams of State’’ have 
been obtained for 63 contacts between crossed wires of tin. The 
wires were plated with various thicknesses of the following metals: 
copper, silver, gold, chromium, iron, cobalt, nickel, and platinum. 
The contacts became superconducting, or showed a noticeable 
decrease of their resistance at lower temperatures if the plated 
films were not too thick. The limiting thicknesses were about 
35 10~* cm for Cu, Ag, and Au; 7.5X10~* cm for Pt, 4X 10-* cm 
for Cr, and less than 2 10~* cm for the ferromagnetic metals Fe, 
Co, and Ni. The investigation was extended to measurements of 
the resistance of contacts between crossed wires of copper or gold 
plated with various thicknesses of tin. Simultaneous measurements 


I. INTRODUCTION 


HIS investigation was started in order to obtain 

an understanding of the mechanism which gives 
rise to the superconductivity of contacts. The first part 
of this work has already been published' giving the 
historical background and detailed results on contacts 
between crossed wires of clean tin, tin plated with 
various thicknesses of copper, tin and indium, and tin 
and copper. Several short communications?~* have 
reported further progress. Since publication of the first 
report measurements on over 63 contacts have been 
collected. In order to conserve journal space only a few 
representative diagrams and abbreviated tables shall 
be presented here 
published report 
agencies.‘ 


All details can be found in an un- 


which is on file at government 


Il. EXPERIMENTAL ARRANGEMENT 


The cryostat, the circuit, the mount for the contacts, 
and the automatic temperature control were essentially 
the same as described in reference 1 with only a few 
refinements added. The temperature was determined 
from the vapor pressure above the liquid helium, using 
the 1955¢ vapor pressure scale.’ A standard U-type 
* Work performed under contract with the Office of Naval 
Research 

+t Now at Department of Physics, Stevens Institute of Tech 
nology, Hoboken, New Jersey. 

1 Hans Meissner, Phys. Rev. 109, 686 (1958 

? William R. Callahan and Hans Meissner, Suppl. Physica 24 
154 (1958) 

3 Hans Meissner, Phys Rev. Letters 2, 458 (1959 

*“Studies of Contacts with Barriers in Between,” by Hans 
Meissner, on file at the Armed Services Technical Information 
Agency (ASTIA), Air Research and Development Command, 
U. S. Air Force, Arlington Hall Station, Arlington 12, Virginia 
Document No. AD-225 070). It has also been deposited as Docu- 
ment No. 6131 with the ADI Auxiliary Publications Project, 
Photoduplication Service, Library of Congress, Washington 25, 
D. C. A copy may be secured by citing the Document number and 
by remitting $7.50 for photoprints, or $2.75 for 35-mm microfilm. 
Advance payment is required. Make checks or money order 
payable to: Chief, Photoduplication Service, Library of Congress. 
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was removed the helium siphon was connected with 


672 





SUPERCONDUCTIVITY OF CONTACTS 


its valve closed and the Dewar reevacuated before 
filling with liquid helium. The contacts were closed 
only after the siphon was removed and everything was 
ready for the run. The time which elapsed between the 
cleaning or polishing of the wires and the closing of the 
contacts was less than two hours. 

Usually a contact load of 50 to 60 g (weight) was used. 
Only in a few runs much larger loads were used in order 
to check the dependence of various quantities on contact 
area. 

It should be noted that the electrical circuitry is such 
that the potential across the contact can never exceed 
50 millivolts, even if the contact is open. Any possibility 
of the formation of a metallic bridge due to coherer 
action is therefore excluded (see reference 1). 


IV. MEASUREMENTS ON CONTACTS BETWEEN 
PLATED TIN WIRES 


The data obtained are much too numerous to permit 
publication in detail. Instead it has been tried to classify 
the resistance vs current diagrams as well as the dia- 
grams of state according to their appearance. 

The resistance vs current diagrams (see Figs. 1-3) 
have been classified according to the abruptness with 
which the resistance appears when the current through 
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1. Resistance vs current diagram of cobalt-plated contact 
Co 4, representative of diagrams type A. 
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Fic. 2. Resistance vs current diagram of silver-plated contact 
Ag 2, representative of diagrams type B. 
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. 3. Resistance vs current diagram of gold-plated contact 
Au 6, representative of diagrams type C. 
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ric. 4. Diagram of state of cobalt-plated contact Co 4, 
representative of diagrams type I. 


the contact is increased at a temperature well below 
the transition temperature of tin. Contacts of type A 
show a very abrupt increase of the resistance such that 
one is under the impression that for currents slightly 
smaller than the “critical current” the resistance of the 
contact is not only immeasurably small but truly zero. 
Contacts of type B (see Fig. 2) show some “tails” at 
the low current side of the resistance vs current curves. 
For these it is debatable whether the resistance attains 
only immeasurable small but finite values or whether 
it becomes truly zero. Contacts of type C show re- 
sistance vs current curves with very long “tails” and it 
seems unlikely that their resistance vanishes even at 
the lowest temperatures and smallest currents. 

The diagrams of state, that is curves of constant 
R/R, in I-T space (R,=resistance in normal con- 
ducting state) have been divided into three classes (see 
Figs. 4-6): 
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Fic. 5. Diagram of state of silver-plated contact Ag 2, 
representative of diagrams type II. 


Type I (see Fig. 4) are diagrams where the curves for 
values of R/R, equal to 0, 0.25, and 0.5 are all three 
approximately parabolic and intersect the temperature 
axis very closely in one point, defining a critical tem- 
perature T, independent of the choice of the value of 
R/R,. 

Type II (see Fig. 5) are diagrams where the curves of 
constant R/R, within the range 0< R/R,<0.5 ap- 
proach the temperature axis with decreasing slope, 
such that the slope becomes approximately zero for 
all curves at about the same temperature, thus again 
defining a critical temperature independent of the 
choice of R/Ra. 

Type III (see Fig. 6) are diagrams where the curves 
of R/R, equal to 0, 0.25, and 0.5 do not intersect or 
touch the temperature axis at the same temperatures 
such that the definition of the critical temperature 
depends strongly on the choice of the value of R/Ra. 

As in reference 1 and for the reasons given there the 
“critical current” shall be defined as the current which 
restores the resistance to a value of R=0.25 Ry. When- 
ever the critical temperature depends on the choice of 
the value of R/R,, for its definition (such as in diagrams 
of type IIT) the critical temperature shail be defined as 
the temperature at which the curve R=0.25 R,, inter- 
sects or touches the temperature axis. 

Table I lists the plated metal, the thickness of the 
plating, the normal resistance, the contact load, critical 
currents at various temperatures, the critical tempera- 
ture, and the types of R vs J diagram and diagram of 
state. For purposes of comparison the list contains also 
data for two clean tin contacts and for 4 symmetrical 
} 


copper-plated contacts which were described already in 


detail in reference 1. 
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Fic. 6. Diagram of state of gold-plated contact Au 6, 
representative of diagrams type ITI 


V. DISCUSSION OF THE DATA ON CONTACTS 
BETWEEN PLATED TIN WIRES 


It is usually assumed, that the contact resistance is 
the sum of three parts: The channel resistance R., on 
one side, the barrier resistance, Rg and the channel 
resistance on the other side. If the metal has a re- 
sistivity p, the barrier a resistivity per unit area o and 
the radius of smallest constriction of the current is an, 
one finds 

Ro, p ‘Ace, ™ 
and 
Rp Co ‘ROtcr?. 


The current bearing radius a, can be compared with 
the load bearing radius a, which one calculates from 
the force F on the contact and the flow pressure P: 


a= (F/P). (3) 


One can consider the narrow current channel as a piece 
of a thin wire and apply the criteria for the destruction 
of superconductivity in thin wires to it. If the radius 
ay of this hypothetical wire is large compared to the 
superconducting penetration critical 
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depth 6, the 
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TABLE I. Data on contacts between plated tin wires. 
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grams of state type I have approximately this tem- 
perature dependence and one will therefore expect that 
for them ay>>#. 

» ‘As discussed in reference 1, the pressure on the 
contact shifts the critical temperature to lower values 
and one finds good agreement between the flow pressure 
calculated from this pressure shift and direct measure- 
ments of the flow pressure. Since the force on the 
contact is known, one can calculate a, from Eq. (3) 
and finds values of about 10~* cm. 

One can show (see the report of reference 4) that for 
the bare tin contacts A and B the major part of the 
be channel resistance but must be 
barrier resistance. It is very likely that tin exposed to 
the atmosphere within a matter of a few seconds is 
covered with a very thin oxide film and that this oxide 
film contributes most of the resistance. If one compares 
the absolute values of plated contacts one observes that 


resistance cannot 


frequently the total resistance decreases with increasing 
thickness of the plated metal: The plating moves the 
tin oxide film from the point of narrowest current 
construction to a wider part of the channel where its 
contribution to the resistance is smaller (see contact 
Cu 5, Cu 7, Cu 8; Au 1, Au 2, Au 3). Most of the other 
metals, if freshly cleaned, do not seem to have such a 
high resistance surface film. 

On the other hand, one can show that the resistance 
of the heavily gold-plated contacts Au 5, Au 6, and 
Au 7 varies approximately as the square root of the 
force and one can conclude that according to Eqs. (1) 
and (3) the major part of their resistance must be 
channel resistance. The critical currents (at 7 = 1.49°K) 
vary also approximately as the square root of the force 
and one may conclude that this results from Eqs. (3) 
and (4) indicating that ag>é. Unfortunately, the 
critical current curves are not parabolic (they are 
labelled type III the critical temperature 
depends strongly on the choice of R/R,), which indi- 
cates ay<6 (see below). It is of course possible that 
for these contacts 6~ayg such that the critical current 
is still approximately proportional to ag, but that the 
critical current curve is already markedly nonparabolic. 


bec ause 


If the contacts are plated with a thin layer of normal 
metal, the density of the superconducting electrons will 
decrease in the layer of the normal metal. The effective 
critical field in Eq. (4) will not have the bulk value but 
will be smaller by a factor of m,/n,o, where m,o is the 
density of superconducting electrons in the tin and n, 
their density at the point of narrowest current con- 
striction. Since ,/n,o is probably temperature inde- 
pendent, the critical field curves will still be parabolic. 

For larger values of the thickness of the normal metal 
a new effect comes in: The penetration depth is con- 
nected with the density of the superconducting electron 
by an equation of the type 


5= (mc*/4xn,e*)}, (6) 
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where m and ¢ are the effective mass and charge of the 
electrons of number density m,, c the velocity of light, 
all in cgs units. As m, decreases 6 increases and can 
become of the order of and larger than ay. This causes 
a breakdown of Eq. (4) which is only valid as long as 
ay>>s. The only calculation for critical currents through 
wires whose diameter is small compared to the pene- 
tration depth is by von Laue.* As explained in detail 
in reference 4 there is some doubt whether this calcu- 
lation is entirely correct. Nevertheless, its results shall 
be used here for lack of a more satisfactory calculation. 
If expressed in terms of the critical field caused by the 
critical current, the result is given by’ 

Her=He wl —tJ 


J of la i 


1a 7/0 


5) (7) 
Ms 


where J, and J; are the Bessel functions of zeroth and 
first order. If ay<<6 Eq. (7) reduces to 


Ha=H 26. (8) 


bulk@ 


With the temperature dependence of H, pum Eq. (5), 
and the temperature dependence of 6 [see reference 1, 
Eq. (4)] one obtains for aw<é the temperature de- 
pendence of J, [see reference 1, Eq. (5) ] which is in 
good agreement with the shape of the experimental 
curves found for contacts with larger thicknesses. In 
the range where ay: could that it is 
possible to deduce the ratio of a,/é from the shape of 
the critical current curve by use of Eq. (7) by assuming 
that 6 and H.»ux have their usual temperature de- 
pendences. Unfortunately, this procedure requires that 
the critical current curve is very accurately known in 
the neighborhood of 7... is not the case it is 
impossible to obtain even the order of magnitude of 


o one 


expect 


oince 
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7 There have been two misprints in I 
1; these equations should read the same as 
paper. 


Press, 


of reference 
7) and (8) of this 





SUPERCONDUCTIVITY OF CONTACTS 


ay/5. For these reasons it is impossible for any of the 
contacts to give values for aq or a. The numerical 
values of ay and a, should be the same and should be 
smaller than the value of az. 

Equation (8) can be written in terms of the critical 
current®: 


T.=2rayH «=H, bulk2way’/ 25. (9) 


According to Eq. (9) one expects that the critical 
currents decrease with plating thickness because n, 
decreases and 6 increases. This is indeed frequently 
observed, at least if one excludes contacts with very 
high resistances which presumably had additional 
barriers. The critical current should increase with the 
contact area. According to Eqs. (9) and (3) the critical 
current should be proportional to the force on the 
contact if day, while according to Eqs. (4) and (3) 
it should be proportional to the square root of the force 
if ay>>é. As mentioned above, the critical currents of 
the gold-plated contacts Au 5, Au 6, and Au 7 at 

=1.49°K vary as the square root of the force indi- 
cating a7>>é5, which seems to be at variance with their 
temperature dependence. 

It was tried very hard to find a good criterion for the 
limiting thickness of the plating, above which super- 
conductivity of the contact is no longer observed. 
However, only for the gold-plated contacts was it 
possible to obtain anything like a systematic procedure 
to arrive at a numerical value. Figure 7 shows a plot 
of the critical temperature as a function of the thickness 
of the gold plating. One can see that up to about 1000 
angstroms the transition temperature changes only 
slightly with the thickness of the gold plating, but that 
at larger thicknesses it decreases rapidly. For all other 
metals such a dependence is very likely, but could not 
be clearly established, because the data scatter too 
much. This scattering is very likely due to the presence 
of additional oxide layers. 

A word should be said about the contacts plated 
with the ferromagnetic metals Fe, Co, and Ni. With 
nonferromagnetic metals the cutoff comes presumably 
when the thickness of the normal metal film becomes 
large compared to the “absorption length” of the 
superconducting electrons in the normal metal. With 
ferromagnetic films, however, superconductivity may 


be quenched in the neighborhood of the contact by the 


TABLE IT. Limiting thickness in 10~* cm of plated metal. 


Group IB 
Metal 


VIA 


Cu:30 Cr:4 ~ Ni:1.0 
Ag:40 tee 


Au:35 


Fe:0.7 Co:2 
Pb: : 5 


® There has been an unfortunate mistake in Eq. (7) of reference 


1; the equation should read the same as in this paper. The sentence 


following Eq. (7) is incorrect, because the critical current does 


depend on the contact area. 
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1G. 8. Resistance vs current diagrams of contacts between 
tin-plated copper wires. 


high magnetic field emerging from the ferromagnetic 
film. The saturation magnetization depends on the film 
thickness, and the cutoff comes presumably when the 
saturation magnetization is high enough, so that 
quenching takes place. For the reasons given above 
it is of course somewhat difficult to give a meaningful 
table of cutoff values of the thickness of the plated 
metal. Table II represents the best estimate of these 
values with the understanding, that up to the given 
thickness a very large reduction of the resistance, but 
not necessarily truly zero resistance will usually be 
found at low enough temperatures and small currents. 
However, it is entirely possible that for exceedingly 
clean contacts which are free of any additional barriers 
superconductivity of contacts with somewhat larger 
thicknesses may be found. 


VI. MEASUREMENTS ON CONTACTS BETWEEN WIRES 
OF NORMAL CONDUCTING METAL PLATED 
WITH A SUPERCONDUCTING METAL 


Figures 8-10 show three resistance vs current dia- 
grams for contacts between tin-plated copper wires. 
One can see that only at 1500 A tin thickness super- 
conductivity is found at low temperatures. 
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between tin-plated copper wires. 





678 


Simultaneously with the measurements on contacts 
also the (longitudinal) resistance of tin-plated copper 
wires was measured. The arrangement is shown in Fig. 
11: Pieces of about 1-cm length were clipped off the 
tin-plated copper wires and with some In-Sn solder 
(with a transition temperature of about 5.5°K) soldered 
to current and potential leads of tin. The resistance of 
the wires was measured by reversing the current 
through the chain and observing the deflection of a 
galvanometer connected to the appropriate pair of 
potential leads. 

Figure 12 shows a resistance vs current diagram for a 
piece of tin-plated copper wire clipped off the wires 
used for contact Sn-Cu-2. It should be noted that 
while the contact resistance becomes immeasurably 
small at 1.49°K and low currents, the (longitudinal) 
resistance of the but remains finite. 
This may be due to the doubling of the thickness of the 
tin when the two wires are crossed to make the contact. 
Figures 13-15 show resistance vs current diagrams for 
contacts between tin-plated gold wires. One can observe 
that despite the much larger thicknesses the resistance 
does not become immeasurably small. Figures 16-17 
show similar diagrams for pieces of tin-plated gold 
wires. It can be seen that only the wire with 10000 
angstrom tin becomes fully superconducting with a 
transition temperature between 1.47 and 2.64°K. 

The absence of superconductivity for thin films of 
tin or lead plated onto Constantan was already 
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served by Burton, Wilhelm, and Misener,’ by Misener 
I , 


and Wilhelm,” and 
were usually believed to be 
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unreliable (see the remark 
by Feigin and Shal’nikov™ and by Shoenberg"™) because 
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while the data here are somewhat t« it to permit 
doing this. Their data s| that the critical tempera- 
ture of tin films deposited onto Constantan 
thickness of about 2000 angstroms. 
Constantan is an alloy of 60% Cu and 40% 
would expect that the 


irements on supercon- 


and « 


0) SCal 


goes to 
Since 
Ni, one 


zero ata 


results of tin on copper should 
® Burton, Wilhelm, and Miser Tra n. 28. 65 
(1934). 

10 A DTD. Misener and O. W Trar 
1935); also Univ. Toronto Studies 72, 12 
11 A. D. Misener, Can. J arch 14, 25 (1936). 
2L. A. Feigin and A hal’nikov, D ady A 
S.S.S.R. 108, 823 wiet Phys 

377 (1957) ] 
BD. Shoenberg, Sxperconductivil Can 
Press, Cambridge, 1952 e at bottom of p 
“WN. E. Alekseyevsky, J. Phys. U.S.S.R. 4, 401 


29, 5 
1935 


ad. Nauk 


Doklady 1, 


1956 trar lat r . 
bridge University 
166. 


1941) 





SUPERCONDUCTIVITY OF 





CTT ai rates 
het 
a ee oe 47? 


| (2)34.4°K 
_ (39306 306° rae 4H 
264°K 
en 


® (5)1.47°K 
| SO tote 


oO 
os 


| Sn- Au- 2 
3000+3000A 


Resistance 2 


o 
nm 











2 


10" 
Current, Amperes 


. 14. Resistance vs current diagrams of contacts 
between tin-plated gold wires. 
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Fic. 15. Resistance vs current diagrams of contacts 
between tin-plated gold wires. 


be very close to those of tin on Constantan. The tin- 
copper data here allow the plotting of three points: 
(1) A film of 7500 A was fully superconducting at 
3.43°K (A). (2) The same film was normal conducting 
at 3.71°K (a). The critical temperature therefore must 
be in between these temperatures in agreement with 
the Toronto data. (3) A film of 1500 A showed a great 
reduction of the resistance at 10 ma and 1.50°K, indi- 
cating that this is D aapaarmcagsrs. the critical tempera- 
ture of this film. The point actually lies very close to 
the curve drawn by the Canadian group. The data on 
tin films on gold are represented by three points: (1) A 
film of 3000-angstrom thickness remained normal con- 
ducting down to 1.47°K. (2) A film of 10000 angstroms 
is superconducting at 1.47°K and 300 ma. (3) The 
film shows resistance at 2.64°K and 1 ma. This indicates 
that the critical temperature for the latter film is 
between 2.64°K and 1.47°K. A probable shape for a 
curve of 7, vs film thickness of tin films on gold 
shown dashed in Fig. 18. 


same 


VII. CONCLUSION 


As mentioned in the introduction the aim of this 
investigation was to obtain an understanding of the 


mechanism which allows superconductivity of contacts. 
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’revious investigations were carried out on contacts 
which had at least a gas layer in between, some had 
dielectric barriers. The contacts used in the previous 
investigations were so unstable, that it was impossible 
to decide whether the superconducting current really 
went through the barrier, or whether a thin metallic 
bridge existed. 

The contacts investigated here had barriers of normal 
metal and, in addition, at least a gas layer and very 
probably in most cases thinner or thicker oxide barriers. 

In the case of the copper, silver or gold plated 
contacts it is absolutely certain that the current went 
through the normal metal layer and not through a thin 
bridge of superconducting metal. The contact area is 
at most 100 micron? and the probability of matching 
two holes in the normal metai layers as regularly as 
superconductivity is observed, is practically zero. 

The question arises, whether these contacts actually 
do become superconducting or whether the resistance 
attains only very small but finite values. The answer to 
this question is probably different for different contacts. 
A contact which has a resistance vs current diagram of 
type A very probably has truly zero resistance for 
currents somewhat smaller than the critical current, 
with a resistance vs current diagram of 
type C may exhibit even at the lowest temperatures a 
very small but finite resistance. 


while a contact 
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Fic. 18. Dependence of critical temperature of tin-plated wires 
of normal metal on thickness of the plated tin. 


In the light of the new theory of superconductivity"® 
which helped greatly to support Pippard’s earlier non- 
local theory'® one can understand the superconductivity 
of contacts with interposed barriers in the following 
manner: The density of superconducting electrons does 
not drop to zero at the boundary between supercon- 
ductor and normal conductor, but decreases gradually 
in the normal conductor, and, for a dielectric barrier, 
perhaps even in the dielectric. This view obtains strong 
support from the observed change of the shape of the 
critical field curves. As the density of the supercon- 
ducting electrons (at the point of narrowest current 
constriction) the 
tration depth increases, leading to a nonparabolic 
critical current curve if the penetration depth becomes 
comparable to the contact radius. 

The final cutoff comes when the barrier thickness 
becomes larger than the “absorption length” of the 
superconducting electrons. This ‘‘absorption length” 
(which in the case of a boundary between a super- 
conducting phase and normal conducting phase of the 
same metal is identical with the length A associated 
with the interphase surface energy) is probably con- 
nected with the “range of order” of the superconducting 
electrons. One can actually interpret these measure- 
ments as a measurement of this “range of order.” 

In the case of metal barriers where the cutoff occurs 
at very small thicknesses, the interpretation is less 
certain. First of all, there is some uncertainty in the 
thickness itself, since the plating efficiency in the very 
beginning may have a different value from that aver- 
aged over a long time. It is also more likely that two 
holes in the plating come one on top of the other. 
Nevertheless, it is believed that this hardly ever 
occurred in these measurements. With ferromagnetic 
barriers additional scattering is caused by the variation 
of the magnetization of the film. Depending on the 
domain structure in the neighborhood of the contact, 


18 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 
16 A. B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953) 


decreases, superconducting pene- 


magnitude and direction of the magnetization, magnetic 
quenching of the superconductivity may occur at some- 
what different thicknesses of the ferromagnetic film. 

The measurements on contacts between normal 
conducting wires plated with tin were undertaken in 
order to see how thick a tin layer has to be in order to 
make a contact superconducting. They led, as a side 
result, to the confirmation of the absence of super- 
conductivity in thin films of tin in contact with a normal 
metal, found previously by the Toronto group. 

Some of the criticism of the earlier experiments as 
well as the experiments reported here involved alloying 
of the tin films by diffusion of the base metal. In the 
experiments here the time between plating and measure- 
ment was kept very short so that solid diffusion at least 
during this time is negligible. Aside from this critics 
have tried to explain the superconducting properties of 
copper-plated contacts by claiming a sufficiently high 
diffusion of the tin into the copper and have at the same 
time tried to explain the absence of superconductivity 
in thin tin films on copper by claiming a sufficiently 
high diffusion of the copper into the tin. It is quite clear 
that both assumptions simultaneously be 
correct. 

It is much more likely that the presence of the free 
the metal inhibits the 
superconductivity of the thin tin film. There are two 
mechanisms possible for this inhibition: (a) the drift 
rate of the superconducting electrons from the film into 
the normal metal is larger than the rate at which they 
can be created in the film; (b) the presence of the free 
electrons from the normal metal actually changes the 
distribution function of the electrons in the film such 
that superconductivity is no longer favored.!’ 

Wherever the term “superconducting electrons” was 
used in this paper, it was of course fully realized that 
this term has to be taken in the sense of a two-fluid 
model and that such a model represents real super- 
conductors only in a certain approximation. 


cannot 


conduction electrons in base 
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The giant sharp anisotropy anomalies in YIG discovered by Dillon and attributed to rare earth ions are 
explained in terms of the crossovers or, most probably, near crossovers of the energy levels of the rare earth 
ions in the combined crystal and exchange fields. The central consequence deduced by the theory, inde- 
pendent of the detailed behavior of the energy levels, is that —H,.(A0,;)*~kTN’/M, where H, is the 
anisotropy field; 4, the angular width of the peak ; N’ the concentration of rare earth ions at the crossover; 
M is the total magnetization; the result assumes £7>>level splitting at apparent crossover. This and other 
results appear to be in satisfactory agreement with the available experimental data. Crystals with giant 
anomalies have useful properties for adiabatic demagnetization experiments—the ferric-rare earth exchange 
field of 100 koe can be effectively turned on or off by rotation of the magnetic moment of the crystal. In an 
appendix we examine the validity of the molecular field approximation to the ferric-rare earth ion interaction, 
and we find that the approximation is excellent. A further appendix discusses the question of crossing or 


noncrossing of energy levels in static fields. 


HE earlier papers in this series on ferromag- 
netic resonance in rare earth garnets dealt with 
g-values' and line widths? in rare earth garnets under 
conditions dominated by the rapid relaxation of the 
magnetic moments of the rare earth ions. The present 
paper* is concerned with an effect which appears at the 
lowest temperatures, where the magnetic relaxation of 
the rare earth ion is of secondary interest: at helium 
temperatures giant peaks appear (over narrow angular 
ranges) in the value of the static magnetic field required 
to produce ferromagnetic resonance. In one published 
experiment the substitution of only 0.1 at. % paramag- 
netic terbium for diamagnetic yttrium in yttrium iron 
garnet led at 1.5°K to a number of peaks in the reso- 
nance field at 23 Kmc, some as high as 5000 oersteds, 
over an angular range of a few degrees in the rotation 
plane. The effect was discovered by Dillon‘ and investi- 
gated further by Dillon and Nielsen,® whose results for 


YIG-0.1% Tb are reproduced in Fig. 1. The height of. 


the peaks decreases and their width increases as the 
temperature is raised. Results for pure rare earth 
garnets are not presently available but a simple linear 
extrapolation should not be too wide of the mark, as we 
indicate below. Thus one would perhaps expect in pure 
terbium iron garnet to find peaks up to 5X 10° oersteds 
in height. 

The magnitude of this somewhat hypothetical num- 
ber is quite surprising, because the exchange inter- 
action between the rare earth and ferric lattices is 
equivalent to a magnetic field of only about 10° oersteds 
acting on the rare earth ions, and it may seem difficult 
to get an anisotropy 50 times stronger than the total 


* Supported by the National Science Foundation. 

1C. Kittel, Phys. Rev. 115, 1587 (1959). 

? de Gennes, Kittel, and Portis, Phys. Rev. 116, 323 (1959). 

* The central argument of the present paper was noted in 
C. Kittel, Phys. Rev. Letters 3, 169 (1959). 

‘J. F. Dillon, Jr., Phys. Rev. 111, 1476 (1958). 

‘J. F. Dillon, Jr., and J. W. Nielsen, Phys. Rev. Letters 3, 30 
(1959). 


coupling. Further, the narrowness and the sporadic 
location of the peaks defy plausible analysis in cubic 
harmonics of orders associated with the angular mo- 
menta J=8, 15/2, 6, 3, and § of the relevant rare 
earth ions. 

It is essential to realize that the actual observation is 
of an anomaly in the resonance field, Hy, defined by 

w=VHre; y=ge/2mc; (1) 

and not necessarily in the anisotropy energy itself. Let Z 
denote the magnetocrystalline anisotropy energy per 
unit volume; consider the work done AE in a small 
deflection A@, of the magnetization from the direction 
of static equilibrium. Then 


OE 10°E 
A6,+-— ——(A0,)?+:-> 
. 2 06,” 


1 0T. 
= T Ab. +- —(A0.)?+-->, 


c 


where 7, is the torque component normal to the plane 
defined by the initial and final directions of the mag- 
netization M. We always suppose here that the axis a 
is a principal axis of the local anisotropy surface, so 
that 0°E/00,00s=0. Because the magnetization in the 
initial direction was in static equilibrium, 0Z/00,. and 
T, are identically zero. The initial direction is not 
necessarily precisely the direction of the external mag- 
netic field. From (2) we have 


OT ./0.=0°E/#,". (3) 


It is usual and convenient, for small deflections, to 
discuss the anisotropy torque in terms of an effective 
field component H, defined by 


Ta=MH Ma, (4) 
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Fic. 1. Field for resonance at 1.5°K, 22990 Mc/sec for YIG 
doped with 0.1% terbium, after Dillon and Nielsen. 


where M is the saturation magnetization, so that 


OT ,/ a= MH = 8E/ 002. 
Thus 
H.=(1/M)(0°E/00,"). 


This is a standard result in ferromagnetic resonance 
theory. Further, if A@,, A@s are perpendicular deflections 
along principal axes of the anisotropy surface, the 
resonance field is given by® 


w/ C (Area t+ Ha) (H reat Hg) }*, (7) 


for a sphere, assuming the magnetization lies parallel to 
the applied field. For other geometries the usual demag- 
netization corrections apply. Static torque anisotropy 
determinations should show discontinuities in torque 
at each crossover orientation. 

We see from (6) and (7) that a local large negative 
value of 0°E/00," or 0°E/ 06s", cr both, will appear as 
a large peak in the resonance field. Thus a strict cross- 
over, as in Fig. 2, of the ground-state energy level of a 
rare earth ion as a function of the angle @ will give at 
absolute zero a delta-function type singularity in Hye 
at 6. This is essentially the explanation of the ani- 
sotropy anomalies. The angle @ characteristically may 
measure the angle between an axis of the local crystal 
field and the direction of the molecular field, which is 
parallel to M. The crossover angle 69 need not in general 
coincide with a simple crystal direction; the singular 
derivative 0°E/06? will be negative at the crossover, 
so that the giant anomaly in Hy. will be positive. Both 
these conclusions agree with the experimental evidence. 

We propose then that the anisotropy anomalies occur 
at crossovers or near-crossovers in the ground-state 
energy of the rare earth ions, as a function of the direc- 


*C. Kittel, Phys. Rev. 73, 155 (1948). 
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GIANT ANISOTROPY ANOMAI 
For intersecting levels we have to make at this stage the 
assumption that the system always remains in thermal 
equilibrium, even at microwave frequencies. When the 
crossing is only apparent this assumption can be 
dropped, which will be a great improvement. We write 


6.= —mH,,d8; €2= —m2H.,A0, (8) 


for the energy of the two levels for small angles Aé 
from @9; the zero of energy is taken at 0. We neglect 
for the present the shift of 0 itself with applied mag- 
netic field. 
In thermal equilibrium (8=1/k7T) we have for the 
free energy 
F=— (1/8) In(e~’+e-), (9) 
so that 
#F/A( 0)? — Hx? (m,—mz)*/4kT, (10) 
for 


m,—me| H../kT<1. (11) 


From (6) and (10) we have at the peak 


H,=— (m\—my2)?*N'H.2/4MkT, (12) 


where N’ is the concentration of rare earth ions having 
crossovers at 6) and M is the total magnetization. 

Now |m,—m,| for Tbt** may plausibly be of the 
order 2 to 10 Bohr magnetons, so we may estimate the 
value of |m,—m,.|N’'/M as f, the fraction of yttrium 
sites occupied by rare earth ions. For a magnetic field 
in a general direction there are six magnetically- 
inequivalent rare earth sites. Roughly 


Ha~ — fuctea®/kT. (13) 


Using, as for the example quoted at the beginning of 
this paper, f=10~*; wo=10-" to 10-”; H.~.=1.4X105; 
T=1.5°K; we find H,= —10 to —10* oe, according to 
the value adopted for |m,—m,|. This estimate has the 
correct order of magnitude and the correct sign, as the 
peak in Hy» will be positive, according to (7). It is to 
be hoped that eventually the crystal field splitting of 
Tb*** and other ions in the garnet structure will be 
well enough known to permit the calculation of the 
near crossovers 4» and of the factors |m,—mz,| near the 
crossovers. We see from (13) that the height of the 
anisotropy peak is expected to be directly proportional! 
to the concentration of rare earth ions and inversely 
proportional to the temperature. Both these relations 
will be modified at temperatures below those defined by 
the rare earth-rare earth exchange and dipolar inter- 
actions. In TbIG the molecular field between rare earth 
ions is expected to be less than 10* oe, corresponding to 
approximately 1°K. 

We see that the total angular width at one-half the 
maximum anisotropy field is approximately 


2kT 


| my — me| Hex 


= (0.03 to 0.3)T radian. (14) 
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The angular width observed by Dillon and Nielsen is 
at the lower end of this range, at 1.5°K. We may com- 
bine (12) and (14) to get an interesting expression 
which has a remarkable property: it is independent of 
|m,—m-| and of H... We have 


—H ,(A0;)*kTN'/M. (15) 


We note from (2) that (15) may be expressed as 


—AE=N‘kT. (16) 


This result assumes that kT is large in comparison with 
the minimum separation of the levels. In the work of 
Dillon and Nielsen® shown in our Fig. 1, the total 
concentration of Tb ions was 1.210" cm~*. In the 
(110) plane there are four magnetically-inequivalent 
rare earth sites, two having statistical weight 4 and 
two having statistical weight 4. The former will give 
stronger anomalies. For these at 1.5°K, 


kT N’'/M=(2X107**)(4x 10'8)/18524 oe. (17) 


This relates to Eq. (15b) for an adiabatic process. It is 
difficult to obtain an accurate value for 44, from the 
published curves, but we estimate crudely for the peak 
at @9= 38° in Fig. 1 that A@,=0.05 radian and —H,=8 
koe for a peak in Hy, of 5 koe, on the assumpuion 
Hs=0. Then 

— H,(46,)?= 20 oe, (18) 
of the same order as (17), bearing in mind that (18) 
may be an overestimate because we do not really know 
that the (110) plane contains a principal axis of the 
local anisotropy surface.""* 

It is difficult to make a specific prediction about the 
number of peaks to be expected from a given rare earth 
element without knowing the details of the energy 
level diagram. If each nonequivalent site has a single 
closed curve as locus of crossover angles > in a hemi- 
sphere, then it is possible as one solution to get four 
anisotropy peaks in the (110) plane between [100] and 
[011]; two of these peaks may have about twice the 
strength of the two others, measured in terms of 
H,(46;)*. This possibility is perhaps not inconsistent 
with the results in Fig. 1. 

We should note that the position 6) of a crossover 
will depend somewhat on the static magnetic field 
intensity H, because the energy levels are displaced at 
different rates by the application of a magnetic field. 
Suppose that for @ near the crossover we can write 


€=c—mH dé; 


(19) 
€2>= Co— mH 6, 


“Dr. J. F. Dillon, Jr., has kindly replotted on an expanded 
scale his data from which Fig. 1 was drawn. The experimental 
values of the product AH r__(46) are approximately 3.8, 10.2, and 
21.5 oersteds, respectively, for the peaks at 20°, 38°, and 76° from 
the [100] direction; here AH. is the height of the anomaly above 
the estimated baseline at the appropriate angle. Results on HoIG 
and DyIG, in agreement with our model, will appear in a paper by 
J. F. Dillon, Jr., and J. W. Nielsen, J. Appl. Phys. 31 1960), 
to be published. 
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where H;, is the total field, exchange plus magnetic, 
acting on an ion. The crossover @, is then given by 


(1 1 
20 

mo—m, HH, 
Hen. 


this is what we have written as 6 for H, Thus 


66/0<——H, =) (21 


For Hing 10 koe; H.~100 koe; 0:~1 radian; we 
have 60~0.1 radian. This is not a negligible shift in 
position and should be easily detectable. It is further 
possible, when the line shift is comparable with or 
greater than the width A@, that the anisotropy peak 
will change shape according to whether it is explored 
from lower or higher values of 8. 

If we were to take the crossover model literally in 
the sense of supposing that the levels actually crossover 
and the ground-state changes discontinuously at 60, 
then we would need a relaxation process to keep the 
system always with an excess population in the ground 
state. Otherwise the anisotropy anomaly will not 
appear. We would require that even for deflections at 
microwave frequencies the system remain essentially in 
thermal equilibrium at all stages of the motion. The 
fractional width of the resonance line at 6) from such a 
relaxation process alone will ba AH/H~wr, where r is 
the relaxation time. If AH/H is 10~* for w~10"', r must 
be ~10-" sec. This time seems unreasonably short, 
even for a spin-spin process. This apparent difficulty 
is removed if the levels do not a tually crossover, but 
are split. Such a situation is discussed next, and it is 
shown that the need for rapid relaxation can be removed 
without losing any of the essential results derived above 
for the crossover model. It seems rather unlikely that 
strict crossovers can actually occur, but we will con- 
tinue to use the word, for convenience. 

Suppose that two levels which seem destined to 
crossover do not, being repelled by a weak perturbation, 
as in Fig. 3. The perturbation may arise from terms in 
the crystal field, from imperfections, or from the time- 
dependent parts of the exchange and magnetic fields." 
For small angles A@ from the apparent crossover position 
6) the secular equation for one ion may be written in 
schematic form as 


| piAO—e 6 
(22) 
5 pAd—e 


where 4 is the matrix element of the perturbation be- 
tween the unperturbed states 1 and 2, and py, pe are 
the slopes of the unperturbed levels in the neighborhood 
of @. Then, at A@=0, we have 


07/0 (40)? = — (pi— p2)?/48. 
2M. H. L. Pryce, Phys. Rev. 77, 136 (1950). 


(23) 
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At @ the anisotropy field at absolute zero is 


—H,=N'(pi— p2)?/46M, (24) 


where N’ is the concentration of rare earth ions having 
an approximate crossover at 4. Now p;— p2 will be of 
the order of —yol/.x, so that 

—H,= Nu? ..7/45M, (25 


where po is the moment of a rare earth ion. If N’~3 
X 10'8 cm; 6~0.1 cm~!; wolfe ~50 cm 
the anomalous anisotropy 


H. ~ 30 koe 


; we hav e for 


(26) 


Baker and Bleaney"' suggest that the imperfections in 
Tb*** in yttrium ethyl sulfate give a contribution of 
~0.4 cm to the zero field splitting. A spread in 6 will 
give a contribution to the line width. 

If the lowest energy levels are repelled in this way, 
not crossing, then it is not necessary to have relaxation 
processes between the levels in order to have an 
anomalous anisotropy. Rather, the ions will naturally 
tend to remain in their original states. Any thermaliza- 
tion or redistribution of population between the two 
states, in the course of a resonance experiment, will 
lead to energy losses. The losses vanish in the limit of 
very rapid or very slow relaxation. 

If the system is equilibrated at % and makes small 
deflections A@ about 4 w 
distribution, then in the limit &7 


thout further population re- 


>5 we have 


d%/ 00° — (p— pr)?/48T, (27) 


the same result as (10). Here relaxation processes will 
again contribute to the line width, with AH/H~1/wr. 
The line widths at the anomaly peaks require r~10~* 
sec. This contains contributions from spin-spin processes, 
indirect exchange, and perturbation by impurities. 

We have limited our calculation specifically to the 
vicinity of crossover orientations and we have not 
entered into the more conventional anisotropy present 
at other orientations. One may ask why it is that the 
crossovers do not make themselves evider.t in the 
calculations" on ferrites by Wolf and by Yosida and 

“’W. P. Wolf, Phys. Rev. 108, 
M. Tachiki, Progr. Theoret. Phys 


1957); K. Yosida and 


1152 
Kyoto) 17, 331 (1957). 
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Tachiki. It appears that by assuming the crysial field 
energy is small in comparison with the exchange energy 
these workers have eliminated the possibility of cross- 
overs. To obtain the present effects it is essential 
to include the crystal potential in the unperturbed 
problem. One gets simple and rapidly convergent ex- 
pressions for the anisotropy energy in terms of cubic 
or spherical harmonics only when the crystal potential 
can be treated as a small perturbation on the relevant 
exchange interactions. We may note in passing that 
J H.40=0 around a closed path or the equivalent. 


MAGNETIC COOLING 


It seems possible that the “crossover effect” in rare 
earth garnets or in similar ferromagnetic systems may 
find application in magnetic cooling apparatus in which 
the demagnetization stage of the cooling process is 
simulated by rotating the magnetization of a single 
crystal from an orientation well away from a crossover 
to an orientation at a crossover of ground-state energy 
levels. The magnetization rotation could be caused by 
rotating the crystal relative to an external magnet 
which produces a field adequate to cause saturation in 
the directions selected—that is, stronger than the 
anisotropy and demagnetization fields. In a suitably 
shaped YIG crystal doped with 0.1% rare earth im- 
purity, a field of the order of 5 koe should suffice. We 
would then have in principle a situation where an 
effective magnetic field of 50 to 100 koe—of the order 
of the ferric-rare earth molecular field—could be turned 
on and off by rotation of a 5 koe real magnetic field. 
The advantage of this system over anisotropic para- 
magnetic systems lies just in the exchange field—the 
poor man’s magnet. 

The rare earth-rare earth coupling provided by the 
indirect exchange, dipolar, and superexchange inter- 
actions would limit the lowest temperature reached, 
but these interactions are reduced in the usual way by 
dilution and are quite weak even in the concentrated 
rare earth garnets. 

The phonon and magnon contributions to the entropy 
at low temperatures are not important. According to 
the measurements of Edmonds and Petersen“ the 
entropy of YIG in the liquid helium range is 


S=45.97!+-9.8T* erg/cm*-deg K. (28) 


At 1.5°K, S=103+34=137 erg/cm*-deg K, which is 
comparable with the free spin entropy of 0.01% im- 
purities in YIG, or 10'* spins/cm*. Thus a concentration 
of 0.1% rare earth ions should suffice for cooling the 
lattice and spin wave systems from an initial tem- 
perature of 1.5°K. 

We must also consider the contribution to the entropy 
from those rare earth ions in sites not participating in 
the crossover at a particular @. Most of the rare earth 


‘D. T. Edmonds and R. G. Petersen, Phys. Rev. Letters 2, 499 
(1959). 
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Fic. 4. Rare earth ion of 
angular momentum J having 
an exchange interaction JC, 
=¢J-Sy with one of N identi- 
cal ions of spin S arranged in a 
simple cubic lattice with near- 
est neighbor exchange interac- 
tions Ho= —C Lia N «* Sisa. 


ions will not participate. As long as these have ‘at both 
the initial and final orientations of the crystal) large 
splittings between the ground state and next higher 
state, large in comparison with 7;, these ions will not 
contribute in a major way to the entropy. For two 
states separated by e, the entropy is 


SN (€/2kT)e-**?, (29) 


for e>>kT. For «=10kT, and N=10" cm“, we have 
S~0.2 erg/cm*-deg K, which is insignificant. 

The final temperature 7, reached in cooling from 
an initial temperature 7;=1.5°K is given by Ty 
«=T,(H;/H,;), where the initial effective field H; is 
perhaps ~50 koe and the final field Hy represents the 
total effect of the perturbations at the crossover, 
perhaps 1 koe; thus 7,~0.04°K. 
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APPENDIX A. LIMITS OF VALIDITY OF THE 
MOLECULAR FIELD APPROXIMATION 
TO THE FERRIC-RARE EARTH 
ION INTERACTION 


We consider a simple model which contains the 
essential features of the problem for isotropic inter- 
actions. We consider as in Fig. 4 a simple cubic lattice 
of lattice constant a with N ions each of spin S con- 
nected together by an isotropic exchange interaction 
between nearest neighbors : 


Ho=—C DY S;-Sizs, (A.1) 
ab 


where i+6 is a nearest neighbor site to 1. We connect a 
single rare earth ion of angular momentum J to the 
lattice by an isotropic exchange interaction 


K,=eJ-Sy, (A.2) 


if the connection is made only at the Nth ion of the 
host lattice. We assume that only the manifold J of 
the states of the rare earth ion need be considered, the 
other states taken to be at much higher energies. The 
nonadditive effects of several rare earth ions are con- 
sidered separately. 

The first-order energy when the host lattice is in the 
ground state and magnetized in the z-direction is just 
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the energy in the molecular field approximation: 


io) = Eo +e(Sm|J,S,|Sm)=EoteSm, (A.3) 


where m is the expectation value of J,. We might have 
added the crystal field energy to the unperturbed 
problem, but it is not illuminating to our present pur- 
pose, although in an actual calculation the crystal 
potential must be included in 3p. 
We now estimate the second-order correction to the 
energy : 
e - (13 m+1| J+Sy~| Oy; m)|? 


AE (A.4) 


7a ‘ , 
4 k Ey 

where 1, denotes the spin wave k of the host lattice in 
the first excited state and 


Ex&CSa*k? (A.5) 


is the spin wave energy. It is convenient to use (A.5) 
instead of the exact dispersion relation, and the approxi- 
mation is satisfactory for purpose of an estimate. The 
spin functions for the states 1, are the sum of V terms 
each with one different spin reversed, so that 


(14; m+1|J*+Sy~|0,; m)|? 


' 


2S(J—m)(J+m+1)/N, (A.6) 


independent of k. We need the sum 
Vkm O'V(N/V)! 
k 


L 
» 


2r* 
N)}, 
AE=— (6'/41') (e2/C)(J—m) (J+m-+1). 


so that, with a?=(V 
(A.8) 


The maximum correction occurs for the transition from 
m= J to m= J—1, where the fractional correction is 
AE(M=J)—AE(M=J-1) J « 
~= (0,01, 
eS 35 ¢ 


(A.9) 


as ¢/C in the garnets is of the order of 1/50. Thus the 
molecular field approximation appears to be excellent 
as applied to a rare earth ion in an iron garnet and in 
fact whenever the isotropic exchange interaction of an 
impurity ion with a host lattice is weak in comparison 
with the exchange interactions within the host lattice. 

It may be noted that (A.8) is, apart from a minor 
numerical difference, identical with a result obtained by 
Suhl'® for the contact hyperfine contribution to the 
self-energy of a nuclear moment in a ferromagnet. The 
calculation of the indirect interaction of two rare earth 
ions via the spin wave field is identical with the calcu- 
lation of the indirect interaction of two nuclear moments 
in a ferromagnet, a problem already worked out by 
Suhl. The indirect interaction between two ions is of 


‘6H. Suhl, Proceedings of the Grenoble Magnetism Conference, 
1958, p. 269 [Suppl. J. phys. radium 20, Nos. 2-3 (1959)]; see 
also the appendix to W. Marshall, Phys. Rev. 110, 1280 (1958). 
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the order of (e?/C)J,+J,,~ times a range function. This 
additional perturbation on the molecular field approxi- 
mation is of the order of (A.8), but vanishes as the 
concentration of rare earth ions goes to zero. 

We must remember that the question of selection 
rules for magnetic dipole transitions between the levels 
we have calculated contains one trap. If the g-value of 
the rare earth ion should be equal to the g-value of the 
ferric ions, then the transition is forbidden. The transi- 
tion is allowed, however, for unlike g-values, which is 
certainly the usual situation. At low concentrations the 
transitions among the levels of the rare earth ions are 
essentially the exchange frequency transitions'*; in the 
concentrated rare earth garnets the frequency will be 
shifted because the ferric lattice will now be signifi- 
cantly perturbed and thus participates in the resonance. 
At elevated temperatures the rapid relaxation of the 
rare earth ions will change the character of the 
nance, as discussed in reference 1. 


reso- 


APPENDIX B. REPULSION OF LEVELS AT 
APPARENT CROSSOVERS 
In general, energy levels in combined crystalline and 
magnetic fields will not crossover, except in special 
symmetry conditions or by accident. A sufficient condi- 
tion for accidental crossover is that the eigenstates of 
the total Hamiltonian 


KH = Keryst tm (B.1) 


ag 


should be eigenstates separately of Weryse and Of Hinag. 
The simplest example occurs for S=1 with the spin 
Hamiltonian 


K=5,°+HS,, (B.2) 


which has the eigenvalues 1+ H, 1—H, and 0, belonging, 
respectively, to the eigenstates |1), | —1), and [0) of S,. 
The crossover of |—1) and |0) is accidental and is at 
H=1. The crossing levels do not belong to the same 
irreducible representation of the group of rotations 
about the z axis. 

If we add a magnetic field component H, per- 
pendicular to the z axis the levels no longer cross, but 
are repelled by the perturbation 50’=H.S,, which has 
off-diagonal matrix elements connecting |0) with the 
other states. Near the former crossover we may carry 
out a perturbation calculation in the subspace of the 
two states concerned, |—1) and |0). Letting £<=H—1, 
the secular equation is 


e= —3§4+ (32°+4H,")}. 


(B.3) 


At &=0, the levels are separated by 2| H,| . The separa- 
tion at general £ is (£?+2H,”)!, always positive. If there 
are no crossovers in ¢ vs H at any angle 6, there can be 
no crossover in ¢ vs @ at any H. In the present problem 
there is of course the crossover at H,=0 for H=1. At 
H>>1 the eigenvalues of (B.3) are approximately 0 and 
1—H, as in the unperturbed problem. 


"48 J, Kaplan and C. Kittel, J. Chem. Phys. 21, 760 (1953) 
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In the general case one may argue that there will be 
no degeneracy (except accidental) if there is no sym- 
metry in the problem. We are vitally concerned, how- 
ever, with the order of magnitude of the splitting at 
near misses, because a splitting greater than the order 
of 1 cm™! might be incompatible with the angular 
width of the anomalous anisotropy in the experiment of 
Dillon and Nielsen. This limit is to be compared with 
pure crystal field splittings presumed for Tb*+** to be 
of the order of 10 cm~' between levels. The magnitude 
of the repulsive splitting may be reduced for high J 
values. Consider again the Hamiltonian (B.2), now for 
J =S=6. Crossovers occur for H parallel to the axis 
and the degeneracies are lifted when a perpendicular 
field component is applied. The matrix elements of 
S,H, between the crossing levels may be considerably 
reduced below the example for S=1. If two levels 
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having Am=# +1 cross for H parallel to the axis, then 
a perpendicular component #7, will not split the crossing 
in second order of perturbation theory. To take a fairly 
extreme case, consider a crossing between the levels 
m,=J and m,=0, for J/=6. If we rotate axes to = 30° 
the mixture of the amplitude of |0) into the state 
originally |6) is about 0.01, using the Wigner rotation 
coefficients. The amplitude of |1) will be of the same 
order, so that for this angle the splitting at a crossover 
is of the order 0.01H, or ~0.1 cm™ in a rare earth 
iron garnet. 

One would not expect examples as favorable as this— 
that is, with as small splittings as 0.1 cm™, to arise 
very frequently. We should remember, however, that 
an anisotropy peak which does not increase or sharpen 
below 4°K only requires a splitting of the order of 
3 cm™', and such a splitting may not be a rare event. 
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Recombination and Trapping in Tellurium 
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(Received August 24, 1959) 


Photoconductive decay in nearly perfect Te crystals shows a lifetime of up to 50 usec at 300°K. The 
temperature dependence does not support previous suggestions of radiative recombination ; at temperatures 
below 150°K marked trapping of excess minority electrons occurs, and at higher temperatures also the 
results suggest the activity of levels within the gap. Probably chemical impurities behave as recombination 
centers, and dislocations certainly act in this capacity (lifetime is reduced to ~1 usec when 10* dislocations/ 


cm? are introduced). 


HE semiconducting properties of tellurium have 

been studied for some years, but many early re- 
sults suffered from the unavailability of good single 
crystals. Crystals of high perfection are now available," 
and a more realistic appraisal of the properties is possi- 
ble, including carrier lifetime rr as a function of 
temperature 7(°K). 

Moss® estimated t99~400.ysec for evaporated Te 
layers and concluded that t309 was some 10* times 
smaller. de Carvalho* also reported r300~10~* sec from 
P.E.M. measurements. Redfield* measured 7199>~ 20-50 
usec using photoconductive techniques; he concluded 
that lifetime must be very short at 300°K since he could 
not detect any photoconductance there. The same 
author suggested® that direct optical recombination 
should be more important than Shockley-Read decay 


'T. J. Davies, J. Appl. Phys. 28, 1217 (1957). 

?T. S. Moss, Photoconductivity in the Elements (Butterworths 
Scientific Publications, London, 1952), pp. 208-216. 

+A. P. de Carvalho, Compt. rend. 242, 745 (1956). 

*D. Redfield, in Proceedings of the Conference on Photoconduc 
tivity, Atlantic City, 1954, edited by R. G.QBreckenridge, et al. 
(John Wiley and Sons, Inc., New York, 1956), p. 566. 

5 D. Redfield, Phys. Rev. 100, 1094 (1955). 


in tellurium. But since Moss® calculates an optical life- 
time of order 30 usec at 300°K and 300 msec at 77°K, it 
is evident that other processes must have controlled 
Redfield’s tellurium. There is a better chance that opti- 
cal recombination could make a significant contribution 
in some tellurium we have been studying, since our 
samples yield 790 as large as 50 ysec. 

Redistillation and zone refinement are helpful up to 
a point in increasing 7300 for tellurium, but the benefits 
of purification can only be realized if the dislocation 
density is kept small. A standard etch readily exposes 
dislocation etch pits on the 1010 face’; these pits have 
an asymmetric form which suggests that the dislocations 
themselves may run along 1020 directions. We have 
examined crystals with dislocation densities Np<10* 
cm, yet since tellurium deforms plastically very easily, 
a density of 10° cm~* or more can be introduced under 
a relatively small stress (such as that involved in lapping 
one face, or in dropping a sample onto a table). When 
Np is large enough to dominate the lifetime, ta00~ (1.3/ 

*T. S. Moss, Optical Properties of Semiconductors (Academic 
Press, Inc., New York, 1959), p. 178. 

’ Preferably a slow acting etch such as hot sulfuric acid. 
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DECAY TIME CONSTANT r = -Ao (dt/do) MICROSECONDS 
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Fic. 1. For two tellurium samples, the temperature dependence 


of photoconductive decay time constant, as measured when Ao 
drops to (a) 8X 107%, (b) 2K 10°%, (c) 5X10™* ohm™ cm". 


Np) seconds, indicating that a dislocation corresponds 
with a cylinder of capture radius some 4X 10-8 cm. 

We have studied transient and steady-state photo- 
conductivity in filaments of high perfection, usually 
samples with the long dimension in the 0001 direction 
(c axis) and with front and rear faces cleaved in 1010 
planes. Surface recombination asserts itself during 
transient decay if a sample is excited with nonpenetrat 
ing light, but the usual tests indicate that 
tellurium plate is used to filter the incident radiation, 
the resultant recombination and trapping are bulk 
phenomena. 


when ; 


Figure 1 illustrates for a typical pair of samples how 
the photoconductive decay time constant r= — Ao (dt 
da) varies with temperature for three values of excess 
conductivity Ae. The behavior at the higher tempera- 
tures appears to be essentially recombinative, but 
trapping seems to become very important below about 
150°K when Ao<10-* ohm™ cm™. Thus at 100°K a 
pronounced “‘tail” to the decay may persist for many 
milliseconds; this tail can be quenched with weak 
ambient light. Trapping is also indicated by the differ- 
ence between transient and steady-state behavior, for 
in measurements of dc photoconductance versus light 
intensity no sharp increase of responsivity at low levels 
could be found. 
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AV MILLIVOLTS 











Fic. 2. For a sample with prominent trapping, the transient 
imbalance of a Haynes-Hor ge. Curves are separated by 
2.5 mv for clarity. Drift field is the same at each temperature, 


and light is arranged to drive AV positive by 20 mv 


peck f 


As a further test for traps, we used the bridge circuit 
of Haynes and Hornbeck® (Fig. 2 insert) which demon- 


strates the existence of a multiple trapping process. 


Results are shown in Fig. 2 for a specimen which ap- 
peared to have a rather low lifetime but many traps; 
the curves of transient imbalance for various tempera- 
tures are staggered vertically for clarity. As expected 
for bulk traps, the reversal of AV is more prominent 
with penetrating than with 

becomes more important whet 


nonpenetrating light, and 

the pulsed light intensity 
is reduced. The curves show qualitatively the tempera- 
ture dependen: e of “effective mobility” for excess carrier 
pairs (controlled by the ratio of free time to trapped 
time for an electron, which decreases on cooling). 

It is not known yet what exact mechanisms control 
the recombinative behavior, but the results do suggest 
that both chemical impurities and dislocations act as 
recombination centers. Apart from the trap-dominated 
region of low temperature and low modulation, the 
curves of Fig. 1 are generally of the form expected from 
the Shockley-Read theory; thus for example in 7-16 
the lifetime maxima do occur at the intrinsic transition 
point, where mo~4. Radiative recombination may 
also assist at the highest temperatures for very pure 
samples, but this cannot be the dominant mechanism 
since it would require a very rapid increase in lifetime 
~ 180°K). 

8 J. A. Hornbeck and J. R. Haynes, Phys. Rev 


on cooling below the transition point 


97, 311 (1955). 
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The “‘Hall Field” is defined as the electric field which is an odd function of the magnetic field. Because of 
the Onsager relations it is perpendicular to the current. It is split into the conventional transverse Hall 
field (TH-field) in the direction of BX I and a longitudinal Hall field (LH-field) in the direction Ix (BX I). 
Some properties of the LH-field contrast with those of the TH-field. In particular, it vanishes (a) at 
saturation, (b) for spherical energy surfaces, and (c) when the magnetic field is parallel to an axis of rotation 
of the crystal. Its dependence on carrier concentration is the same as that of the TH-field; its sign, however, 
is determined by band structure as well as carrier sign. For a system consisting of n-type germanium the 
properties of the LH-field are investigated theoretically and experimentally. 


I. INTRODUCTION 


HM’S law for an isothermal single crystal placed 
in a homogeneous magnetic field is': 


E,= pi;(B)I;, (1) 


E is the electric field, I the current density and p,;(B) 
the resistivity tensor which is a function of the magnetic 
field B. 

If p;;(B) is written as the sum of a symmetric tensor 
p:;(B) and an antisymmetric tensor f,;(B) = 6:j.R.(B) 
we have 


E.= (his(B) + 6:Re(B) Vy, (2) 


where €;;, is the permutation tensor and R,(B) = }e;;« 
<:;(B) is the vector of the tensor f,;(B). R(B) is an 
axial vector since f,;(B) is a polar tensor. Assuming the 
Onsager relations,’ p,;(B)=»;(— B), Casimir’? showed 
that f,;(B) is an even function of B and that R(B), 
which he termed the Hall vector, is an odd function of 
B. Measurements are usually made with respect to a 
laboratory reference frame, an orthogonal frame 
determined by B and I as shown in Fig. 1. Because of 
the Onsager relation the electric field Z; in the direction 
of the. current is always even with respect to B. 
Examples are transverse and longitudinal magnetoresis- 
tance. The electric field perpendicular to the current is 
composed of even and odd terms. The odd term £ 
will be called the Hall field in analogy with Casimir’s 
terminology. Its components with respect to the 
laboratory frame, Egyz and Epyceyr), will be distin- 
guished as transverse and longitudinal Hal! fields 
(TH-field and LH-field) respectively. Eg, is the field 
of interest in the conventional “Hall effect” measure- 
ment and the “Hall coefficient’;is calculated from it 
in the usual way. The component of the electric field 
in the direction Ix (BI) which is even in B, i.e., 
Enxexn is customarily called the “planar” Hall field.‘ 
The term “pseudo” Hall field has been used for Bryer 


1 The summation convention of tensor analysis is used: if an 
index occurs twice summation is effected. 

2 L. Onsager, Phys. Rev. 37, 405 (1931); 38, 2265 (1931). 

*H. B. G. Casimir, Revs. Modern Phys. 17, 343 (1945). 

*C. Goldberg and R. E. Davis, Phys. Rev. 94, 1121 (1954). 


T Ensen Clearly the LH-field Enxcexn and the 
“planar” Hall field investigated by Goldberg and 
Davis‘ are different. One is due to the antisymmetric 
tensor f,;(B) and reverses with B, the other is due to 
the symmetric tensor f,;;(B) and does not reverse with 
B. The former is intimately connected with the Hall 
effect, the latter with magnetoresistance. 

In*Appendix A it is shown that the TH-field and 
the LH-field can be expressed as 


E pyar = Rexx (B)I, (3) 
Enycrxn = — Rays (B)I, (4) 


Rneren and Rey: are projections of the Hall vector 
on unit vectors in the directions indicated and 7 is 
the magnitude of the current density. Thus once the 
directions of B and BI are fixed the magnitude of 
the LH-field Fy,<e.r is independent of the angle 
between B and I which is not the case for the TH-field 
E-».1 as shown by Eq. (3) nor the planar Hall field 








Ix(8x2) 


6.1 


Fic. 1. Orthogonal “laboratory” reference frame constructed 
pe from B and I: I, BXI, Ix (BxI). 


* K. M. Koch, Z. Naturforsch. 10a, 496 (1955). 
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Enexn as shown by the analysis and experiment of 
Goldberg and Davis. 

We will report on the measurement and interpretation 
of the LH-field in n-type germanium for the case that 
B is perpendicular to I, the usual arrangement in a 
Hall coefficient measurement. In that case the LH-field 
is parallel to the magnetic field and Ey,: 2.1) becomes 
Ex. Section II deals with the theory. First the phenom- 
enological theory is given, then the transport theory, 
using the accepted many valley model of n-type 
germanium and a relaxation time that is a function of 
the energy but otherwise arbitrary. Section III discusses 
experimental techniques for measuring the LH-field 
and presents results: 


Il. THEORY 
A. Phenomenological Theory 

The existence of a point group symmetry for a single 
crystal simplifies the form of the resistivity tensor 
pi;(B) only for certain directions of B. The directions 
and simplifications are: 
pi;( B)|2-fold axis) 
Pir 
Pi2 po O 
® © te 


Po =O 


pi;( BI|n(> 2)-fold axis) 


bu OO 
0 Pu 
0 0 














pij( BL 2n-fold axis) 


Pu =O 0 
0 P22 
0 P23 


Pi2 P13 
0 0 
0 0 


—Ppi2 


a p 13 


P23 


P33 


Since Eq. (1) is invariant with respect to an inversion 
a distinction between symmetry operations of the first 
sort and second sort need not be made. Therefore 
rotoinversion axes can be substituted for the pure 
rotation axes in Eqs. (5), (6), and (7). For example, 
Eq. (7) describes the resistivity if B is parallel to a plane 
of symmetry which is equivalent to a rotoinversion 
(7) are 
written in an orthogonal frame. In (5) and (6) x; is 


axis of order two. Equations (5), (6), and 


parallel to the axis of rotation, x; and x2 arbitrary. In 
(7) x: is parallel to the axis of rotation, x, and x; 
arbitrary. If we assume that I is perpendicular to B 
and adopt a laboratory frame in which x||I and 
x3|!B then £,(BL2n-fold axis) =—/,37 and E-p(B\\n- 
fold axis)=0. Since Eg vanishes if B is parallel to an 
axis of rotation it cannot have an isotropic component. 
Equations (5) and (6) show that in that case the Hall 
vector is parallel to B. 

If we expand (1) to first power in B in a standard 
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reference frame® and then transform to a laboratory 
frame in which I|!1-axis, B||3-axis we get: 
E; 


€4jkSk1S mnRinl 5B my 


(8) 


{5,4} is the transformation matrix and R;,=0R,(B)/dB,. 
The form of R:, for the point group symmetries in a 


standard frame is well known.’ It is easily shown that 
Ex vanishes to first order only for point group sym- 


metries belonging to the cubic system by writing out 
Eq. (8) and then taking into account the form which 
the point group symmetry imposes on Rj. In the 
same way it can be shown that terms in Ex higher than 
the first in B need not vanish in any crystal system. 

Mason, Hewitt, and Wick*® expanded p,;(B) to 
terms including B® for a crystal of point group sym- 
metry [(4/m)3(3/m) | (germanium) and determined 
E; and Eg, assuming I. B. From their analysis® we 
calculated Ep: 


Es= (¥11— Sy 12) (lols? + mem;'+ non;*) BI 
+ (Ag11— 5A112) (lel35+ mom,;°+ nn;°) BT 
+ (30A123— 10A 112) (Lelgms?n?+memgl en? 


t NoN3ls*m;°) BI, (9) 


From their results we give Ly; for comparison: 
Q , *i1c 4 > 
E pyr (RitSy B+ AiwB*) BI 

— (yu— Fy) (13+ mg +n) BI 

— (Agra — 5A p12) (13°+ mg®+-n,°) BT 


~ (DOA;23— 30A312) (132m a2n37) BT. (10) 


(11,91,1), (12,m2,n2), (13,m3,3) ~re the direction cosines 
of I, BXI and B, respectively, with respect to the 
crystallographic frame of reference. Rj, yij, Aije are 
Mason, Hewitt, and Wick’s abbreviations for Rim, 
Yimno 2Nd Agmnopa Which are second, fourth, and sixth 
rank tensors defined by: 

OR, (B 1 0 R,(B) 
Rim 


a] Bu 


1 o°R.(B 


3! 0B,0B,0B, 


Nimnopa 
5! OB, 0B,0B0B,0B, 
* We distinguish between three reference frames. (1) Crystal- 
lographic frame: in general not orthogonal and determined by 
the unit cell. (2) Standard frame: an orthogonal frame which has 
a fixed orientation with respect to the crystallographic frame. 
See “Standards on Piezoelectric Crystals, 1949.” Proc. Inst. Radio 
Engrs. 37, 1378 (1949). (3) Laboratory frame. 
™See, for example, J. F. Nye, Physical Properties of Crystals 
(Oxford University Press, 1957), p. 227 
* Mason, Hewitt, and Wick, J. Appl 
* The expression for the longitudinal 
terms is: 


Phys. 24. 166 (1953). 
field Ep including even 


Ep= (ay, —a2— ergs) (113? + mm +n) BT + (£151 — Fina 4 eae) 
XK (hils§+- mm; + nin,® BY + (6123 — 6&112 + 24E 041 — 4 aaa) 
X (Llyn? +m ym en? +nyng em?) BT + 3 
X (dP +-moms +n) BT + (A111 —-D 
+-nqns®) BI + (30A123— 10A 112 


Yu Iy12 

2) (las5+-mem,$ 
ldsmfn?e+myun Jen? 
+nndem?)3'*1. 


For the definitions of az, fj see Mason, Hewitt, and Wick. 
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{oor 


Coiij (Coo) 


(b) 


Fic. 2. Directions of B and I used in experiment relative to 
crystallographic axes. Magnetic field is moved in (110) and (100) 
planes in (a) and (b), respectively, through 90°. @ and ¢ are the 
angles measured in the experiment and their positive sense is 
shown. 


in the crystallographic frame. Rj, yij, and Aj. reduce 
to 1, 2, and 3 independent components, respectively, 
because of crystal symmetry. 

Equation (9) agrees with our previous conclusions 
about the LH-field Eg: no isotropic term, zero if B is 
parallel to an axis of rotation, and absence of a first 
order term. The latter was shown to be a peculiarity of 
point symmetry groups belonging to the cubic system. 
It can be seen from Eq. (10) that the TH-field Eepyr has 
none of these properties. 

In the experiment the following directions of B and I 
were selected : 


Case a: I || [110] direction, B in (110) plane. 
Case 5: I || [100] direction, B in (100) plane. 


as shown in Fig. 2 were the direction of B with respect 
to the crystallographic frame is specified by an angle 
6 (case a) and ¢ (case 5) as measured in the experiment 
by a method to be described later. The positive sense 
of 6 and ¢ is defined in Fig. 2. 

It is convenient to label the LH-field Eg’ or Ex 
when the geometry is as in Fig. 2(a) or 2(b), respec- 
tively. In both cases the range 0°-90° is covered in 
the experiment. In addition to the symmetry relation 
discussed so far we have, for case 6, Eg*(¢)=—E 
(90°—@) for arbitrary magnetic fields as shown 
in Appendix B. Thus Ex*(¢) must change sign at 
@=45°. 

We summarize the restrictions which symmetry 
imposes on Fg in the range 0°-90°. These restrictions 
are valid for arbitrary magnetic fields. 


E-'(0)=0 when 6=0°, 55°, 90°, 
Ex*(¢)=0 when ¢=0°, 45°, 90°, 
E5*(¢) = —E5*(90°—¢). 
In addition, to the order B®, Eq. (9) gives: 
E,*=} sin20(2—3 sin%)[ (Ai— 312) B*+ (Asi — 5An12) B® 
— (Arsa— 15A112+ 30A123)3 sin*O@B* J, (11) 
E-g*= —} sindgl (Au— 3Ar2) B*+ (Aru — Sara) BS. (12) 
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B. Transport Theory 


For an ellipsoidal energy dependence on the crystal 
momentum the solution of the Boltzmann equation for 
an arbitrary magnetic field is”: . 


I= — ie| o M—)E+ (e/|M|c) 


. 1 e\? 
x(> MB) XE+ ( — )C) 
° |M! c 


(13) 


x (> o®)BB-E}, 

f (Ofo/e)[r(€) ]"(dp) 
o [ejn)'" = : - 
. 1+ (er/c)*(MB-B/|M!) 


is a scalar which for a rotational ellipsoid in the [ijk] 
direction of crystal momentum space depends on the 
orientation through MB-B. M is the effective mass 
tensor. The relaxation time r(e) is assumed to be a 
function of the energy only but otherwise arbitrary. 
>» means summation over valleys which are rotational 
ellipsoids in equivalent [111] directions for n-type 
germanium. Equation (13) is evaluated for n-type 
germanium for cases (a) and (6) in Appendix C. 

We define weak, intermediate and strong fields by 
(er/c)*[(MB- B)/|M|}<«<,~,>1. The condition uyB 
<,~,>>1 is approximately equivalent, uy being the 
Hall mobility. Neglecting (er/c)*[(MB-B)/|M| ] for 
weak fields we find £g=0 For intermediate fields for 
which (er/c)*[(MB-B)/|M|]<1 the results to the 
order B* are: 


= wnBr? — 2K+1 
f-p’= Rofl —— } sin26(2—3 sin’*#)——— 
c 6K 


K—1\? (er) 2K +1 (erXer*) 
m K- ) Ge > 2 (es?) 
K+2/ (er? K+2 (er?) 


unBr? 2K+1 
Raf : ~) sin4dd 
C 6K 


K—1\? (er) 2K +1 (er)(er*) 

x —) amt hglpoames | (15) 
K+2/ (er? K+2 (er*) 

A(R +2) (eXer") 1 

“(20K+1)? (er)? nec 


BI, (14) 


0 


is the ‘‘zero field” Hall coefficient, K = m,,/m,, 


e (K+2) (er) 

un = —- 
m,(2K+-1) (er) 

the Hall mobility Roo, and (er")= J foer"(dp)/S fo(dp). 


ass} M. Broudy and J. M. Venables, Phys. Rev. 105, 1757 
95/). 
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Equations (14) and (15) are the result of expanding 
Eqs. (16) and (17) of Appendix C to the order B* and 
then inverting the conductivity tensor £,(B) to 
obtain the resistivity tensor p,;(B). It is possible for 
the transport theory to yield results of higher symmetry 
than the phenomenological theory because of the model. 
An example of this are the phenomenological Seitz 
coefficients" which describe magnetoresistance to the 
order B* in a cubic material. The model imposes 
relations between the Seitz coefficients.” A comparison 
of Eqs. (11), (12), with (14) and (15) show that this 
is not the case for the LH-field Fg at least to the order 
B. 

The TH-field £y,7 increases monotonically with B 
and at saturation becomes a linear function of B 
independent of the band structure and scattering 
mechanism." £»y.; is the electric field that stops 
current flow in the direction BXI due to the Lorentz 
force on the charge carriers. This is the mechanism 
that permits Ey; to increase monotonically with B. 
The LH-field £, on the other hand, must be bounded 
since there is no force on the charge carriers in the 
direction of B due to the magnetic field. If we assume 
that the distribution function can be expanded in 
powers of 1/B for large magnetic fields® then Eg — 0 
as B— ~, 

In obtaining numerical results from Eqs. (14) and 
(15) the approximation under which they were derived 
must be kept in mind: (er/c)*[(MB-B)/|M|]<1. 
Thus we cannot neglect ionized impurity scattering 
even if lattice scattering predominates since 7, becomes 
large for small energies. Figure 3 shows the factor 


2K-+ (—) = | 2K +1 (er){er*) 
- a - (er?) -— 
6K K+2/ (er’)’ K+2 (er?) 


versus 


iF 
MLB 
the ratio of total mobility to ionized impurity mobility 
for K=17 and 20. The transport integrals were 
evaluated numerically using the approximation r,=ae~ 
and r;=et for the relaxation times for lattice scatter- 
ing and ionized impurity scattering, respectively, 
a/8=6(u1/ur). The assumption of an isotropic relaxa- 
tion time for r; for constant energy surfaces as aniso- 
tropic as those of n-type germanium was made to 
facilitate the calculations and becomes poorer as the 
amount of impurity scattering increases. Figure 4 
shows the same factor as a function of K for wz/(uz+uz) 
equal to 0.5% and 3% and demonstrates that the sign 
of the LH-field is a function of band structure which 
is not the case for the TH-field: prolate and oblate 
spheroids give opposite signs. 
" F, Seitz, Phys. Rev. 79, 372 (1950). 


2B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954). 
8 J. A. Swanson, Phys. Rev. 99, 1799 (1955). 
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Ill. MEASUREMENTS 
A. Experimental Details 


The measurements were made on single crystal 
samples of n-type antimony-doped germanium oriented 
and cut as shown in Fig. 5. The sample was first 
oriented by x-ray analysis as a cube. A “3-dimensional 
cross’ was then cut on a Do-All MTA-6 precision 
slicing machine. The carrier concentration is 1.5 10'5/ 
cm?’ determined from weak field Hall measurements by 
the approximation Ro=1/mec on a bridge shaped" 
sample cut from the same ingot as the “3-dimensional 
cross.”” Three pairs of probes were soldered to the 
sample, the solder wetting the whole 1.5X1.5 mm? 
surface. One pair of probes served as current leads, the 
other two as potential probes. The magnetic field is in 
the plane of the two potential probes. The sample is 
fixed in a tube to which helium is admitted as a thermal 
exchange gas after evacuation. The tube can be rotated 
through 360° and is immersed in a Dewar flask contain- 
ing liquid nitrogen for the 77°K runs or a dry ice- 
alcohol mixture for the 200°K runs. A 12-in. Varian 
magnet provided uniform fields up to 20000 gauss 
which were measured with a nuclear resonance mag- 
netometer. Sample current and potentials were meas- 
ured with a potentiometer galvanometer setup. The 
four voltages obtained by reversing separately the 
current and magnetic field are averaged so as to 
eliminate even functions of I and B. 

It is shown in Appendix D how the angles @ and ¢ 
(see Fig. 2) and Vp and V pur are determined from the 
potential probe measurements Vp, and Vrz. A precise 
determination of @ and ¢ is essential to the calculation 
of Vz from V»; and Vp, because Vz Vayr~1 100 and 
hence it is difficult to separate Ve from Vays. The 
method used allowed a determination of 6 and ¢ toa 
precision ~0.1°. 


2 7 r 
Ke « «< > 
aE (ie) S44 F:2 [cer 
or r r 7 


- 








Fic. 3. The factor 


ONES) €T P rer’ 
6K K+2 er?)? x A+2 (er 
of Eqs. (14) and (15) versus wt/(ut+mur) for K=20 and K=17 


assuming lattice scattering and ionized impurity scattering. 


“4 P. P. Deby 


2K +1 (er)(er* 


e and E. M. Conwell, Phys. Rev. 93, 693 (1954). 





LONGITUDINAL 


HALL EFFECT 


tte! (sa)” Stfdss [ert ~ Asp Stayz] 





Fic. 4. The same factor 
plotted in Fig. 4 versus mass 
ratio K when pr/(ur+u) 
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is 0.5% or 3%. 
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Galvanomagnetic measurements are usually made 
on long thin samples in which the potential probe 
contacts are point contacts in order to avoid trouble- 
some correction factors which are a function of the 
geometry and the magnetic field. For plane samples 
differing from the long thin ideal correction factors are 
discussed in the literature.'*-'* However, our geometry 
is not plaae, nor are the potential probe contacts point 
contacts. We know no way of reducing the voltage 
Vp to an electric field Eg because of the complexity of 
our sample geometry. For our purposes this is unimport- 
tant since we are concerned with contrasting the 
properties of the LH-field with the TH-field, for which 
a relative measurement suffices. The “3-dimensional 
sample geometry was chosen because it is 
obviously convenient for the measurements we intended. 
Its validity is justified experimentally, i.e, if Vp 
fulfills the symmetry restrictions on the LH-field Ey 
we identify it with the latter except for a geometrical 
factor which is unknown because of the complexity of 
the sample geometry. 


ne 9D 
cTOSS 


B. Results and Discussion 
1. Data at 200°K 


Figure 6 shows typical data of Ve versus B with 6 
and @ as parameters. Figure 7 is a replot of Fig. 6 


6 Isenberg, Russel, and Greene, Rev. Sci. Instr. 19, 685 (1948) 
8 J. Volger, Phys. Rev. 79, 1023 (1950). 

17 R. F. Wick, J. Appl. Phys. 25, 741 (1954). 

8 F, Kuhrt, Siemens-Z. 28, 370 (1954). 


1 H. J. Lipmann and F. Kuhrt, Z. Naturforsch. 13a, 462, 474 


(1958). 
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showing V,/B* versus B® which, in the range of validity 
of Eqs. (11) and (12), should be linear. This is seen to 
extend to 6 kilogauss. The intercepts and slopes of the 
linear portion give values consistent with the angular 
dependence demanded by Eqs. (11) and (12). 

An analysis of the data shows that up to 4 kilogauss 
the error made by neglecting the B® term is small 
(<10%). Therefore, if B=4 kilogauss, Vg" versus 0 
should vary as the sin26(2-3 sin*@) according to Eq. (11). 


(001) 


+ (010) 











(00) 


Fic. 5. “3-dimensiona! cross.” Sample geometry used in 
experiment and its relation to crystallographic axes. 
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versus 6 and @¢, respectively. Experimental values are 
plotted as points, the curves are sin26(2-3 sin*@) and 
—sin4¢ normalized to give the best fit. The experimental 
data is seen to be in good agreement with the phenomen- 
ological theory represented by Eqs. (11) and (12). 
Deviations from the theoretical solid curves are 
probably due to small misalignments in the cutting of 
the sample. 

In order to give an idea of the relative value of the 


ae noon! Se Lee et ee ae LH-field with respect to the TH-field Fig. 9 shows 
B-Kilogouss > Ba 














V p*/Vevr*® versus B for ¢=30.6° at which angle the 
—— largest LH-voltages were observed. The consistency of 
ines on | the data of this experiment supports the assumption 
oe that the correction factors for the geometry of the 
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Fic. 6. LH-voltage versus magnetic field with ea See 
6 and @ as parameters. Oo 4 Riegee 
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V 4° versus @ should \ ary as —sin4¢ up to B= 6kilogauss 
according to Eq. (12). Figure 8 shows Vz (4 kilogauss) 


B- Kilogouss 
10 





70 80 90 

@ in Degrees 

Fic. 8. Angular dependence of the LH-voltage at a magnetic 

field of 4 kilogauss. Curves are sin2é(2—3sin¥®) and —sin4¢@ 
normalized to give the best fit 





sample are identical for both arms, hence V 5*/V eyr® 
= EF 5°/Epya*= — Rex Rp according to Eqs. (3) and 
(4). Since the Hall vector is perpendicular to I when B 
is in a plane of symmetry [see Eq. (7) | we conclude 
from Fig. 9 that it is almost parallel to the magnetic 
field for fields up to 10 kilogauss. To give an idea of 
the ratio of the LH-field to the TH-field predicted by 
theory we calculate E£,*/Ex,1*= +0.016 when ¢=30.6° 
and B=4 kilogauss. This calculation uses Eq. (15), the 
satisfactory approximation Eg,;=R»B/, the measured 
value of uyw=6.5X 10* cm?/v-sec and a value of —0.27 
- for the factor shown’ in Fig. 3 corresponding to K = 20 

-_ and uz/(ur+ur)=0.03. The latter is estimated from 


B* x10 : A a a ) : : 
; wae the Conwell-Weisskopf® formula for ionized impurity 
Fic. 7, Replot of Fig. 6 showing Vz/B* vs B* with @ and ¢, emma 

respectively, as parameters * FE. Conwell and V. F. Weisskopf, Phys. Rev. 77, 388 (1950). 
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Fic. 9. Ratio of LH- 
voltage to TH-voltage 
versus magnetic field. 
¢=30.6°, T=200°K. 


mobility in conjunction with the estimate of impurity 
concentration given previously, and the empirical 
formula for lattice scattering mobility for n-type Ge 
due to Morin and Maita.*" Experimentally we find 
Vn*/Va1*= +0.014 (see Fig. 9). 


2. Data at 77°K 


At 77°K the Hall mobility wy is three times larger 
than at 200°K. At 10 kilogauss, for example, yu (200°K) 
< B=0.7 and ywy(77°K)B=2. Hence Fig. 10 which 
shows Vg versus B with @ and ¢ as parameters can be 
expected to reveal strong field characteristics of Vaz, 
viz., a nonmonotonic behavior with respect to magnetic 


~* 
Vexio-& y 
+500 
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Fic. 10. LH-voltage versus magnetic field with @ and @ 
as parameters. 


” F. J. Morin and J. P. Maita, Phys. Rev. 94, 1525 (1954). 
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field in contrast to the TH-field which increases 
monotonically with B. It can be seen that we are far 
from saturation where the LH-field is expected to 
vanish. a 

Figure 11 shows Vg (11 kilogauss) versus @ and ¢, 
respectively, and demonstrates the symmetry relations 
demanded by the phenomenological theory: vanishing 
of Vg when B is parallel to a rotational axis and 
V 2? (@) — Vg*(90°—¢). The curve drawn in Vg* (11 
kilogauss) versus @ is —sin4¢ normalized to give the 
best fit. The data shown for Vg* (11 kilogauss) versus 
¢ is representative of that obtained when a magnetic 
field up to 20 kilogauss (the largest used in the experi- 
ment) is used as a parameter, i.e., Vg*(B) vs @ could 

~* 
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*0 90 
@ in Degrees 
Fic. 11, Angular dependence of the LH-voltage for a magnetic 


field of 11 kilogauss. In Vg* vs @ the curve is —sin4¢ normalized 
to give the best fit. 


always be fitted by —sin4@ regardless of magnitude of 
field or temperature. This strongly suggests that the 
augular dependence of V,* is —sindd independent of 
the magnetic field. This does not contradict the weaker 
requirement V2*(¢)= — Vg*(90°—@) and is certainly 
true of Vs up to terms in B* as shown by Eq. (10). 
Figure 12 shows Vg*/V gy1* versus B when @= 29.9° 
at which angle we observed the largest LH-voltages. 
Comparison with Fig. 9 clearly shows the effect of 
saturation although neither the LH-field nor the 
TH-field are completely saturated. Eg is seen to be 
small compared to Eg,;. Since Eg/Eps= —Ropyi/Re 
the Hall vector is almost parallel to B. However, the 
magnitude of Eg may be quite large for certain direc- 
tions of the magnetic field especially if the sample is 
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. 12. Ratio of LH-voltage to TH-voltage versus 
magnetic field. ¢=29.9°, T =77°K. 


pure enough since the LH-field has the same carrier 
concentration dependence as the TH-field. The LH-field 
was found very sensitive to inhomogeneities; which 
revealed themselves by deviations from the symmetry 
relations. The choice of material with a carrier concen- 
tration of 1.5<10'*/cm* was made in order to avoid 
inhomogeneities. The presence of a LH-field excludes 
spherical energy surfaces ; however, detailed deductions 
about the band structure and scattering are complicated 
by the fact that the LH-field is different from zero only 
for “intermediate” magnetic fields, a region in which 
expressions for the LH-field in terms of solutions of the 
Boltzmann equation are not simple. 
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APPENDIX A 
By definition the TH-field Egy. and the LH-field 
“Ix(BXD) are: 
(RXI1)- (Bx) 


Expy = _ » “~~ 
BI siny 


(RX -{1x (BxD] 


PB siny 


BI) 


RX I is the Hall field, R the Hall vector, y the angle 
between B and I. Using the vector identities 


(aXb)-(exd)=| 
ib-e 


a-d| 


b-d 


a-c 
and aX (bXc) 


=b(a-c)—c(a-b), 


we get: Eng =Rpcaxnl and Engsyn= —Real, where 
Rn«axs) and Rays are projections of the Hall vector 
R on unit vectors in the directions indicated by the 
subscripts and J is the magnitude of the current density. 


APPENDIX B 


Consider a crystallographic reference frame in which 
the axes are defined by: x,—[100], x,—[010], x; 
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—[001 ]. Suppose B is in the 
an angle a, reckoned positive if counterclockwise, with 
the 1-axis as shown in Fig. 13. The permissible form 
of fij(a) with respect to the crystallographic frame is: 


(O01) plane and makes 


0 
Q 


\pis(a 


0 
0 


— pi3(a) 
P23(a) 
> 


(14) 


pij(a@) 
(a) 


- p2 


The angle which the magnetic field makes with the 


1 axis is given in parenthesis. Because the 1 axis is a 


rotational axis of even order ;;(—a@) can be expressed 


1 


in terms of pij(a) (only the 
rotation is used) and 


sub-group of the 2-fold 
pij(— a) SimSjnP mn (a ; 


where 


Thus: 


pis(a) 
po3\a@) 
0 j 


pij(—a) = 


12\a P23\a 


If I= (0,0,J;) and if we transform 
laboratory frames 


14) and (15 


E [Apa AT, 
where 
U 


LUOSa 0 


0 1 


sina 


COSY 


ne 
+ J 


we find Eg(a) Es( Che particular geometry 
used in the proof is selected for convenience and is not 
essential. The result is valid in the plane formed by B 
and even-fold axis for an arbitrary direction of B. 


a 








6 


Fic. 13. Direction of B and I with respect t 
axis. B is in (001 See Ap] 


) crystallographic 


plane endix B 
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APPENDIX C 
For case a [see Fig. 2(a) ] Eq. (11) yields: 
Lu= (1/3mu)((2K+ 1) (2e1n+o1s™+oin™) 
+4Ku* sin’ (2o1n™ +orn1™+o1n™) J, 
Lu - (1/31) [(K— 1) (—2e.u™ +or1+oin™) 
- Kw sin’@(2e11% +o + on™) |, 
Lis= (1/3my)[(K—1) (orm —orn™) 
4 (3/2V2)Ku* sin20(20111. +o +oin™) |, 
La=Lu, 
Ls=Li, 
Lu= (1/3m,,)[(2K+ 1) (261 + e111 +oi1n™) 
+3Ku c0s*6(2¢111+or1™+oin™) J, 
ile [w/3(mm,)* ] 
< [(K+2) cos@(20111.% +o +oi1n™) 
—v2(K —1) cos@(o111 —oin™) J, 
‘5 —[w/3(m,,m,)*) 
x { (sin6/V2) [601115 + (2K+ 1) (911 +orn™) | 
_ (K- 1) co0s6(a111" — oi’) }, 


(16) 


Les=Lis. 


Case b [see Fig. 2(b)] is calculated in reference 10 
and is given below. ¢’ is defined in Fig. 2(b). Note that 
the LH-field £,* calculated from (17), Eq. (13), is 
given in terms of the measured angle ¢ rather than ¢’. 


Lu= (2/3m,,)[ (2K + 1) (61 +em™) J, 
L.3= — (2/3m,,)[(K+1) (orn —om™) 
— Ko? sin2¢’ (oi +om™) J, 
Doo= (2/3mu) (2K +1) (ors +o) 
+2Ka? sing’ (on +o) J, 
Las= (2/3m,)[(2K+1) (ru +om™) 
i +2Ku? cos¢’ (6111 + orn™) |, (17) 
Liz - Ly:=0, 
| 2 3[ w/(m,,m,)* \[ (K+2) cos’ (6111 +o11 ) 
. —(K—1) sind’ (ein —orm™) |, 
Lu= — 3[w/ (mym,)*  (K+2) sing’ (ein? +orm™) 
— (K—1) cos¢’ (oi —orm™) |] 


L£=— FeLi is the conductivity tensor, m, and m, 
are the longitudinal and transverse effective masses, 
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K=m,,/m,, «= eB/(mym,)'c. Equations (16) and (17) 


are written in a crystallographic frame of reference. 


APPENDIX D 


The geometry of the sample is shown in Figure 5 and 
its position with respect to the magnetic field in Fig. 14. 
We assume thatfthe voltages Vr; and Vr, are propor- 
tional to the electric fields in the directions P,—P, 
and P;—P; in a long thin sample without arms cut in 
the same manner with respect tc the crystallographic 


Pe 


Fic. 14. Top view of “three dimensional cross” (see Fig. 5). 
Current ee to plane of paper. Potential probes 
P,, Ps, and B in plane of paper. P; makes an angle 8 with B. 


axes as the current leg of Fig. 14. Further, we assume 
that the proportionality factors are identical. Then 


Vp,= Vz cos8+ Vaya sing, 
Vr, = Ve sing+ Vaya cos8 


Vp and py; are the line integrals of the electric field 
along imaginary arms parallel to B and BX I and equal 
in length to those on the sample. Clearly (V,/ VPs) po 
= tang because of Eqs. (9) and (10). This method for 
determining 8 works only for materials crystallizing 
in the cubic system because it is only for such materials 
that the linear term in the expansion of Eg, with 
respect to B vanishes. In practice Vp,/Vr, is plotted 
versus B* and extrapolated to zero giving tan. Ve 
and Vy: are then determined for arbitrary fields from 
the expressions. 


V n= Vr; cos8— Vr- sing, 


V ar : Vp, sing+ Vr, cosé. 
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Field effect and conductivity measurements were made on cleaned 


111) and (100) germanium surfaces 


The surfaces were cleaned by an argon bombardment technique similar to that developed by Farnsworth 
The cleaned surfaces were exposed to a modified Brattain-Bardeen ambient cycle and the change in surface 


properties measured. The cleaned surface data showed that a (100) surface is more highly p type 


than a 


(111) surface, and these results are interpreted qualitatively by an atomistic model 


INTRODUCTION 


HE development of ultra-high vacuum techniques! 

in recent years has made the study of surface 
properties, free of contaminating influences, a realizable 
goal. A number of investigators have employed these 
techniques to study the surface properties of ger- 
manium?” and silicon.’ Two techniques have been used 
to obtain clean surfaces. The first, developed by Farns- 
consists of a combination of 
heat-treatment, argon ion bombardment, and annealing. 


worth and his colleagues, 


The second, which has recently been reported, is that 


of cleaving crystals.’* Different methods are used to 


measure the physical properties of these surfaces, such 
as electron diffraction patterns,*"" work function,?:** 
surface conductivity and field effect,‘ ana photocon- 


9 


ductivity.? In general, as a result of most of these 


measurements, there seems to be an area of general 
agreement that a cleaned surface has p type conductivity 
and is probably degenerate p type.” 

The results which are reported in this study were 
made on cleaned germanium (111) and (100) surfaces, 
which had been subjected to the argon bombardment 
cleaning technique. The physical properties of the sur- 
faces are determined by measuring changes in conduc- 
tivity and field effect when the samples are exposed to 
contaminating atmospheres, which is similar to a pro- 


*D. Alpert, J. Appl. Phys. 24, 860 (1953); R. T. Bayard and 
D. Alpert, Rev. Sci. Instr. 21, 571 (1950). 

2 J. A. Dillon, Jr., and H. E. Farnsworth, J. Appl. Phys. 28, 174 
(1957). 

* Farnsworth, Schlier, George, and Burger, J. Appl. Phys. 29, 
1150 (1958) 

*P. Handler, Semiconductor Surface Physics, edited by R. H. 
Kingston (University of Pennsylvania Press, Philadelphia, 1957), 
pp. 23-51 

5 Robinson, Robinson, and Gatos, J. Appl. Phys. 29, 771 (1958). 

*F. G. Allen and A. B. Fowler, J. Phys. Chem. Solids 3, 107 
(1957). 

7D. R. Palmer and C. E. Dauenbaugh, Bull. Am. Phys. Soc. 
3, 138 (1958) 

®G. A. Barnes and P. C 
111 (1959). 

*J. A. Dillon and H, I 
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cedure used by Bardeen and Brattain.” The data are 
qualitatively evaluated in terms of an atomistic model 
which is based on the number of broken bonds for sur- 


face atoms on the (100) and (111) planes of germanium. 


EXPERIMENTAL TECHNIQUE 


The sample holder and field probe used in making 
the measurements are illustrated in Fig. 1. A is the 
sample holder, B is the germaniurn sample, and C is the 
field effect probe. The sample B sets on a quartz base J. 
The metal parts of the sample holder, shown cross- 
hatched, are made of molybdenum. The movable arm 
of the sample holder 2 is held against the sample by the 
slight tension in the tungsten spring 3. The slots 4 
illustrate how contact is made between the arms of the 
sample holder and the sample. Tungsten conduction 
probes are inserted in the two holes in the quartz shown 
beneath the sample. The quartz caps 5 cover the molyb- 
denum sample holder and serve to prevent any molyb- 
denum from sputtering on the sample during ion bom- 
bardment. The field probe C, which can be manipulated 
by means of an external magnet, consists of a molybde- 
num inset 6 which fits into a quartz box 7. The bottom 
of the quartz box is ultrasonic ally drilled to a thickness 


of 0.003 in.-0.004 in. A gold film & is deposited on the 











Cross sectior 


Fic. 1 


2 W. A. Brattain and J. Bardeer 


(1953). 
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bottom of 7 by means of vacuum deposition. A molybde- 
num leaf spring 9, which is 0.001 in thick, makes contact 
between the molybdenum inset 6 and the gold deposit &. 
An ion gun, not shown in this sketch, is mounted in the 
side-arm of the tube and consists of a tungsten filament 
and molybdenum anode. Precautions were taken to 
prevent any tungsten from the hot filament evaporating 
onto the sample. 

The germanium samples were prepared from 46 ohm- 
cm m type single crystals. The sample dimensions were 
118 X0.5 mm. The crystal orientation was determined 
by x-rays to an accuracy of 1%. The samples were cut 
to the correct orientation and dimensions by a diamond 
saw, polished mechanically with a series of grits down to 
4/0, and then etched in CP-4 as a final surface treat- 
ment. After a thorough rinsing in distilled water, the 
sample was dried and mounted in the sample holder. 

The vacuum system used in these measurements is 
illustrated in Fig. 2. The system is pumped by two 
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Fic. 2. Schematic of vacuum system. 


three-stage oil diffusion pumps, using Octoil S, through 
individual liquid nitrogen traps. The valves A are baka- 
ble metal high vacuum valves, B is the tube under test, 
C is a Bayard-Alpert type ionization gauge, and E is a 
platinum Pirani gauge. The bulbs D are getter tubes 
using either titanium or molybdenum as the gettering 
metal. The gas bottle system is contained between the 
lower valves in the figure and consists of gas bottles 
such as F and G. The three gases used in this investiga- 
tion are argon, oxygen, and water-saturated nitrogen. 
The argon bottle is prepared from liter flasks of reagent 
grade argon, which is passed over a gettered molybde- 
num film in an uitra-high vacuum system. The water- 
saturated nitrogen bottles are prepared by putting a 
few drops of distilled water into the bottle, evacuating 
it while the water is cooled by liquid nitrogen, then 
filling the bottles with nitrogen at 700 mm of mercury. 
The capacity of the gas bottles is approximately 50 cc. 
The gases are individually leaked into the system by 
breaking the break-seal and leaking the gases into the 


CLEANED Ge SURF 


ACES 


OSCILLATOR 
PROBE 
+F 4 


a 
DIFFERENTIAL 
AMPLIFIER 


























Fic. 3. Circuit for measuring field effect. 
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main system by means of vacuum valves A. The whole 
vacuum system illustrated in Fig. 2 can be baked by an 
overhead oven at 400°C and a working vacuum of 
3X 10-” mm is obtained. 

The electrical conductivity was measured by passing 
current, from a constant current source, through the 
sample and measuring the voltage across the conduction 
probes with a potentiometer. The circuit used for meas- 
uring the field effect is illustrated in Fig. 3. This is a 
bridge circuit which is balanced by varying the helipot 
to ground. The conduction probes are connected to a 
differential amplifier, which in turn is connected to an 
oscilloscope in parallel with a wave analyzer. The bridge 
circuit is initially balanced with the batteries bucking 
each other. After balance is attained, the switch is 
thrown putting the batteries in series, and the value of 
the field effect voltage, which appears across the con- 
duction probes, is neasured on the wave analyzer which 
is peaked at the oscillator frequency. The field effect 
voltage arises from the factor Io/Agssc, Where Agsae is the 
change in surface conductance per square due to the 
applied field at the probe and J» isthe dc current through 
the sample. The type of surface conductivity, m or p 
type, is determined by the Lissajous figure on the oscillo- 


‘scope which compares the phase of the field effect volt- 


age with the input signal of the oscillator. 


EXPERIMENTAL PROCEDURE 


Because the properties of a surface are probably 
dependent on the argon bombardment procedure em- 
ployed, it is worthwhile to elaborate on some of the 


techniques adopted in this experiment. The most suit- 
able schedule outlined by Dillon and Farnsworth? in- 
cluded heating the germanium sample to 650°C for 20 
hours. Dillon and Farnsworth adopted their procedure 
because it duplicated that one which gave the best 
surfaces in the electron-diffraction experiments." When 
their technique was tried, it was found that whenever 
the intrinsic germanium samples were heated above 
500°C, they were thermally converted” to a p type 


3 R. A. Logan, Phys. Rev. 91, 757 (1953). 
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Fic. 4. Resistivity and field effect mobility as a function 
of the processing procedure for a germanium sample. 


sample with a much lower resistivity. This effect de- 
creased the sensitivity of our field effect measurements 
and was avoided in our preliminary experiments by 
keeping the sample temperature below 500°C. After 
further studies with different cleaning procedures, some 
interesting data, illustrated in Fig. 4, were obtained. 
Resistivity is plotted as an ordinate on the top scale, 
measured field effect mobility is plotted as an ordinate 
on the bottom scale. Field effect mobility, which is 
defined in the following section, is essentially the mo- 
bility of the majority carriers at the surface. The field 
effect mobility in this curve is p type. Each point of this 
curve represents a measurement after a given procedure. 
If resistivity and field effect were measured together 
after a given treatment, the two data points are located 
at the same point on the horizontal scale. The initial 
conditions were a sample resistivity of approximately 
30 ohm-cm p type and a field effect mobility in the 
range of 20 cm?*/volt-sec. 

A typical cycle may be followed by starting from 
points “A” in Fig. 4. After argon bombardment, the 
resistivity is apparently unchanged, but the mobility 
drops to zero. Heating the germanium to 650°C for 1} 
hours radically decreases the resistivity but increases 
the value of mobility to the order of 270 cm?/volt-sec. 
If this is followed by an anneal at 475°C for 18 hours, 
the mobility is unchanged and the resistivity is restored 
approximately to its value at “A”. These data and the 
rest of the data in Fig. 4 are consistent with the follow- 
ing picture. If the surface of the germanium is argon 
bombarded, it does not seem to affect the resistivity, 
but the mobility becomes effectively zero. This can be 
attributed to microscopic surface damage, induced by 
ion bombardment, which drastically increases the effect 
of surface scattering. If the sample is now heated to 
approximately 600°C or above, the mobility increases 
to a value of hundreds of cm?*/volt-sec, whereas the 
resistivity shows a large decrease. The increase in mo- 
bility is attributed to a surface annealing of the ion 
bombardment damage, whereas the degrading in re 
sistivity is caused by thermal conversion of the bulk 


germanium.” If the germanium is then annealed at 
temperatures below 500°C, the copper impurity re- 
sponsible for thermal conversion precipitates out,™!® 
and the resistivity of the material increases, whereas the 
mobility increases slightly or remains unchanged. 

On the basis of these results and the techniques used 
by Dillon and Farnsworth,’ the following procedure was 
adopted as the basic cycle. The surface was argon bom- 
barded at a current density of 100 ywa/cm?, with a 
bombarding voltage of 500 volts at an argon pressure of 
approximately 10-* mm, for about ten minutes. This 
was followed by outgassing the germanium from one to 
two hours at 650°C. Finally, the sample was annealed 
at 475°C for a period of 20-40 hours. Four to six of these 
cycles were employed although there seemed to be no 
significant changes from cycle to cycle after the first 
cycle. After this treatment, the samples, which were 
initially intrinsic, finally became p type with a bulk 
resistivity of 25-30 ohm-cm. 

During the last argon bombardment cycle, the argon 
gas is pumped out of the gas bottle system, shown in 
Fig. 2, by vacuum pump No. 2. After measurements 
have been made on the cleaned surface, the getter tubes 
“D” in Fig. 2 are sealed off the system. With the gas 
bottle system isolated from pump No. 2 and from the 
main system by the metal valves, the oxygen bottle is 
broken and the gas leaked into the main system by the 
two control valves between the gas bottle system and 
the tube. The pressure is read on the ionization gauge 
at low pressure, and on the Pirani gauge at higher 
pressures. After complete exposure to the oxygen am- 
bient, the oxygen is pumped out and a similar procedure 
used for introducing the nitrogen saturated with water 
vapor. 


EXPERIMENTAL RESULTS AND DISCUSSION 


Data obtained on a (109) germanium surface cleaned 
by the argon bombardment technique are shown in 
Fig. 5. The upper left-hand ordinate is essentially the 
conductivity of the sample. The factor //w (/, w= length 
and width of sample, respectively), which multiplies the 
conductivity, G, is inserted so that a change in /G/w, 
achieved by varying the surface conditions, can be 
interpreted as a change in conductivity per 
square of the surface. The lower ordinate in this figure 
is the field effect mobility. This quantity is obtained 
from the field effect mea nents and is 
from the formula 


surfac e 


calculated 


ME 


where A enc is the change n surface conductance per 
square caused by the applied 
is the surface chargé per unit area induced by the probe 
voltage ; AQ is related to the applied probe voltage and 


the capacity betweet he field pr ibe and sample. A 


ac probe voltage and AQ 


4 A. G. Tweet, Phys. Rev. 106, 221 (1957 


1 A. G. Tweet, Phys. Rev. 111, 57 
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positive mobility value indicates the majority carriers 
at the surface are holes and a negative sign indicates 
that they are electrons. 

The abscissa of this figure is time in minutes, and 
during the interval denoted, indicates the time at a 
given pressure. The bottom ordinate is p type field 
effect mobility. The first three points on this figure show 
the reproducibility of the cleaned surface data over a 
period of about 30 minutes. The field effect mobility 
of the cleaned surface was in the order of 500 cm?/volt- 
sec. When oxygen is introduced, there is no significant 
change until a pressure of 10~* mm is reached. At this 
pressure, the conductivity seems to rise and then drop 
precipitously with time and pressure. The field effect 
mobility tends to rise to a maximum and then de- 
creases with time and increasing pressure. After expo- 
sure to the full oxygen pressure, the oxygen was pumped 
out and the surface then exposed to the water-saturated 
nitrogen. This ambient leads to a further drop in the 
conductivity, but as can be seen from the mobility data, 
the surface remained p type and did not convert to 
n type. Attempts were then made to convert the surface 
to n type by flowing dry and wet nitrogen over the 
sample. These data are illustrated by the large squares 
(conductivity) and large circles (mobility). The symbols 
d and w stand for treatment with dry or wet nitrogen, 
respectively. As can be seen from the data, the mobility 
remained p type throughout the treatment, and the 
(100) surface could not be converted to m type by a 
modified Bardeen-Brattain” cycle. 

The data of Fig. 5 include the changes on both (100) 
surfaces of the sample. One of the difficulties inherent 
in the sample mount, shown in Fig. 1, is the fact that 
only one surface of the sample is exposed to the argon 
bombardment. The surface facing the quartz is rela- 
tively unaffected. To investigate the influence of this 
surface, a preliminary experiment was always made on 
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Fic. 5. Conductance/unit square and field effect mobility of a 
cleaned (100) germanium surface as a function of pressure time 
exposure to a given ambient. 
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Fic. 6. Conductance/unit square and field effect mobility of a 
vacuum heat-treated (100) germanium surface as a function of 
pressure time exposure to oxygen. 


all samples before they were cleaned with the argon 
bombardment technique. Essentially, this preliminary 
experiment treates the sample in a manner similar to 
that prescribed for cleaning except no argon bombard- 
ment is used. A typical schedule is the following: 
Initially the sample, tube, and evacuated system are 
baked at 400°C for 10-20 hours until a pressure of 
about 4X10-" mm is attained. The sample is then 
cyclically heated for two or three cycles with the follow- 
ing schedule: (a) heat at 650°C for one hour, and (b) 
anneal! at 475°C for about 20 hours. After this schedule, 
conductivity and field effect measurements are made 
on the sample. The three initial points in Fig. 6 illustrate 
the reproducibility of the measurements before an 
oxygen ambient is introduced. The coordinates of Fig. 6 
are simifar to those of Fig. 5, except it should be noted 
that the magnitude of wre in Fig. 6 is one-tenth that in 
Fig. 5. The ordinate 1G/2w is used in Fig. 6 because this 
is the change in conductivity for one surface, assuming 
both surfaces are involved in the sample conductivity 
change and both behave identically when exposed to the 
ambient. On the basis of these data, the changes in 
conductivity which can be attributed to the bottom face 
of the sample, the one not exposed to argon bombard- 
ment, can be eliminated from the data of Fig. 5. From 
Fig. 6 it can be seen that the effect of adding an oxygen 
ambient was to decrease the total conductance as the 
pressure increased. The field effect mobility went up 
with the introduction of the ambient, but the mobility 
values are quite low. 

Figure 7 shows data taken on a (111) surface which 
has been cleaned by argon bombardment using the pro- 
cedure outlined in the previous section. The same 
parameters and notation are used in this curve as are 
employed in Fig. 5. The field effect mobility is plotted 
as the ordinate on the right, a positive value denoting 
hole mobility, a negative value electron mobility. The 
clean surface data are given as the first four points 
taken over 45 minutes and are an indication of the 
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Fic. 7. Conductance/unit square and field effect mobility of a 
cleaned (111) germanium surface as a function of pressure time 
exposure to a given ambient. 


reproducibility of the data. It should be noted that the 
mobility of the clean surface is again p type and quite 
high, the order of 200-300 cm?/volt-sec. The introduc- 
tion of oxygen does not make any radical changes in 
conductance or mobility until a pressure of about 10~° 
mm is reached. At this point, the conductance increases 
and then decreases with increasing pressure and time. 
The mobility radically increases at an oxygen pressure 
of 10-° mm of Hg and reaches a value of approximately 
1300 cm?/volt-sec. After the sample was exposed to the 
full pressure of the oxygen, the oxygen was pumped out 
and the sample exposed to an ambient of water-satu- 
rated nitrogen. This caused a further decrease in the 
conductivity and an apparent minimum in the con- 
ductance curve, but the mobility readings show that 
this did not correspond to a surface change from p to 
n type because the mobility retained its p type character. 
After this treatment, the sample was then exposed to 
flowing dry and wet nitrogen ambients, respectively. 
The large data points have the same meaning in this 
figure as in Fig. 5. In this case, the data show that the 
introduction of wet nitrogen gives a true minimum 
which corresponds to a change in conductivity type at 
the surface ; the field effect mobility for the (111) surface 
changes correspondingly from p to m type. 

If points “A” in Fig. 5 and Fig. 7 are taken as the 
zero point in the conductance, and the contribution of 
the bottom surface of the sample eliminated by means 
of data of the form shown in Fig. 6, the plots shown in 
Fig. 8 and Fig. 9 are obtained. The upper ordinate Ag, 
in both curves is the change in surface conductance per 
square of the argon bombarded surface with respect to 
the minimum conductance point in the experiment. 
In the case of Fig. 8, for a (100) surface, this minimum 
is not a true theoretical minimum,!*:” because the field 
effect mobility did not change in type in going through 

16 J. R. Schrieffer, Phys. Rev. 97, 641 (1955). 

17C. G. B. Garrett and W. H. Brattain, Phys. Rev. 99, 376 


(1955). 


the conductance minimum. The zero in Fig. 9 is a true 
conductance minimum because of the change in mobility 
type at this conductance value. 

The most obvious difference between the data for the 
(100) surface, Fig. 8, and the (111) surface, Fig. 9, is 
the much larger conductance change between a clean 
(100) surface and its minimum, than that for a cleaned 
(111) surface. The other major difference is that the 
modified Bardeen-Brattain cycle converted the (111) 
cleaned p type surface to m type but was not able to do 
the same to the (100) surface. 

If Schrieffer’s theory’ is extrapolated to calculate the 
properties of the (111) surface from Fig. 9, using an 
acceptor density of 10"%/cm*, which is approximately 
the bulk acceptor density of the sample after argon 
bombardment treatment, some interesting results are 
obtained. The results indicate that Ay,, the surface 
potential, is changed by about 12 &T in going from the 
cleaned surface condition to that at minimum conduc- 
tance. Figure 10(a) qualitatively shows the bending of 
the band structure at the (111) cleaned surface, whereas 
Fig. 10(b) shows the surface energy band structure at 
the conductance minimum. On the basis of extrapolated 
theory, the prediction is that, at room temperature, the 
valence band on a clean (111) surface is within 1 kT of 
the Fermi level. Although this quantitative argument 
is not completely justified by Schrieffer’s theory, which 
is based on Boltzmann rather than Fermi statistics, 
one can say qualitatively that the (111) cleaned surface 
is probably degenerate p type. 

If the (111) cleaned surface is degenerate p type, a 
comparison of the (111) surface with the conductance 
change of the (100) surface, in Fig. 8, indicates that the 
(100) cleaned surface is more highly p type. On the basis 
of the change in Ag, of approximately 400 micromhos, 
even though the surface could not be converted from 
p to n type by the ambient treatment, the cleaned (100) 
surface must be highly degenerate p type. 
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Fic. 8. Field effect mobility and the change in 
tivity of a cleaned (100) germanium 
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It is interesting to speculate and suggest an atomistic 
model which seems to explain these results qualitatively. 
The model assumes that electrons are trapped at unfiiled 
orbital sites associated with broken bonds on surface 
atoms.'* To maintain charge neutrality, a free hole 
must exist in the surface layer for every trapped elec- 
tron. The free holes are assumed to be responsible for 
the p type character of the cleaned argon bombarded 
surfaces. On the basis of such a model, it is reasonable 
to expect the surface properties to be anisotropic. The 
anisotropic behavior can be attributed to the number of 
broken bonds associated with a given crystallographic 
surface, namely one broken bond per surface atom for 
the (111) and two for the (100) plane. 

There are approximately 7X10" surface atoms/cm? 
on a (111) plane. On the basis of one broken bond per 
surface atom, this leaves a possible electron trap density 
of 7X10" electron traps/cm*. Since Schrieffer’s extra 
polated theory shows that the (111) surface potential, 
Ay,, is changed by about 12 kT, in going from the 
cleaned surface condition to that of minimum conduct- 
ance, one can calculate the surface charge density for the 
cleaned surface by extrapolating the results of Kingston 
and Neustadter.” These calculations show that the 
charge density at the surface is approximately 10” 
elecirons/cm?, which would imply that only one electron 
is trapped for every 700 broken bonds on a cleaned 
(111) surface. 

If this atomistic model is used to interpret the high 
density of p type carriers on a cleaned (100) surface, 
there would. be a greater number of trapped electrons, 
cm? on a (100) germanium surface than on a (111). 
The population of these traps would be determined by 











Fic. 9. Field effect mobility and the change in surface conduc- 
tivity of a cleaned (111) germanium surface as a function of 
pressure time exposure to a given ambient. 


18 A similar model was originally suggested by W. Shockley 
for dislocations in diamond-type lattices [W. Shockley, Phys. 
Rev. 91, 228 (1953)] and later applied to a surface by Handler 
(reference 4) and Allen (reference 6). 

* R. H. Kingston and S. F. Neustadter, J. Appl. Phys. 26, 718 
(1955). 
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Fic. 10. (a) Energy level diagram of a cleaned germanium 
(111) surface. (b) Energy level diagram of the surface band 
structure at the conductance minimum. 


two distinct parameters, namely the total number of 
traps and the ionization energy of the trap. Since these 
measurements at room temperature cannot distinguish 
between these parameters, one can only speculate from 
these data. One partial explanation of the anisotropic 
behavior of a cleaned germanium surface is that a (100) 
surface has a larger number of traps available than a 
(111) because there is a greater number of broken 
bonds/cm? on a (100) than a (111) cleaned surface. In 
addition, one would also expect the ionization energy . 
of the traps on the two surfaces to be different if this 
model is valid. From the conductivity data, one would 
expect the ionization energy for the (100) traps to be 
lower than the (111). 

The most significant information about the mobility 
data in Figs. 8 and 9 is the large value of mobility for 
the cleaned surface and the even larger values when 
oxygen is introduced. Theoretical calculations, using 
Schrieffer’s theory,” have been made for a germanium 
sample with a density of 10" acceptors, and these results 
show the field effect mobility at the theoretical, cleaned 
surface to be on the order of 500 cm*/volt-sec if the 
energy bands at the surface are raised 12 kT in going 
from the conductance minimum to the clean condition. 
This value is in the same order of magnitude as the 
observed mobilities in Figs. 8 and 9. 

It should be emphasized that the theory used to 
interpret the data has been extrapolated to a region 
where its validity is questionable. The only justification 
for this procedure is that its use in conjunction with the 
suggested atomistic model offers a possible qualitative 
explanation for the anisotropic properties of a ger- 
manium surface. 


CONCLUSIONS 


Measurements similar to those described in this paper 
have been reported by Handler.‘ Because the technique 


‘involved in such an experiment is very exacting, the 


author believed that a useful purpose would be served 


*” These calculations were made possible through the coopera- 
tion of the Electrical Engineering Department of the University 
of Illinois, who sent us all the necessary computations needed for 
our calculations. 
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if the experiment were repeated independently, with 
some improvement in experimental technique. Special 
precautions were taken to prevent any possible sputter- 
ing from the sample holder to the sample. In addition, 
the use of metal valves, rather than stopcocks in the 
gas handling system, is considered an improvement in 
technique over that used by other investigators. 

It will be noted that the general features of Handler’s 
data for a typical surface‘ are similar to those reported 
here, but the details are considerably different. We have 
not noted any significant change in clean surface prop- 
erties during exposure at pressures as low as 1077 mm, 
but these low pressure measurements on active gases 
are very difficult to make and hard to interpret.” Our 
field effect measurements on a cleaned surface are much 
higher than those previously reported. Handler’s* pub- 
lished data are an order of magnitude lower and Autler” 
and Wallis” reported intermediate values for the field 


* R. E. Schlier, J. Appl. Phys. 29, 1162 (1958). 

# Autler, McWhorter, and Gebbie, Bull. Am. Phys 
145 (1956). 

*P. Handler, Semi 


Soc. 1, 


nductor Surface Physics, edited by R. H 
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ORMAN 


effect mobility of a cleaned surface. On the basis of the 


data shown in Fig. 4, 
different published values for the field effect mobility 


the dis« repancy between the 
of a cleaned surface can be understood. It is believed 
that the lower mobility values reported in the literature 
are associated with an incomplete anneal of the surface 
damage caused by tl 

In addition, it is believed that the 
the anisotropic behavior of the (111 


1e argon bombardment cleaning. 
lata reported on 
and (100) cleaned 
surface are one of the first pieces of experimental evi- 
atomistic model of 
ng of broken orbital bonds 


dence to indicate the validity of the 
a cleaned surface as consist 


on surface atoms. 
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Aspects of the Theories of Dislocation Mobility and Internal Friction 
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The theory of dislocation mobility is reconsidered, and it is concluded that the ir 
thermal waves and a moving vibrating dislocation causes a drag to the first order in 0/< 


teractior I 
Modifications of 


the Seeger-Donth theory for the Bordoni peak are suggested. When account is taken of the diffusion of kinks, 


general agreement with experiment is obtained. The theory of internal friction in the microwa 


} 


briefly reviewed and discussed. No thorough comparison with experimental dat 


I. DISLOCATION MOBILITY 
DISLOCATION scatters elastic waves, and in an 
isotropic distribution of thermal waves a moving 

dislocation will experience a retarding force propor- 
tional to its velocity. This problem was first investi- 
gated by Leibfried,' who concluded that at room tem- 
perature and for ordinary stresses the dislocation ve- 
locity would be only a small fraction of the velocity of 
sound. The Leibfried work was later criticized and ex- 
tended by Nabarro.? Nabarro pointed out that two 
separate scattering mechanisms should be considered: 


(1) Scattering of sound waves by the strained matrix 
around the dislocation; and (2) Scattered waves radi- 
ated from the dislocation vibrating under the action 
of the impingent waves. 

It was concluded that the scattering cross section for 
mechanism (1) was smaller than the cross section as- 


1G. Leibfried, Z. Physik 127, 
?F. R. N. Nabarro, Proc. Roy. Soc 


344 (1950). 


London) 209, 278 (1951 


region 1s 


a has 


sumed by Leibfried, and that in an isotropic flux of 
sound waves mechanism (2 
the first order in o/c, where 1 
c=velocity of shear waves 
We shall only reconsider mechanism (2). For the 


does not lead toa drag to 


dislocation velocity ; and 
7 


sake of comparison we follow closely parts of the treat- 
ment given by Nabarro.? Consider the two-dimensional 
problem of a pure undissociated screw dislocation along 
the y-axis in a Carthesian system (x,y,z), interacting 
with shear waves with propagation vectors in the x-z 
plane. The solid is assumed to be elastically isotropic. 

According to Eshelby,’ this problem has a complete 
electromagnetic analogy : 
H,/(4xp)', oy2= — (u/4r)1E,, Cry = (u for) *E,, 

E,=H,=H,=0, e=(u/4r)'d, 
F eE tT (é/¢ vXH, 


Solid State Physics 


Press, Inc., Ne 


Ou, al 


by F. Seitz and 


aj D. Eshelby, 2 
v York, 1956), Vol. 3. 


D. Turnbull (Acader 


edited 
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where u,=displacement in y-direction; p=density; 
u= shear modulus ; o=shear stress ; >= Burger’s vector ; 
c=sound velocity; v=dislocation velocity; e= equiva- 
lent line charge density ; F = force per unit length of dis- 
location; and E, H=equivalent electric vectors. Na- 
barro* was the first one to demonstrate that the last 
term in F has physical meaning for dislocations. This 
term is just what is needed to ensure “relativistic” 
invariance. 

Consider a plane shear wave du,/dx impinging on the 
dislocation in the — x-direction and the resulting radia- 
tion force balanced by a uniform shear stress o,.(v=0) 
so that the dislocation on time average has zero velocity, 
(0s) y= v=0. 

The dislocation will vibrate in the y-z plane, and 
when (v,)4=v=0, the scattered radiation has no net 
“momentum.” It is then permissible to calculate the 
radiation force from the time average of the Lorentz 
term in F, with H the vector of the impingent wave, i.e., 


mn Ou, 
=—|v,||——| cosa, 
22 | al 


where |,| is the amplitude of 2,, etc., and a is the phase 
angle between 0, and du,/dt. 

For not too short wavelengths the dislocation vibra- 
tions are “‘mass’’-controlled by the effective dislocation 
mass per unit length, m. Nabarro* has shown that in 
this case a is nearly frequency independent, correspond- 
ing to a scattering cross section proportional to A, the 
wavelength. Now increase the uniform constant stress 
7y2(0=0) to c,.(v=v) so that the dislocation moves with 
a velocity (tz)w=2, while the impingent [wave is 
unchanged. 

To calculate the radiation force correctly by the 
previous method, we shall have to transform from the 
stationary system (x,y,z) to a system (x’,y’,z’) moving 
with velocity (vz)m =v. Neglecting terms ~1*/c*, we can 
write the following transforms for the wave by rela- 
tivistic analogy, 

w’ = (1+9/c)w, 
|Ou,"/dt’| = (1+0/c)|du,/dt|, 
| Ouy’/dx’| = (14+0/c)|du,/dx|, 


, 
é€ =¢. 


Since the phase angle a is constant, 


mw’ |v."| prop.|du,-’/dx’ |, 


so that, from Eq. (2), 
|v.’| prop.1/m|du,/dx|. (3) 
Now, applying Eq. (1) to the system (x’,y’,z’) we find 


i 


oye (v=v) prop. (1+90/c) (u/2mc*) 
XK |Ou,/dx||du,/dt| cosa. (4) 


AND 


INTERNAL FRICTION 


Since for a uniform constant stress oy. 
Cys Oy's'y (S) 
it follows immediately that 


oy2(0=v) = (14+ 0/c)o,y.(v=90). (6) 


ye 


Thus, compared with the radiation stress oy, on a 
stationary dislocation, a dislocation moving with ve- 
locity (02)w=? experiences a radiation stress greater 
by (0/c)oys It appears that Nabarro* has not taken 
into account that the scattered radiation from a uni- 
formly moving dislocation is not symmetric in the 
stationary system (x,y,z). 

A shear wave impinging in the —s-direction will 
make an angle ~v/c with the 2’-axis, and a radiation 
stress ey, opposing motion, 


Cy2(v=v) = (0/c)oz,(v=9), (7) 


results. This is a pure aberration effect, with no first 
order changes in frequency. It appears that also this 
effect has been neglected in previous treatments on 
dislocations, as all discussions have been carried out in 
terms of the Doppler shift w’= (1+-0/c)w. 

We will most frequently be interested in dissociated 
dislocations, constrained to move in one plane. In that 
case the Lorentz force is not operative as it is per- 
pendicular to the slip plane. The radiation force can 
then be calculated to the first power of v/c from the 
term eE by a generalization of the method employed 
by Leibfried' in his original paper. The results would 
not be much different from the case we have discussed. 

Employing the cross section calculated by Nabarro,? 
it is found that near the Debye frequency, the cross 
section per unit length of dislocation is of the order ~d 
such as assumed by Leibfried. The original Leibfried 
formulas are then probably the best estimate so far. 
It reads 

v~ (10c/é)e, (8) 


where @ is the vibrational energy per atom, classically 
3kT. The zero-point energy should not be included in 
é, as zero-point energy cannot be absorbed, i.e., it is 
not scattered. 

The foregoing considerations apply to dislocations 
which are considered to be completely free in the slip 
plane, i.e., the Peierls barrier must be negligible or the 
dislocations must be so heavily kinked that they can be 
considered as effectively free. 

For dislocations containing only a few kinks, we have 
to investigate the mobility of kinks separately. A kink 
is drawn in Fig. 1. The width d of a kink will typically 


1G. 1. A kinked screw dislocation 
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POTENTIAL 


POTENTIAL 
VALLEY RIOGE 





706 


be of the order 10). The mean thermal stress 
(o?)§~ 2ukT/d*, 


over the kink will be much higher than ordinary applied 
stresses except at very low temperatures, so the motion 
of the kink will be of the diffusion-drift type. Any 
“Peierls” force against motion of the kink along the 
dislocation will be completely negligible. 

For long wavelengths, \>d, the problem is analogous 
to that of an electron in an electromagnetic field, For 
shear waves impinging about normally to the slip plane 
and of wavelength A <d, the kink vibrations are largely 
radiation resistance controlled. Preliminary classical 
calculations have yielded for the kink-velocity the 
formula 

v~coal’/kT, (9) 


which is probably somewhat of an overestimate because 
of neglect of other scattering mechanisms. 
Comparing Eq. (9) with the Einstein relation 


v= Doab/kT, (10) 


where D is the diffusion coefficient for the kink, it 


follows that 
(11) 


D~ vpb’, vp c/b. 


If the phonon mean free path is too short, calculations 
of the foregoing type are not valid. Thus, for short mean 
free paths, in order of magnitude smaller than the di- 
mension of the scattering cross section, we should have 
to do thermoelastic or phonon “viscosity” calculations. 
More precisely, we can state two conditions: 


(1) The thermal waves are coherent over several 
cycles (Nabarro’). 
(2) The thermal waves impinging on the moving dis- 


location are isotropically distributed with respect to : 


the crystal. [The stationary system (x,y,z). ] 


For an order of magnitude estimate, we would not 
consider condition (1) to be critical, whereas condition 
(2) is the important one. In metals at room temperature 
the short wave phonon mean free path is probably only 
of the order ~10). Phonon-phonon and phonon- 
electron collisions are about equally frequent. In pure 
metals the electrons have a mean free path of the order 
~ 1006. Then, because of the phonon-electron inter- 
action, we must expect that condition (2) is fairly well 
fulfilled even as high as ordinary temperatures for 
metals. For insulators our results are possibly valid 
only for quite low temperatures. 


Il. THE BORDONI PEAK 


Bordoni* first discovered an internal friction relaxa- 
tion peak in metals in the temperature region ~ 100°K 
in kilocycle experiments. Since then a number of careful 
experimental investigations resolved several peaks. 


‘P. C. Bordoni, J. Acoust. Soc. Am. 26, 495 (1954). 


JENS LOTHE 


Fic. 2. Various stages of kink ac- 
tivation according to Seeger. 


(Niblett and Wilks,’ Caswell,* Thompson and Holmes,’ 
and Paré.*) Activation energies are still quite uncertain, 
e.g., in copper the main peak has an activation energy 
in the region (0.12—0.18) ev. Mason’ suggested that the 
Bordoni peak might be interpreted as thermal activa- 
tion over the Peierls barrier. Seeger and Donth" (see 
also Seeger, Donth, and Pfaff’) worked out this idea 
by applying the theory of stochastic processes to the 
activation of dislocation lines. 

A brief outline of the Seeger-Donth theory is neces- 
sary. Consider a dislocation its Peierls 
valley, pinned at two points A and B, and consider the 
ground vibration. (Fig. 2). For small oscillator energies, 
the dislocation vibrates essentially rigidly (I). For 
higher energies, a bulge will appear, similar to a pair of 
kinks (II). When the pair of kinks reaches a separation 
derit for which they may be torn apart by the applied 
stress, the activation is considered to be complete (IIT). 


segment in 


Donth" calculates an activation energy in the region 


W.=(4.5—4.0)Wx, (12) 


depending on the applied stress. Wx is the kink energy. 
Analysis of experimental data by the Seeger-Donth 
theory yields typically 


derit = 406, 


corresponding to a kink width 206. The Peierls stress 
will typically be 


op~5X10-u. 


Frank” pointed out that kink pairs of separation 
greater than d,,i, may recombine and annihilate by dif- 
fusion, and that the Seeger-Donth theory must be 
correspondingly revised. This idea has been applied by 
Lothe and Hirth" to a creep theory to explain some 
experiments by Lytton, Shepard, and Dorn.’® 

Actually the kinks must reach a separation 


l> derittlerits 
where 
cabl..in= kT, 


* DT). H. Niblett and J. Wilks, Phil. Mag. 8, 1427 

*H. Caswell, J. Appl. Phys. 29, 1210 (1958 

7D. O. Thompson and D. K. Holmes, J 
(1959). 

Vv. E. 
published). 

®*W. P. Mason, J. Acoust. So 

0 A. Seeger, Phil. Mag. 1, 651 (1956 

1H. Donth, Z. Physik 149, 111 (1957 

12 Seeger, Donth, and Pfaff, Discussions Faraday Soc 
(1957). 

3, C. Frank (private communication 

4 J. Lothe and J. P. Hirth, Phys. Rev. 115, 543 

16 Lytton, Shepard, and Dorn, Trans. Am. Inst 
Petrol. Engrs 212 220 (1958). 


Paré, thesis, Cornell University, July, 1955 


Am. 27, 643 (1955 


23, 19 


1959). 
Mining, Met. 
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in order to be considered as effectively separated. With 
typically a~b, pb’~5 ev, kT~0.01 ev, we deduce 


(a) o~ 10, Loris = 2X 10%, 


15 
(b) o~10p, Lovie = 208. “ 


(15a) corresponds to the lowest amplitudes used in in- 
ternal friction experiments. (15b) may be typical of 
internal stresses. Higher stresses than (15b) are prob- 
ably not operative on dislocations contributing to the 
Brodoni peak as the position of the peak does not shift 
appreciably with increasing amount of cold work. As 
the kink will only move distances of the order one lat- 
tlce distance before reversing direction when diffusing, 
the diffusion treatment is expected to be appropriate 
for all values of Lerit. 

We shall assume that only a smali fraction of the 
kink pairs reaching a separation dei, separate beyond 
deritt+lerit- From the balance of nucleation and annihila- 
tion, it follows that the concentration of kink pairs of a 
separation in the region ~d,,i, is about the same as on a 
stress-free infinite dislocation line. The Bordoni relaxa- 
tion is considered to take place by diffusion out of this 
reservoir. In particular it follows that the activation 
energy of the Bordoni peak is twice the energy govern- 
ing the thermal concentration of kinks on a free dis- 
location line. : 

Define n(J)di as the number of double kinks with a 
separation between / and /+dl, per unit length of dis- 
location. Consider an assembly of N dislocation seg- 
ments each of length L>>d.it. The diffusion coefficient 
for a double kink in / space is 2D. With no external 
stress on the dislocations and the boundary condition 
n(L)=0, the time 79 needed for all dislocation segments 
to have diffused into a neighboring valley is deter- 
mined by 

n(derit) LN (2D/L)ro=N, (16) 
i.e., 
yo= 1/7. (17) 


yo=2Dno, n(derit)~mMo, 


mo is the constant value of n(J) for double kinks, 
imagined to be noninteracting, on an infinite disloca- 
tion under no stress. yo is the appropriate relaxation 
frequency of the assembly. If there are stresses o so 
great that 


cabL>>kT, (18) 


we find a relaxation frequency 


¥=7Vol/lerit: (19) 


A pure relaxation takes place only between states 
equally populated. Paré* has investigated theoretically 
the importance of internal stresses on the Bordoni peak. 
It is shown that with reasonable distribution functions 
for internal stresses and loop lengths, only those dis- 
locations which have two configurations of nearly equal 
energy, within ~k7, will contribute to the Bordoni 
peak. Thus, consider as a simple case a dislocation in 
its Peierls valley pinned at two points A and B, a dis- 


AND 


INTERNAL FRICTION 


-_ 


A 


Fic. 3. A dislocation segment AB which can bow out by forming 
two kinks. When ojabL = 2W x, Wx =kink energy, the kinked con- 
figuration has the same energy as the unkinked configuration. 


tance L apart, as shown in Fig. 3. This dislocation will 
contribute to the Bordoni peak only if it is acted upon 
by an internal stress a; so that 


o abL=2W x. 


(20) 
Combining Eqs. (19), (14), and (20), we find 


y= (2Wx/kT)yo. (21) 
Thus, our model leads to a relaxation frequency inde- 
pendent of internal stresses and loop lengths." 

Lothe and Hirth" have calculated the partition func- 
tion for a kinked dislocation and deduce the double- 
kink density function 


no=1.1 (abo P, ‘kT ) (rhe P, 24S) be awa [kT 


(22) 
Here S is the line energy 


S~ph. (23) 
So the final expression for the relaxation frequency be- 
comes, by Eqs. (17), (21), and (22). 
Y™~2D (abo p/ kT) (xbe p/2aS)*(2W x/kT)e?¥e'*?, (24) 
Since the kink energy deduced from experiment will be 
about twice as high in our model as in the Seeger-Donth 
model [see Eq. (12) |], we deduce higher Peierls barriers 
and narrower kinks. We shall use as typical values, kink 
width ~10b, op~10-p. With a~d, wb'~S5 ev, kT 
~0.01 ev, 2Wx~0.1 ev and »p~10%s~ as typical 
values, and using Eq. (11) for D, we deduce for the 
pre-exponential in the relaxation frequency the value 
~3X 10"s~', which is nicely within the range permitted 
by the uncertainties in the observed activation energies. 
As additional support for our model it may be men- 
tioned that Thompson and Holmes’ have shown that 
the background internal friction may be analyzed by 
the statistics of thermal equilibrium of activated states, 
and they deduce an activation energy about twice the 
Seeger-Donth kink energy. In our model it would 
simply be the kink energy. Indeed, independent kinks 
would obey the statistics employed by Thompson and 
Holmes, while it is difficult to see how double-kink 
configurations could. But it must be said that this in- 
terpretation is only tentative, as for it to be possible it 
must be assumed that pinning points do not hinder 


16 Precisely Eq. (20) should be replaced by the condition that 
the free energy of the two configurations in Fig. 3 be equal. Be- 
cause of the entropy contribution from the kinks, a term loga- 
rithmic in stress should be subtracted on the right-hand side of 
Eq. (20). For o; in the region (10-*— 10), this term is estimated 
to amount to a few kT, and the consequent change in the pre- 
exponential cannot be more than 50%. 
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single-kink equilibrium to be attained during the 
experiment. 

Which theory is the correct one, the Seeger-Donth 
theory or the one proposed in this paper, will depend on 
the length of the distance /.,;,, and thus on the magni- 
tude of the internal stresses. For short /.,i, it may be 
that kink pairs which diffuse back into one-anothers 
attraction and make up an oscillator, will have a higher 
probability to be reactivated, beyond J, than to 
annihilate. Further investigations are needed to settle 
this point. 


III. MEGACYCLE INTERNAL FRICTION 
Liicke and Granato’? have suggested a vibrating 
string model, corresponding to pinned dislocations. A 
damping term proportional to velocity is assumed. The 
theory has had some success in the interpretation of ex- 
perimental data. However, the only clear case of agree- 
ment is the experiment on germanium by Granato and 
Truell.'* Typical stress amplitudes in megacycle experi- 
ments are o~ 10~"y. The frequency is as a rule far below 
the resonant frequency of the loop. 
A loop of length / bows out a distance A, under a 
stress o. By the line tension argument 
A,~4Pob/rS, S~pb’. 
The potential energy of the loop at a bow-out A is 
W = (x°S/4l) A*. (26) 


Equating this to kT, we find the mean thermal 
amplitude 


Aw, w= (2/2) (URT/S)4. (27) 


During a time /=1/Q, the dislocation will bow out as 
far as 


Aw, ¢= (2/)[(URT/S) In(y/Q) }}, 


where y is the natural frequency of the loop 


(28) 


7 (b l)yp, yo~b/c. (29) 


Let us insert the typical values ub*'~5 ev, kT~0.02 
ev, 2~ 10's, yo~ 10s! and o~10~"y for the cases 
l= 10°), = 10*) and /= 10°. 


A,~ (1/100)6 
Au,w~b 
Aw, :~3b, 


A,~b 
10*04 Ath, w~3b 
A th, «~ 9b, 


(a) 1=10% 


(b) l 


[A,~ 1006 
10°54 A th, av™ 108 
|. Lene ra 308. 


(c) 1 


17 K. 
Properties of Crystals, edited by Fisher, Johnston, Thomson, and 
Vreeland, Jr. (John Wiley and Sons, Inc., New York, 1956), p. 425. 

18 A. Granato and R. Truell, J. Appl. Phys. 27, 1219 (1956). 


Liicke and A. Granato, Dislocations and Mechanical 


LOTHE 


It is seen that the validity of the Liicke-Granato treat- 
ment is obvious only in case (30c), where A,> At, w- 

With the Leibfried mobility Eq. (8) the natural 
ground frequency of a dislocation loop will be over- 
damped if 


l>10°d. 


It may then be more appropriate to consider the dis- 
location to diffuse between the limits +A,» rather 
than to vibrate. In the interval /= (10°—10*)b we may 
then attempt to replace the Liicke-Granato theory by a 
relaxation model, in which dislocation segments of 
length ~/ diffuse freely between the limits +A t, w. 
The appropriate diffusion coefficient would be D 
= (b/l)Do, where Dg is the diffusion coefficient for a 
segment one lattice spacing long, to be deduced from 
the Leibfried mobility and the Einstein relation. It 
turns out, however, that this model yields results prac- 
tically identical with the Liicke-Granato theory, with 
the same dependence on temperature, frequency and 
loop length. So it is concluded that the Liicke-Granato 
theory may be considered valid when the pinning points 
are firm. 

For the vibrating string model to be valid, it must at 
least be required that in a monatomic layer of area 
~lA tw. or LA,, whichever is greatest, no impurities are 
present. Thus, for a free loop /~10*) to be used, the 
purity must at least be 99.999 at %. 


IV. CONCLUDING REMARKS 


Kilocycle background internal friction is generaliy 
much higher than what would be expected from ex- 
trapolation of magacycle data by the Liicke-Granato 
theory. In Section III it was clearly shown that vibrat- 
ing dislocations with high probability will engage 
themselves in impurity interactions. With binding en- 
ergies between dislocations and impurities typically in 
the range (0.3-0.05) ev 
~ 10% E kT s L 


pect a great number of dislocations to take part in re- 


ind a break-away frequency 
it is realized that one must usually ex- 
laxations with a relaxation frequency in the vicinity of 
the applied frequency, both in kilocycle and megacycle 
experiments. Megacycle experiments on cold worked 
superpurity aluminum carried out in this laboratory” 
do not agree with the Liicke-Granato theory. A theory 
for the amplitude-independent internal friction resulting 
from thermal break-away from impurities and subse- 
quent recapture is urgently needed. 
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Measurements of specific heat from 3.5°K and of elastic constants from 4°K to 300°K have been made 
on single crystals of calcium fluoride. The Debye theta at 0°K, @, as calculated from the specific heat data 


is 508+5°K. Values of the elastic constants at 4.2°K are c;; =17.4, cy 


= 5.6, and ca =3.593 in units cf 10" 


dynes/cm?. 4» calculated from elastic constants is 513.6+2.5°K. The two 9's are now in good agreement and 
are significantly greater than the value calculated from previous specific heat work. 


INTRODUCTION 


pr & this laboratory in recent years measurements 
have been made on elastic constants and specific 
heats of some alkali halides at low temperatures.’* 
The simple cubic structure of these alkali halides 
appeared to make them the most suitable for com- 
parison of measured properties with predictions of 
lattice theory. In the present work we have begun a 
study of single crystals with a structure slightly 
different from the alkali halides by measuring specific 
heats and elastic constants of CaF; at low temperatures. 
At sufficiently low temperatures the temperature de- 
pendence of the specific heat is given by the familiar 7* 
law,‘ 


C,=3(464.3) (T/6o)* cal/deg mole, 


where C, is the specific heat at constant volume and 
6, the Debye characteristic temperature, is a constant 
characteristic of the substance. The factor three in the 
above expression is because there are 3N atoms per 
mole in CaF. 

The specific heat measurements and the elastic 
constant measurements complement one another as a 
comparison can be made between the values of 4 
obtained from the low-temperature specific heat meas- 
urements and the @ calculated from elastic constant 
measurements near the absolute zero. The only pre- 
vious determination of @ from elastic constants appears 
to have been derived from an extrapolation of room 
temperature measurements to give 0=510.° Specific 
heat measurements made in 1913® in the temperature 
range from 17.5°K to 80°K seemed to show a 7* law 
for the specific heat at temperatures below 40°K. This 
apparently gave confirmation to the newly published 
Debye theory‘ and indicated that the Debye theta, @p, 
had a constant value of approximately 474°K as 
indicated in Fig. 1. Thus as the preserit work began a 
difference of 36°K existed in the 0) values determined 

* Supported in part by a grant from The National Science 
Foundation. 

1C. V. Briscoe and C. F. Squire, Phys. Rev. 88, 398 (1957). 

? M. H. Norwood and C. V. Briscoe, Phys. Rev. 112, 45 (1958). 

* W. Scales, Phys. Rev. 112, 49 (1958). 

*P. Debye, Ann. Physik 39, 789 (1912). 

5M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
Oxford University Press, London, 1954), p. 48. 

*A. Eucken and F. Schwers, Verhandl. deut. physik Ges. 15, 
578 (1913). 


by the two methods. In an effort to see if the observed 
T* law extended to 0°K and to investigate the difference 
in @’s, the present measurements were made and the 
6 values computed from the data. 


EXPERIMENTAL 


All specimens used for these measurements were 
single crystals of CaF, grown from the melt by Harshaw 
Chemical Company. Specific heat measurements were 
made on a cylindrical specimen about three inches long 
and one inch in diameter, weighing about 123 grams. 
The experimental techniques used by us have been 
described in an earlier paper.’ The specific heat values 
were corrected for the Glyptal lacquer used on the 
sample and for heat produced in the electrical leads as 
described by Scales.* The combined effect of these two 
corrections produced a 0.1% change in the measured 
specific heats at the lowest temperatures and a 0.6% 
change at the highest temperatures. Although the 
Glyptal correction is about 0.5% at the lower tempera- 
tures this is almost canceled by the opposite effect 
produced by heating in the leads. 

The experimental values of the velocity of sound in 
CaF, were obtained in the same way as reported in this 
journal by Norwood and Briscoe.? The use of solid 
natural gas (mostly CH,) as a binder between the 
quartz transducer and the specimen made possible 
accurate time measurements at 4°K on the pulsed 
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Fic. 1. Debye temperature for CaF, versus temperature. The 
solid line from 0°K to 30°K is a least squares fit to the expression 
@=A+BI?+CT?. 
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ultrasonic waves. The echoes at these very low tem- 
peratures are sharp and no specimen has ever been 
damaged using this binder. The elastic constants are 
computed from the velocity of sound values and from 
the density of the crystal at each temperature by well- 
known relationships. 


RESULTS 


Specific Heat 


The measured values of the specific heat, C,, and 
the derived quantities @) with their corresponding 
temperatures taken from four separate runs are tabu- 
lated in Table I. Figure 1 displays the @p values as a 
function of temperature from the present work, along 
with the 6p values derived from the work of Eucken and 
Schwers® and the higher temperature work of Todd.’ 
There is a disagreement of from 4% to 5% in the @p 
values between the present work and the 1913 values. 
The work of Todd, however, can be smoothly joined 
to the present work by the dashed curve of Fig. 1. The 
solid line between 0°K and 30°K is a least squares fit 
of the @p values to the expression 


6=A+BT?+CT*. 


The root mean square deviation from the smoothed 
curves is 3°K which is taken to be a measure of the 
random error in the @p values. Possible systematic 


rasBe I. Measured specific heat values for CaF, with calculated 
values of @p. Between 3-8°K the specific heat is in units of 10~% 
cal/mole °K. Between 14-30°K the units are just cal/mole °K. 


I Cp ) I Cp 00 


3.617 0.513 
3.666 0.545 
707 0.560 15.01 
735 0.561 15.28 
762 0.566 15.61 
764 0.585 15.91 
785 0.603 16.07 
789 0.576 16.93 
814 0.581 17.20 
920 0.651 17.40 
050 0.717 17.56 
167 0.765 17.81 
376 0.907 18 

58 026 18 

144 18.5 
239 18 

325 18 

359 § 19 

486 19 

501 19 0.0878 501 
668 20 0.0911 501 
696 514 0.0952 499 
807 5 0.58 0.0961 502 
104 2 0.1026 503 
0.1051 504 
0.1075 501 
0.1114 500 
0.1119 501 


0.1144 
0.1357 
0.1408 
0.1683 
0.1746 
0.1879 
0.1925 
0.2020 
0.2039 
0.2079 
0.2168 
0.2108 
0.2156 
0.2287 
0.2319 
0.2502 
0.2652 
0.2585 
0.2724 
0.2783 
0.2957 
0.2978 
0.3179 
0.3135 


14.59 
14.81 


0.0333 507 
0.0343 509 
0.0371 503 
0.0390 503 
0.0411 505 
0.0438 504 
0.0439 509 
0.0513 509 
0.0542 508 
0.0555 510 
0.0576 508 
0.0603 507 
0.0603 509 
0.0643 507 
0.0635 509 
0.0681 507 
0.0694 506 
0.0732 505 
0.0776 508 
0.0825 505 
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. Todd, J. Am. Chem. Soc. 71, 4115 (1949), 
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NORWOOD 


errors are more difficult to assess. As no helium exchange 
gas is admitted into the calorimeter until all data have 
been taken, the common source of error in the helium 
temperature range caused by adsorption of helium gas 
on the sample is eliminated. We estimate the over-ail 
possible error as 5°K and report the % determined from 
specific heat measurements to be 


6o5= 508-+5°R. 


Another method of deriving 4 from the data is shown 
in Fig. 2 as C,/7* is plotted against 7*. From the 
general temperature expansion of the specific heat 

C,=aT*+6bT'+cT'+-:--, 
0 will be a number 
Chis method of displaying 
the data shows clearly the scatter of the experimental 


120] 


it is seen that the intercept at T? 
which is proport ional to A 
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Fic. 2. A graph of ( 
least squares fit to the ¢ 


points. At the lowest temperatures the scatter arises 
largely 
whereas the high-temperature scatter results primarily 
from decreased sensitivity of the resistance 
thermometer. The solid curve in Fig. 2 is a least squares 
analysis which gives a value of “a’’=1.068X10- cal/ 
mole deg‘, “b”’=7X10—" cal a 
=1X10-" cal h 
for all points calculated as 2.010 
This value of “a” 
agreement with the value from Fig. 1. 


because of the small value of the specific heat, 


carbon 


mole deg*®, and ‘< 
a standard deviation 


cal/mole deg’. 


mole deg®, wit 


gives 0)=507.2, which is in good 


Elastic Constants 


Table II shows the values of the elastic constants 
which were calculated from the longitudinal and trans- 
verse sound wave velocities in the [ 1,0,0 } direction and 
the iongitudinal velocity in [1,1,0] direction. The 
densities used are listed also in order that the velocities 





SPECIFIC HEAT AND E 
reobtained if desired. These densities were 
calculated from available data on the thermal expansion 
of calcium fluoride.** These data were extrapolated to 
0°K by using previous low-temperature specific heat 
data® and applying the Gruneisen relationship.” The 
total change in length of the specimen between room 
temperature and 4°K is about 4% and the change in 
density is about 1%. With these corrections it is felt 
that the error in the elastic constants is due almost 
entirely to the error in the time of travel. The estimated 
errors at 4°K for c11, 12, and ca, were +0.8%, +4%, 
and +0.2%. The large error in ci: is cbtained by a 
propagation of error analysis involving errors in the 
other constants since the value of c,. involves a differ- 
ence between quantities of about the same size. For this 
reason it is difficult to say whether the slight variation 
of ci. can be taken seriously in regard to maxima and 
minima. There were no maxima or minima in the velo- 
city function. 


may be 


TABLE II, Density in g/cm* and elastic constants in units of 10" 
dyne/cm? as a function of temperature (°K). 


e 


3.1795 
3.1820 
3.1864 
3.1898 
3.1931 
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3.2017 
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Table III shows a comparison of the room tempera- 
ture values with the ones shown in the references."'-™ 

One difference can be pointed out between the CaF, 
crystal and the face-centered cubic crystals of the 
alkali halides which we have studied in this laboratory.'? 
For the alkali halides the constants Cjz=C,, at about 
T=6; for CaF, it appears that these constants would 
not be equal at T=. 

The Debye theta at O°K (6) has been calculated 
from the elastic constants. Using de Launey’s tables," 
a value of 513.6°K is obtained. The method of Bett’s, 

*S. Valentiner and J. Wallot, Ann. Physik 46, 837 (1915 

°C. Pulfrich, Ann. Physik 45, 609 (1892). 

“Charles Kittel, Introduction to Solid-State Physics 
Wiley and Sons, Inc., New York, 1954), p. 154. 

“W. Voigt, Lehrbuch der Kristallphysik (B. G. 
Leipzig, 1910), p. 744 

2S. Bhagavantam, Proc. Indian Acad. Sci. A41, 78 (1955 

R. Srinivasan, Proc. Phys. Soc. (London) 72, 574 (1958). 


4 J. de Launey, J. Chem. Phys. 30, 91 (1959). 


John 


Teubner, 
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TaBLe III. Comparison of elastic constant values at room 
temperature (units of 10" dyne/cm*). 


cu 


16.4 


“$3 3.370 
164 447 338 
16.44 502 3.47 


168 48 40 


Present work 

Values-Lehrbuch der Kristallphysik 
Bhagavantam 

Srinivasan (Theoretical) 


Bhatia, and Wyman yields a value of 514.0°K. In order 
to estimate an error in 6) due to errors in the elastic 
constants, the latter method was used since a computing 
program for this already existed. All combinations of 
errors in the three constants were tried in the computa- 
tion and the extreme values of ) were 2.5°K above and 
below the value of 514.0°K. If it is assumed that the 
numerical method of de Launey is slightly more ac- 
curate and that the error due to errors in the constants 
are about the same in either case, then the best estimate 
of 4 from the elastic constants would be 513.642.5°K. 


DISCUSSION AND CONCLUSIONS 


It is now evident that the 7* law for specific heats re- 
sulting in a constant Debye theta is obeyed to an 
accuracy of 1% only below 15°K for CaF,. This more 
nearly corresponds to the rough limit for the 7? region 
observed in the alkali halides than did the former 
value 7=6)/12 indicated by earlier measurements on 
CaF». The former difference of 36°K between the 6 
values determined by the two methods has now been 
resolved by the agreement within the estimated possible 
error of the two values 


6o(elastic constants) = 513.6+2.5°K, 


6o(specific heat) 508+ 5°K. 


Although there is agreement within the combined error, 
the value derived from specific heat measurements is 
about 1% below the value derived from elastic constant 
measurements. This difference bears a noticeable re- 
semblance to such a difference observed in measure- 
ments on LiF where the specific heat measurements’ 
also yielded a slightly lower %. This trend may be 
evidence of a general, small difference between 4 values 
determined by the two methods having a possible 
theoretical explanation.” 


ACKNOWLEDGMENTS 


The authors would like to thank Professor C. F. 
Squire for his help and interest in the problem. We 
also wish to thank the Shell Development Company 
for the use of their IBM-650 computer, and one of us 
(M. H. Norwood) is especially indebted to Shell Oil 
Company for the fellowship granted to him. 


*W. Ludwig, J. Phys. Chem. Solids 4, 283 (1958). 





PHYSICAL REVIEW 


VOLUME 117 


NUMBER 3 1960 


Exchange Effects in Alkali Ozonates* 


S. A. MARSHALL AND D. O. VAN OsTENBURGT 
Physics Division, Armour Research Foundation, Chicag 
(Received August 24, 1959) 


Resonance absorption has been observed in polycrystalline samples of potass 
The absorptions are characterized by nearly free electron spin g values with lir 


to 49 oersteds 


equivaien 


Analysis of line shapes based on the Anderson-Weiss model for ex« 
t magnetic ions and calculations of line shape moment ratios based or 


strongly suggest exchange interaction narrowing. Values of exchange frequencie 
ozonate are estimated to be 6X10" rad sec™# and 3X10" rad sec™, respectively. 


N the absence of exchange interactions, which is 

the case for dilute paramagnetic salts and nuclear 
paramagnetism, the Gaussian function becomes a 
fair approximation to magnetic resonance absorption 
line shapes whose broadening is due principally to 
dipole-dipole interactions.' For such interactions, the 
mean square width of resonance absorption lines is 
given by? 


1— 3 cos’é 


AH)? =3S(S+1)g8 ¥ | - 
keL 


r 


where the transitions are between magnetic levels 
having spin quantum number S, spectroscopic splitting 
factor g, and interionic distance r;,. For the case of 
undiluted paramagnetic salts, an exchange potential of 
the form >-, JS;-S, must be added to the interaction 
Hamiltonian to account for the shapes and widths of 
resonance absorption lines. The role of this potential, 
as pointed out by Gorter and Van Vleck,’ is much the 
same as that of thermal motion and molecular collisions 
in that the rapid exchange of spins tend to diminish the 
coherence of dipole-dipole interactions. A consequence 
of this loss of coherence is the enhancement of peak 
absorption intensity of resonance absorption lines with 
an accompanying narrowing of the shape factor. A 
classic example of such narrowing is the resonance 
absorption of 1, 1-diphenyl-2-picryl hydrazl (dpph). 
Another example of exchange narrowing of resonance 
absorptions lines has been observed in potassium 
ozonate and cesium ozonate which are formed by the 
action of ozone with the corresponding water free 
alkali hydroxide.‘ The resonance absorptions of these 
two compounds are characterized by g values of 2.008 
and 2.006 and line widths of 26 and 49 oersteds for 
KO; and CsQOs, respectively. Figure 1 is a reproduction 
* This work sponsored j: 
tion and the U 
t Present 
Illinois 
' J. H. Van Vieck, Phys. Rev. 74, 1168 (1948) 
*G. E. Pake and E. M. Purcell, Phys. Rev. 74, 1184 (1948) 
+L. J. Gorter and J. H. Van Vleck, Phys. Rev. 72, 1128 (1947). 
‘Kazarnovsky, Raikhstein, and Bykova, Doklady Akad. 
Nauk. S.S.S.R. 108, 641 (1956) 


’ Kazarnovsky, Mikulsky, 
Nauk. S.S.S.R. 64, 69 (1949 
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of the absorption signal versus magnetic 
‘ 


al derivative 
field for KO; taken at 78°K. 

From x-ray powder diffraction data,® the 
distance 7;,, between neighboring O; 
determined to be 4.8 10 
into Eq. (1) and averaging the 


4 


mean 
ions in KQ; is 
> cm. Substituting this value 
factor (1—3 cos’@)? 
over all orientations to account for the polycrystalline 
sample, a line width of 380 oersteds is obtained which 
is an order of magnitude greater than the observed 
width. This lack of agreement between the observed and 
calculated absorption line widths is interpreted to be 
the result of exchange interaction 

Further 
onance absorption lines 


indication of exchange narrowing in res- 
is pro\ ided by line shape 
analysis. In the analysis due to Van Vleck,' the ratio of 
root mean fourth moment to root mean square moment 
is calculated for absorption lines broadened by dipole- 
dipole interactions. This ratio is found to lie between 
1.16 for a box-like shape and 1.32 for the Gaussian 
shape. When the potential >>, JS;-S, due to exchange 
is added to the interaction Hamiltonian, the mean 
fourth moment of the absorption is found to increase 
while the mean second moment remains unchanged so 
a net increase 
over the ratio 1.32 corresponding to dipole-dipole 
interaction broadening. In the 


that the ratio of moments experiences 
two ozonate ¢ ompounds, 
the ratio of moments have been determined to be 1.38 
and 1.35 for KO; and CsO These ratios are to be 
compared with the ratio 1.37 for undiluted dpph which 
is strongly narrowed by exchange interaction. 

In the Anderson-Weiss treatment of exchange 
narrowing,’ the physical picture underlying the diminu- 
tion of magnetic dipole effects is given in sufficient 
detail to predict absorption shape factors. The shape 
factor for an exchange narrowed absorption line given 
by this treatment is that of the Lorentz damped 
oscillator 


where wo is the frequ 


ibsorption, 


®G. S. Zhdanova a Z kov hur z. Khin 
100 (1951 

7P. W. Anderson ; kL. s, Rev ddern Ph 
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100 OERSTEDS 


Fic. 1. Absorption signal derivative vs magnetic field 
for potassium ozonate. 


the line width frequency due to dipole-dipole interaction, 
and wx is the exchange frequency which is proportional 
to the exchange integral J. Between points of half 
absorption intensity, this shape factor is predicted to 
accurately describe the exchange narrowed resonance 
absorption line. Beyond these points, however, the 
theory predicts the exchange narrowed line must drop 
off more rapidly than the Lorentz shape so as to ensure 
the convergence of the mean second moment which is 
unaffected by the exchange potential. 

By inverting Eq. (2), a linear relation is established 
between the reciprocal of the shape factor and the 
square of the frequency deviation from maximum 
absorption. Plotting S~'(w,wo) versus (w—wo)* for an 
absorption line, a direct comparison can be made with 
the Lorentz damped oscillator shape function to see 
if the line in question is exchange narrowed. Such a 
plot is shown in Fig. 2 for polycrystalline KO; and for 
dpph as a comparison. A plot for CsO; is not given since 
its behavior is almost identical to that of KOs. It will 
be noted that between maximum intensity and half 
intensity both the KO; and dpph absorptions follow 
the Lorentz damped oscillator absorption. Beyond the 
point of half intensity the absorptions drop off more 
rapidly than the Lorentz damped oscillator absorption 
but not as rapidly as the Gaussian function. This is in 
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Fic. 2. Plot of reciprocal shape factor S-'(w,we) vs (w—wo)* 
for the Gaussian shape, Lorentzian shape, dpph, and potassium 
ozonate 


complete agreement with the behavior predicted by 
the Anderson-Weiss treatment. 

Assuming exchange interactions to be operative in 
these two ozonate compounds, the values of we./w,;” 
are determined to be 2.2X10-* sec and 1.2K10~* 
sec for KO; and CsOs;, respectively. Using these 
values of w.x/w,,’, the exchange frequencies for KO, 
and CsO; are determined to be 6X10" rad sec and 
3X10" rad sec~', respectively, by making use of the 
relation 


W pp’ = 5-1 [ g78*/h PN*S(S+1), (3) 


where N is the number of ozonate ions per cubic 
centimeter. Applying the same procedure, the exchange 
frequency for dpph is estimated to be 5.610" rad 
sec which is in fair agreement with 6.4 10" rad sec 
obtained by Bruin and Bruin.* 
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The one-electron wave functions for the d band of body-centered iron are examined and 


found 


significantly different character, depending on their energy location in the band. The 
is associated with diffuse wave functions, while the top is associated with more compact 


tions 


A smooth transition from one behavior to the other occurs as the 


energy 
nergy 


stantiation to recent descriptions of transition metals which have been based on 
this is explained on the basis that a significant fraction of the d electrons in a solid 


d electrons at all 


INTRODUCTION 


HIS note describes features of the one-electron 
wave functions of angular momentum 2, ob- 
tained in the course of an energy band calculation for 
body-centered iron.! The method used for calculation 
has the advantage (for present purposes) of describing 
the wave function about the nuclei in terms of numerica! 
integrations of the conventional radial Schrédinger 
equation. Thus one may, in large part, examine the be- 
havior of the functions (whose eigenenergies define the 
energy bands) by looking at the solutions of the radial 
equation for appropriate values of the energy parameter. 
Atomic iron has a ground configuration 3d°4s* so that 
in crystalline iron the bands of interest will be those 
arising from the 3d, 4s, and perhaps 4p atomic func- 
tions. In transition metals the detailed structure of the 
3d band is of great interest for many applications; in 
particular, the one-electron wave functions and associ- 
ated one-electron charge densities as well as one elec- 
tron-energy levels are of interest. We consider here just 
what these wave functions look like and how their 
behavior changes as we move from one portion of the 
band to another. We may briefly characterize our find- 
ings as follows. 

The bottom (in energy) of the d band is characterized 
by one-electron d wave functions which are quite dif- 
fuse, being quite different from the conventional atomic 
d function, while at the top of the band we find the 
associated d wave function is quite contracted, much 
like an atomic function. As one moves upward in energy 
from the bottom to the top of the band, smooth transi- 
tion from the diffuse to the contracted nature is ob- 
served. Thus it appears that in transition metals we 
may very well have “different kinds” of d electrons 
present, and pictures of these metals based on assump- 
tions of completely localized d wave functions may 
need to be modified. 

There will be recognized a similarity to the proposals 


* This work was supported in part by the Office of Naval Re- 
search, under contract with the Massachusetts Institute of 
Technology. 

J. H. Wood, Solid-State and Molecular Theory Group, Massa 
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of Pauling? who gave a description of the transition 
metals based on the assumption that there were two d 
bands 
and the other by localized 
More recently, Lomer and Marshall’ have advanced a 
scheme for the transition metals based on the experi- 
mental results of Weiss and DeMarco‘ who find for 
some transition metals, including iron, a number of 3d 
electrons much lower than is expected from conven- 
tional band theory. Lomer and Marshall describe the 
d band as composed of localized d functions with an 
admixture of diffuse functions which they call 4c, pre- 
sumably derived from 4s and 4p (and perhaps higher) 
functions. In the present description it appears that the 
d functions themselves provide this diffuse part without 
quantities of 4s and 4p. 


one described by diffuse functions (bonding) 


intibonding) functions. 


the necessity of mixing in large 


CRYSTAL WAVE FUNCTIONS 


To expand on the previous statements, we indicate 
briefly the construction of the one-electron energy band 
functions showing radial 
Schrédinger equation enter. We used the augmented 
plane wave method (APW) of Slater‘ as developed and 
programmed by Saffren® for the Whirlwind computer. 
In this method the approximation to the self-consistent 
energy band potential is made as follows. 

Around each nucleus of the crystal is drawn a sphere 
of radius R took to be half the nearest 
neighbor distance). Inside these spheres the one-electron 
potential is taken to bea spherically symmetrical atomic- 
like potential U(r) chosen appropriate to the particular 
crystal. In the region between these sphe res the poten- 
tial is taken as a constant 
electron Schrédinger equation in 


how the solutions of the 


(which we 


One then solves the one 
this pot ntial taking 


advantage of the crystalline symmetry. The resulting 


set of one-electron energies and wave functions then 


characterize the energy bands 
21. Pauling, Phys. Rev. 54, 899 (1938 
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also N. F. Mott and K. W. H. Stevens, Phil. Mag. 2, 1364 (1957 
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5M. M. Saffren, Ph.D 
nology, 1959 (unpublished 


1y 
tte 
LC 


Massachusetts Institute of Tech- 


thesis, 





WAVE Fl 











Fic. 1. Plot of the quantity (6/r?)— U(r) where U (r) is 
that of reference 8. Atomic units 


If we pick a particular point k in the Brillouin zone 
for which the mth energy band has the value E= E,,(k), 
then the associated wave function inside the sphere 
located at the origin can be written® 


¥,(r; k,E) 
» +41 u(r; i) 


LADY YX (214-1) fk: R|)— 
u,(R; F) 


i=0 m=—i 


(l—|\m)\)! 
x P;'™' (cos6) P;'™! (cos0,;) expm(@—¢,). (1) 
(l+\m}\)! 


Outside the sphere we have 
¥n(r; k,E)=>; Ay exp(ik;-r). 


The A, are determined from a secular equation among 
the functions indexed by k;. The set {k,} is that gen- 
erated from k by adding to it the vectors of the re- 
ciprocal lattice. @ and @ are polar coordinates about the 
origin; 6; and ¢; are the polar coordinates of k,.’? The 
ui(r; £) are the solutions of the radial Schrédinger 
equation for angular momentum / and energy E = E,,(k). 


1 d du, 1(1+1) 
( )+/( . —U(n)) =m (2) 
redr dr r 


If, as in atomic self-consistent field calculations, we 
define P(r)=ru(r) then P(r) satisfies 


PP, 
=g(r)Pi(r), 
dr’ 


I(1+1) 
s(-| -u@-B| 


7 
BEHAVIOR OF WAVE FUNCTIONS 


Now it is clear that our energy band wave functions 
and energy levels will be strongly dependent on L’(r) 


* J. C. Slater, Phys. Rev. 51, 846 (1937). 

7 Such a function must, of course, have certain transformation 
properties under the operations of the group of the wave vector 
The result of this demand is that certain & and / are absent from 
the sum; also obtained are sets of relations among the A, 
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Fic. 2. Plot of energy bands £,(k) for bec iron obtained via 
APW method (reference 3) using potential of reference 8. Energy 
in Rydbergs. Labeling that of Bouckaert, Smoluchowski, and 
Wigner.’ 


inside the sphere. (This sphere, inscribed in the Wigner- 
Seitz unit cell, accounts for about 70% of the total 
volume of that cell.) Also, it is known from atomic 
calculations that P(r) for /=2 is very sensitive to the 
value of the energy parameter /; small deviations from 
the energy which defines a P(r) properly bounded at 
infinity lead to quite large deviations in P(r). 

Consider what this might lead to in the case of the 
d band of a solid. The d band is described by functions 
y,(r; k,Z) whose leading term in the expansion (1) will 
be 1=2. Now if the spread in energy (bandwidth) of 
the d band is sizeable we may expect, in analogy with 
the atomic case, considerable changes in #2(r; £) which 
describes the radial behavior of this leading term, as 
we range from the bottom to the top of the band. 

In Fig. 1 we have plotted the quantity (6/r7)— U(r) 
[see Eq. (3) ], where the U(r) is that of Manning* as 
used in the band structure calculation. This quantity 
is the effective potential energy for the determination 
of u2(r). In Fig. 2 we have plotted the band structure 
E(k) along the [111] direction in k space.* As it turns 
out, the energy corresponding to Hy, is the lowest 
energy in the d band while that corresponding to Hs’ 
is almost at the top. All energies between are allowed 
and cover a range of a little more than 6 electron volts. 
We have indicated this range of the d band on Fig. 1 
as a shaded band; the significant feature of this picture 
is that in the region beyond about 1 atomic unit any d 
band energy lies very close to the effective potential 
curve. A small change in energy can move the right 
hand classical turning point and thus the inflection 
point of P2(r) considerably [see Eq. (3) ]. In Fig. 3 we 
show the results of integrating Eq. (3) for the lowest 
and highest energies in the band, as well as several 
intermediate energies. 

These curves illustrate the greatly different char- 
acters of which we have spoken. At the bottom of the 
band we have a quite diffuse function retaining large 

*M. F. Manning, Phys. Rev. 63, 190 (1943). 


* The notation is that of Bouckaert, Smoluchowski, and Wigner, 
Phy s. Rev. 50, 58 (1936). 











Fic. 3. Plot of radial wave functions P2(r) [see Eq. (3)] for d 
band energies. Functions are not normalized. (a) E= E(H,:)=0.41 
Rydberg (bottom of d band); (b) E=0.45 Rydberg; (c) E=0.55 
Rydberg; (d) E=0.65 Rydberg; (e) E=0.75 Rydberg; (f) EZ 
= F(N;)=0.88 Rydberg (top of d band); and (g) atomic 3d func- 
tion [J. H. Wood and G. W. Pratt, Jr., Phys. Rev. 107, 995 
(1957) ]. 


amplitude right out to the sphere radius (half the 
nearest neighbor distance). At the top of the band we 
have switched over to a highly contracted functions; 
as a matter of fact, this function is more localized than 
a free atom d function (also plotted on Fig. 3). As we 
move up through the band we switch over smoothly 
from the diffuse to the contracted behavior. At an 
energy located halfway up in the band, we find the 
value of P(r) at the sphere radius to be almost precisely 
half its maximum value. 

Thus our one-electron energy band functions here 
written as sums of augmented plane waves, are going 
to describe quite different behaviors as we range across 
the d band. Now the expression (1) for the wave func- 
tion inside the sphere involves a sum over angular 
momentum /. As we mentioned previously, for some 
states certain of the / are not present because of sym- 
metry but this is not true in general—a general state 
in the d band will contain terms from all angular mo- 
menta. The question then arises as to whether the 
behavior of the other u(r; £) might not seriously 
modify our description in terms of /=2 only. This does 
not seem to be the case although there are modifications 
of a quantitative nature for some states. 


IMPORTANCE OF ANGULAR MOMENTA 
OTHER THAN TWO 

The energy band calculation carried the sum on / 
through /= 12. Our initial expectation is that if / other 
than /=2 is needed in expressing the wave function 
they will be /=0 and 1, corresponding to an admixture 
of 4s and 4p. We have looked at this admixture in the 
following way, as suggested by M. M. Saffren. 

From Eq. (1), one can form y*y giving us a one- 
electron charge density. If we integrate over angles and 
sum over the index i we are left with a charge density 





Fic. 4. Plot of C(r) [see Eq. (4 
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and if we wish we can define 


u(r; E) Pi 
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which is an analog of the P(r) for atomic functions, the 
square of which gives the radial charge density. 

We have examined C(r) for several states in the d 
band where mixing of angular rnomenta is allowed by 
symmetry. The largest mixing we have found to date 
is for the function corresponding to the representation 
P,, where pd mixing is allowed. Here the B for /=1 and 
/=2 turn out to be 1.108 and 1.131. In Fig. 4 we plot 
C(r) for this case. The curve labeled A is that in which 
both /=1 and /=2 are included in computing C(r) 
while that labeled B is that for /=2 alone. We see here 
that while there has been a substantial quantitative 
modification, qualitatively the picture is pretty much 
the same. Such has been the case for all those states so 
far examined ; the behavior of the d radial wave function 
gives a rather good qualitative picture of the “‘radial 
wave function” C(r). 

The energy band calculation was also carried out for 
fcc iron' using again the Manning potential. Here too, 
we have examined the resulting wave functions and find 
a similar situation. Thus the present results do not seem 
to depend critically on the crystal structure, and, as is 
explained later, do not appear to be a result of using 
the particular numerical potential of Manning. 


DISCUSSION 


It is clear from the previous discussion that this 
picture of d electrons in a transition metal gives some 
substantiation to the Pauling and Lomer and Marshall 
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descriptions. However, we need a good deal more in- 
formation before we can have complete confidence in 
the picture. In particular, it is obvious that one should 
investigate the behavior of ¥*y for many more values 
of k and E. Here we have restricted ourselves to k for 
which symmetry makes computation of C(r) a tractable 
job by hand. Next it would be useful to have a density 
of states function for the band structure. This will give 
information regarding the number of occupied states 
per unit energy range which together with the behavior 
of the one electron charge density can give us informa- 
tion about the total charge density. 

There is, of course, the question as to whether this 
behavior is just a peculiarity of the numerical potential 
we have chosen for the problem. We do not believe this 
is so since in addition to the band calculation mentioned 
here we have also carried out another, using a quite 
different potential, and found the same situation with 
respect to the d wave functions in spite of the fact that 
the width of the d band nearly doubled. In order to see 
if this behavior will prevail across the series of transition 
metals, we have examined the wave functions of copper 
as calculated by Chodorow.” We find that he too ob- 
tains this behavior. 

If, as appears at present, a sizeable fraction of the 
valence electrons are described by the ‘“‘spread-out” d 
functions it is evident that the potential function U’(r) 
will be somewhat modified from the predominately 
atomic character which it has usually been assumed to 
have. Suppose we construct the crystal potential out 
of the argon cores centered on each of the iron nuclei 
plus the charge densities on each site arising from the 
valence electrons." Then around any one site the 
potential may be looked upon as arising from the charge 
density located on that site plus contributions from all 
other sites (see reference 6). Now it is clear that if we 
have charge density “sticking out” to the very edges of 
the cells the contributions of the other sites will be very 
important in determining the local value of the poten- 
tial. In particular, it would seem that the expansion of 
the local potential in terms of spherical harmonics will 
include contributions from other than /=0 terms; that 
is to say we will have a crystalline field present which 
might split the d band into two portions as Pauling 
has suggested. However, preliminary estimates of the 
changes in the d levels which may be expected upon 
inclusion of /= 4 terms in the potential indicate that the 
d levels will not be modified by more than an electron 
volt. These estimates were made along the lines sug- 
gested by Leigh.” Reference to Fig. 2 shows that 
changes of this order of magnitude will not split the d 
band into two portions. 


” M. Chodorow, Ph.D. thesis, Massachusetts Institute of Tech 
nology, 1939 (unpublished ). 

“ R. H. Parmenter, Phys. Rev. 86, 552 (1952). 

2 R. S. Leigh, Proc. Phys. Soc. (London) 71, 33 (1958). 
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CONCLUSIONS 


Now it is of interest to ask what the previous con- 
siderations indicate in the light of recent experimental 
work on the transition metals. If the wave functions in 
the self-consistent field description of the transition 
metals retain the characteristics we have described, 
then we would expect experimental analyses of the 
number of atomic d electrons in these metals would 
indicate a deficiency. The whole question is just how 
sizeable is this deficiency. 

Weiss and DeMarco, in their investigations of elec- 
tron charge density in the transition series metals, see 
only about two atomic d electrons per atom in iron. On 
the other hand, Batterman reports he obtains approxi- 
mately a d* configuration. Very recently, Komura, 
Tomiie, and Nathans"® have reported an investigation 
of Fe;Al; they conclude on the basis of other evidence 
that the configuration of Fe in this alloy will not differ 
greatly frorn the configuration in the pure metal. Their 
results indicate a d® configuration, thus agreeing with 
Batterman. 

Recently, Stern’* has reported calculations of the 
energy bands and cohesive energy of bec iron by a 
modified tight binding method. He reports the indicated 
configuration is d’s. Stern also finds the sort of behavior 
we have found in the d wave functions [see his Fig. 1 
where he plots u(r)=P(r)/r] and preliminary com- 
parisons show a rather surprisingly good qualitative 
(and perhaps quantitative) agreement between the 
two calculations. 

If we accept a configuration of d’s, which seems rea- 
sonable from the energy band standpoint, then we must 
explain how it is that the x-ray experiments indicate a 
loss of one of these d’s (if we accept the results of 
Batterman and Komura ef al.) or of five d’s (if we accept 
the results of Weiss and DeMarco). 

Although, as mentioned previously, we are not in a 
position to get an accurate density of states curve, we 
have been able to construct a very rough curve from 
the values of the energy at the nineteen values of k we 
have considered. This analysis indicates that there are 
about five d electron states per atom below an energy 
of 0.7 Rydberg. Now a glance at Fig. 3 will show that 
while we may expect smaller contributions from these 
states to the form factor than if they were atomic-like, 
it is also pretty clear that they cannot give a zero con- 
tribution as would be required by the Weiss and 
DeMarco picture. On the other hand, it is not unreason- 
able to suppose that they could account for the “‘vanish- 
ing” of one d electron as required by Komura and 
Batterman. 


‘*’ Komura, Tomiie, and Nathans, Phys. Rev. Letters 3, 268 
(1959). See also Arp, Edmonds, and Petersen, Phys. Rev. Letters 
3, 212 (1959). 

“F. Stern, Phys. Rev. 116, 1399 (1959); and private com- 
munications 

‘® A complete discussion of the analysis of the x-ray and neutron 
diffraction results in iron and nickel is given by R. J. Weiss and 
\. J. Freeman, J. Phys. Chem, Solids 10, 147 (1959), 
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Thus we feel at present that the energy band de- 
scription can account for some reduction in the number 
of d electrons but it seems rather unlikely that this 
reduction can amount to more than one or two electrons. 
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A re-evaluation has been made of Van Vleck's second-order perturbation theory 


in cubic ferromagnets. In the low-temperature limit of strong correlation bet weer 


spins, the first anisotropy constant K, varies as the 10th power of the magnetizati 

analogous to a previous treatment of quadrupolar-type anisotropy in the strong-c« 
cases, the results are in agreement with the Akulov-Zener classical theory. For the dipolar case, con 
agreement is also established between the Dyson-type spin-wave analysis of Charap and iss 


Holstein-Primakoff approach 
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I. INTRODUCTION 
: | ‘HE classical theory of ferromagnetic anisotropy 
in cubic crystals was formulated by Akulov.! 
He showed that if the anisotropy energy is expanded in 
powers of the direction cosines ay, Me, 3 between the 


bulk magnetization vector and the three cubic axes, 
then the lowest nonvanishing term must be of the form 


Fy, K (aya? ALT (1) 


A rough estimate of the temperature dependence of 
K, was also given by Akulov. He considered the crystal 
to be composed of a number of small regions, and 
within each region he assumed that the magnetization 
vector makes a random small angle @ with respect to 
the average over-all direction of bulk magnetization. 
The anisotropy energy of each region is assumed to 
take the form (1). As the temperature increases the 
angle 6 between regional and average magnetization 
becomes larger and larger, and the total anisotropy 
energy drops precipitously. The reason for the very 
rapid drop is illustrated in Fig. 1. When the average 
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1N. Akulov, Z. Physik 100, 197 (1936 
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The Akulov-Zener macroscopic classical theory is 
quite general, and seems to be a correct first approxi- 
mation regardless of the type of microscopic quantum- 
mechanical source of the anisotropy. The standard 
quantum-mechanical theory has been given by Van 
Vieck.2 He has expanded the indirect anisotropic 
coupling between neighbor spins into a dipole-dipole 
term 


KX p= 


Dd >; Dif Si-Sj— 30457 (S;-2,;) (Sj-145) ], 
plus a quadrupole-quadrupole term 


Re= Ds; Ovni *(Si-04;)?(S5-04,;)". (6 
Here r,; connects nearest neighbors, and D,; and Q,; 
are coupling constants, considered temperature inde- 
pendent and acting only between nearest neighbors. 
The constant D,; is frequently called a “pseudodipolar”’ 
constant to distinguish it from the much smaller (but 
long range) normal magnetic dipole constant g’8*r,; 
In what follows we shall neglect the magnetic dipole 
forces since they are too small to lead to observed 
magnitudes of ferromagnetic anisotropy. Their long- 
range nature does, however, produce important shape- 
dependent effects, which shall be ignored. 

In the Van Vleck theory the temperature dependence 
of the macroscopic anisotropy is caused by statistical 
deviations of §; and §; from maximum alignment. 
Because he evaluated these deviations in a molecular 
field, that is, assuming complete lack of correlation in 
the alignment of neighbor spins, Van Vleck obtained 
too slow a temperature dependence of K,. It has been 
shown that if correlation is properly taken into account, 
Van Vleck’s Hq leads to the 10th-power law, Eq. (3). 
This may be demonstrated in a general way, and also 
by means of a spin-wave analysis. Pal* has independ- 
ently made a spin-wave calculation leading to an 
equivalent result. In an excellent recent review article® 
Van Vleck has exhibited a very powerful and com- 
pletely general extension of our correlation concept. 
Thus the anisotropy arising from 1g behaves according 
to the Akulov-Zener theory, and the quadrupolar- 
coupling problem is now well-understood. 

In contrast, the dipolar-coupling problem, until very 
recently, had the aspects of an involved comedy of 
errors. The temperature dependence of that part of K, 
arising from K p, as originally calculated by Van Vleck, 
varied as the second or third power of the magnetization 
In some remarks about %p which were included in the 
paper? devoted mainly to He, we compounded Van 
Vleck’s error and claimed that the spin-wave theory 
gave an even lower power of the magnetization. The 
first step in the right direction was taken by Kasuya,’ 
who showed that interactions between spin waves must 


* J. H. Van Vieck, Phys 
Keffer, Phys. Rev 
Pal, Acta. Phys 


Rev. 52, 1178 (1937) 
100, 1692 (1955) 
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Fic. 1. Cross section of energy surface of a cubic ferromagnet, 
taken in the (010) plane. The dotted curve represents the isotropic 
magnetic energy, the solid curve the isotropic plus (exaggerated ) 
anisotropic energy /;, with K, positive. According to the Akulov- 
Zener theory, the angle 9 increases with temperature, and when on 
the average it is the size shown above, the anisotropy energy will 
be negligible. However, the magnetization M, will still be appreci- 
able. (This is a low-temperature approximation. ) 


be taken into account. He obtained a 16th-power law, 
but he made an error of a factor of 2, as was discovered 
by Charap and Weiss.* The latter authors claimed an 
8th-power law until we located some terms missing in 
their analysis which just account for two extra powers. 
Thus, after all these corrections, it now appears that 
the anisotropy arising from Kp also behaves according 
to the classical Akulov-Zener theory. 

This classical temperature behavior is not entirely 
obvious. In his original paper Van Vleck pointed out 
that 3p is incapable of yielding cubic anisotropy in a 
classical approximation. This is because Hp is only 
quadratic in the direction cosines of r,;;, whereas F; is 
at least quartic in the direction cosines of the resultant 
bulk magnetization. Quantum-mechanically, however, 
because of terms nondiagonal in }~; S;*, the interaction 
Kp does give rise to cubic anisotropy. This has been 
calculated by Van Vleck by means of second-order 
perturbation theory. We discuss this calculation in 
Sec. V. 

A physical picture of the origin of dipolar-type 
anisotropy is as follows. As noted above, the energy of 
a cubic array of classical dipoles which all point in the 
same direction is independent of that direction. Quan- 
tum dipoles, however, are not rigidly aligned; the spin 
vectors can be pictured as precessing about the axis of 
quantization. Thus the energy may depend upon the 
direction that axis takes with respect to the crystal 
axes. As Tessman* has shown, the anisotropy energy 
at O°K can be expressed as a zero-point energy of 
ferromagnetic spin waves. Tessman’s results for K,(0) 
are identical to Van Vleck’s; both authors use a mo- 
lecular field approximation. By another method not 
involving this approximation \an Peype™ arrived at a 
slightly different result for K,(0), and Van Peype’s 
ground state has recently been confirmed by Charap 


and Weiss.® 


*S. H. Charap and P. R. Weiss, Phys. Rev. 116, 1372 (1959). 
J. R. Tessman, Phys. Rev. 96, 1192 (1954) 
© W. F. Van Peype, Physica 5, 465 (1938) 
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Thus the calculation of K,(0) arising from Kp is 
definitely a quantum-mechanical problem, and it is at 
first sight puzzling that the temperature dependence of 
this K,; should follow the classical Akulov-Zener theory. 
What seems to happen is that as the temperature 
increases and spin waves are excited, these spin waves 
cause the local 
magnetization to vary in direction throughout the 
ferromagnet, just as in Akulov’s model. This may be 
thought of as a variation of the axis of quantization 
with respect to which the zero-point spin-wave energy 
arises. The classical result will be correct up to temper- 


which at low 7 are of long wavelength 


atures at which the excited spin waves begin to have 
wavelengths comparable to the lattice spacing. How- 
ever, K,(7) becomes negligible before this temperature 
is reached. 

The above pi ture seems to be the inte rpretation of 
the very beautiful calculation of Charap and Weiss. 
These authors use the powerful new spin-wave tech- 
niques introduced by Dyson,'' whereas Kasuya used 
the more familiar Holstein-Primakoff' formalism. 
Elsewhere’ we have shown that the results of Dyson, 
for the exchange Hamiltonian only, can be achieved in 


3 


a simple fashion by a careful expansion of the Holstein- 
Primakoff operators. In Sec. II we extend this expansion 
to Kasuya’s calculation. The results are in complete 
agreement with Charap and Weiss. In particular, they 
have discovered that exchange interaction between spin 
waves increases the value of K; by ~15%. This is for 
individual spin quantum number $=}, the only case 
they considered. In Sec. III the interaction is calculated 
for all S; the percentage increase in K, is found to be 
proportional to 1/S. The same correction 
obtained most easily from a simple improvement of 
Van Vleck’s method, as is shown in Sec. V. It comes 
from simultaneous reversal of neighbor spins. 

It is clear that the above considerations apply to 
ferromagnetic anisotropy as measured in a static torque 
experiment or as inferred from magnetization curves. 
But anisotropy may also be measured in a ferromagnetic 
we shall call this the dynamic 
anisotropy. Several years ago we pointed out that the 
anisotropy are not necessarily 
the same. This is because the static anisotropy involves 
the zero-point energy of all the spin waves, whereas 
the dynamic anisotropy involves the energy of only the 
spin waves of very long wavelength which are excited 
by a microwave field. These spin waves, representing 
as they do a classical in-phase motion of all the spins, 
carry very little anisotropy. Indeed, the bulk of the 
static K, arises from the zero-point energy of the very 
short wavelength spin waves 
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In the above equations a,j, 8;;, yij are direction cosines 
of r;; with respect to the axes of quantization. The 
exchange integral J ,; will be taken to equal J for nearest 
neighbors, zero otherwise; and the pseudodipolar con- 
stant D,; will be taken to equal D for nearest neighbors, 
zero otherwise. 

It will prove of use to introduce 


A,y=2S 3, JI 1—exp(tk-r,) ], 
Ey=2S >» Ey exp(ik-r,), 
By, =4S >>, B, exp(ik-r,), 
‘= (2S)' os Fy exp(ik-r,), 
where r stands for r;; between nearest neighbors. 
The Holstein-Primakoff formalism will be used, 


which introduces creation and annihilation operators 
a;* and aj. 


S += (2S)'fa;; S-—=(2S)as f;; 


S#=S—a,*aj, 


f,=[1—(a,*a,/2S) }}. (13) 


As we have shown elsewhere," higher-order terms may 
correctly be taken into account (except for Dyson’s 
very small “kinematical interaction” 
waves) by the simple expansion 


between spin 


f,=1—(4S)“a,*a,4+----. (14) 


Spin waves are introduced by the following Fourier 
expansions in terms of wave vectors k within a Brillouin 
zone of the reciprocal lattice: 

a;=N ‘ x exp ( —ik: r,)dx, 
a,* = ‘ LD. exp(ik-r,)ay*, 
aya, = Ny. 


Here ny is the number of spin waves of wave vector k, 
and .\ is the total number of spins in the sample. 


A. Exchange Term 
By means of the expansion (14) the exchange can be 
written (with Co=constant): 
KRe=KeitKert::-, 
Ker=Cot+ >. Ar(mt4), 
Kee= (ANS) Soe. (K+ — kk" —k’”) 


«K (2A, k’’ —Ay—Ayrr)ay* dy * dy Oy te 


(15) 


The expression Kg: takes account of “exchange 
interaction” between spin waves, and we have shown 
elsewhere® that it leads to Dyson’s" corrections of 
order 7* to the temperature dependence of the magnet- 
ization. In Sec. III it will be shown that 3g: leads to 
the Charap-Weiss® anisotropy corrections. 


ANISOTROPY IN Cl 
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B. K° Term 
The dipolar term 5° can be written 
x,” = > Eyny, 


and with 3," similar to (15). Here we have used the 
relations valid for cubic symmetry 


Di £ij;=0; 


_— 


X= K P+K 2. + vali 


> Ex=9. (16) 


Similarly, if my is isotropic in k, 3C,° will vanish. Further- 
more, the corrections introduced by 3° are very minor. 
Thus 5° makes no significant contribution to anisotropy 
in cubic ferromagnets. 


C. H+++3-— Term 


This term, as Tessman has shown, gives rise to the 
anisotropic zero-point spin-wave energy. It also con- 
tains a small temperature dependence which was 
originally missed both by Kasuya and by Charap and 
Weiss. With the aid of the expansion (14) the term can 
be written 


at += 5, +440 ,+ + + o 


= >. By,a,ya k> 


am (17 
= —(4NS)9 > o.. ) 


5 k . k’ a k”’—k’”") By. 
K ay ay Oy Oy’, 


with 3C- 
above. 


expressed as the complex conjugate of the 


Second-order perturbation, with 3g; taken as the 
unperturbed Hamiltonian, gives rise to three important 
terms. The first is of the form 

E,=>.(g|%:*++ g)/(E,— E,)+c.c. 


where g is the ground state (no spin waves). The other 
two terms, both of order \V~, are ° 


vi\v Jy (18) 


E:=>_.(g|Ki** g)/(E,— E.)+c.c., 
Ey => (g Ke * g) (E,- E,)+c.c. 


A further term involving 3(.+*%, 
\~? and may be neglected 


v)(v| Ke 

(19) 
v) (vy Ky 
+c.c. is of order 
By use of the spin-wave 
operators the important terms can be expressed as 
follows (note that Ay=A_,) 


E,= —4 (| By|?/Ax)(me+4), (20) 
E,;=E;= (4.\ S) > B, |? Ax) > ow My. (21) 


It should be remarked that Holstein and Primakoff 
were able to diagonalize the Hamiltonian 


Ky p=KatUst+K—, 


obtaining 


Enp=CotDdx(Av?—| By|?)*(my44). (22) 


If the square-root in (22) is expanded in a Taylor series, 
the fixst two terms are our 1 ¢:+ F,. 

As noted by Charap and Weiss, Kasuya’s expression 
corresponding to £; is too small by a factor of 2. This 





KEFFER 
mistake, plus omission of /s and Es, led Kasuya to an 
incorrect 16th-power law 


D. K*++K- Term 


This term was first evaluated by Kasuya. It can be 
written 


ap i . © , 
8 ty ek k 5(k 


hk k’’)F ayay*a, Ve (23) 
with 3” expressed as the complex conjugate of the 
above. Further terms are much smaller and may be 
neglected at low 
bation yiel ls 


E, > »(g Ks 


(2N)? 3° ‘ 


few kk 


temperatures. Second-order pertur- 


v)(v|\ 5C-| g)/(E,— E,) +c.c. 
5(k’ k- k’’) Fy+F, , “Ny 

XK (Ay A,y— Ay, >, (24) 
This expression includes only terms of first order in my 
(low-temperature approximation—few spin-waves ex- 
cited). Kasuya evaluated (24) by a further assumption 
that since my involves only long wavelength spin waves 
at low temperatures, one may approximate A, ~ Ao=0. 
This gives 

E, - 1s F, , Ax)>-« (25) 

This approximation of Kasuya’s is that of a temperature 
independent perturbation denominator and is related 
to the approximation of a temperature independent 
molecular field 77” in Van Vleck’s method (see Sec. V). 


E. Total Anisotropy Energy 


Because the coupling constant D is much smaller 
than J, the entropy contribution to the dipolar free 
energy is negligible, as shown in detail by Kasuya 
This free energy is therefore 


F p= Fit Fot E3t+ Fs, 26) 


neglecting higher-order corrections considered in Se 
II]. For a rough evaluation of (26) one can approximate 
all denominators 1, by 


1.~ 28S Oy J=2Ssd 


where is the number of nearest-neighbors. This 
approximation was used by Tessman, and is equivalent 
to replacing the exchange Hamiltonian by a molecular 
field Hamiltonian 


discuss in Sec. 


In a detailed analysis, which we 
III, Charap and Weiss have shown that 
this approximation is remarkably good. The dipole 
sums are then evaluated as follows: 

Dd «| By 16S°V >°,! B, 
ON S*/4) DP Sn (l— yy"), 
2SN >. FH 
ONS/2)D? Yon yi2(1—y,?). 


Thus by use of (27) and (28) one obtains for the dipolar 


AND 


free energy 


F p= — (9NS/322J)D > al 
(29) 
As defined 
respect to the 


ibove, tl lirection cosine y, is with 


axis of quantizati It may be expressed 
as 


410 


where a), a, a@3 ar li on ysines of the axis of 
quantization, and & tion cosines of rp, 
all taken with 
invoking cubic 
(29) ‘in terms of I’, as 
sum introduced by Van Vleck 


respect to the ¢ S% ystal axes. On 


symmetry one « x s the sums in 
defined and of a lattice 


0, 3p > al 1 (a, p 
The result is 
I D Cit K,(0 I 


whert 


A () 
and C; is isotr yp 
The 


was first obtained from spin waves by 


KK, (Or 
and is 


Vleck. 


temperature inde anisotropy 
Tessman, 
\ an 


in agreement with the ear esults of 


Since the magnetization 
[M (0 M7 


‘ ) 


the result (32) may be 


Akulov 


theory 


with C 
expression, Eq. (2 us classical and quantum 


isotropi al i go rv the 


are In agreement 

As noted by Van Vleck ppears squared in 
Q,, the sign of K,(0) is independent of the sign of D. 
The sign is determined by the sign of the lattice 
Q,. Van Vleck gives the fo 
cube, body-centered cube and face-centered 


Li8D?, —16D%, —9D 


sum 
of 2, for simple 
cube, 
respectively : 


Ill. HIGHER APPROXIMATIONS 


two rather involved 


Charap and Weiss have made 
corrections to the di I 

The first 
and 
integration over k spac: I sult is that A,(0 
multiplied by the factor 


polat , 
correction removes tl pprex! 27) 
evaluates (20), (21 omplicated 


gets 


n= 1.26 72 q 36) 
for s.c., bec, and fec, respectively is seen that the 
correction is small for bec and fee. 

Similar complicated integrals were involved in Van 
Peype’s work," and 1 Weiss establish an 


Charap and 
equivalence between their result and Van 


Zé ro-point 
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Peype’s ground state. It might be mentioned that for 
the case of dipolar ferromagnetism (no exchange, only 
long range magnetic dipole forces), the evaluation of 
the zero-point anisotropy cannot be well-approximated 
by any simple expansion. Instead the expression (22) 
must be numerically integrated. It is found that a large 
anisotropy constant K, is also present.” 

The second Charap-Weiss correction is much more 
interesting and important. It comes from exchange 
interactions between spin waves and has been evaluated 
according to the Dyson formalism. It can also be 
obtained in the Holstein-Primakoff formalism by use 
of (14). The term in question appears in third-order 
perturbation : 


—  (g Hit? w) (me Hee} v)(y| Ry g) 
p : +. 
(E,—E,)(E,—E,) 
2A, k —A,y—Ay, )B, By * 
K (1+) (1+n_,) (1+ ny) (1+n_,-) 
X (Ay t+ A_x) (Ay +A x’) 
The constant-denominator approximation (27) is 
now introduced. The only part of the numerator 
contributing to zero-point anisotropy involves 
This anisotropy reduces to 


Ay’. 


Exgo= (2Sz) 'K (0) ay [n 2Sz |K,(0). (38) 


The bracketted relation comes from improving the 
constant denominator approximation by (36). 

For S=4, the only case considered by Charap and 
Weiss, our bracket [n/z] equals their v;. They then 
derive a series of corrections, corresponding to pertur- 
bations beyond (37). The final result, extended to 
general S, is to replace the bracket of (38) by a simple 
power series in [/2Sz]. When this result is added to 
Tessman’s zero-point energy, as corrected by (36), the 
anisotropy constant becomes 


[K1(0) corrected = ("N.S/162J)£Q4, (39) 
with 


E= 1+ (n/2S2)+(9/2Sz)?+--- 


(2S2/n 
(40) 
(2Sz/n) 


It is to be noted that the correction factor £ approaches 
unity for large S. In Sec. V it is shown that the factor 
~, in the constant-denominator approximation =1, 
can be obtained very easily from Van Vleck’s method. 

The above corrections have been made in the zero- 
point anisotropy only. Charap and Weiss have applied 
similar corrections to the temperature-dependent part. 
To obtain this we would have to consider terms of 
order nm, in (37) and also carry (23) out to higher order. 
The 10th-power law is not affected by these higher 


*M. H. Cohen and F. Keffer, Phys. Rev. 99, 1135 (1955 
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terms. For details the reader is referred to the Charap 
and Weiss paper. 


IV. STATIC VS DYNAMIC ANISOTROPY 


As discussed in the introduction, the dynamic 
anisotropy measured by ferromagnetic resonance should 
agree with the static anisotropy measured in a torque 
experiment. This agreement will now be derived. 
Consider the uncorrected zero-point anisotropy ob- 
tained in Sec. II. (The Charap-Weiss corrections will 
simply multiply all our results by a common factor.) 


F p(0)=C,+K, (OP. (41) 
This may be considered as a macroscopic anisotropy 
energy leading to an effective anisotropy “field” in a 
resonance experiment performed near 0°K. 

For simplicity we assume zero external static applied 
field. For a simple cubic (Q, and hence K, positive) an 
easy direction will be (001). Let @ be a small angle 
away from this axis. Then it is easy to show that 

OF p(0)/00 


2K,(0)8. (42) 


By definition, the anisotropy field 1,4 is.given by 


OF p(0)/00= M sindH 4 ~ MOH 4. (43) 


Thus 


H 4~2K,(0)/M =2K,(0)/N gS. (44) 


The resonance energy in this field will be given by 


Ex (001) = g8H ,4~2K,(0)/NS. (45) 
Now let us see if this energy is contained in the k=0 
spin wave excited by the microwaves. From (32) the 


additional spin-wave energy to be added to Ay, is 


Ey =K,(0)(10/NS)(}-P). (46) 


For the easy direction (001), !=0, and hence 


F,,(001) = Ep(001) = 2K ,(0)/NS. (47a) 
Thus the equivalence of static and dynamic anisotropy 
is established. Similarly for K, negative as in fec and 


bec, with (111) as an easy direction, one can show that 

Fy (111) = Ee (All) = —4K,(0)/NS. (47b) 
The result has been derived for simple cases with no 
applied field and near 0°K. But it is clear that there is 
a general equivalence between the spin wave and 
classical theories of dipolar-type anisotropy. 


V. VAN VLECk*’S METHOD 


Van Vleck’ expresses the unperturbed exchange 
Hamiltonian in the molecular field approximation 


He — 98H ) a Sf, (48) 


where the exchange field Hy, is taken as temperature 
independent [see the remarks below Eq. (25)]. The 
partition function is then expanded in powers of the 





dipolar perturbation.” 


>, exp(— E,/kaT)[1— (keT) 


han 
pw 5C°| ws), 
(2kpT) 
=> »(u|5Ct 
d=> > (u|H*| v)(v|K 


Here E, are eigenvaiues of (48). Since Z is given by a 
spur, any system of representation may be chosen, and 
for convenience Van Vleck picks that system in which 
each spin is separately space-quantized. Terms which 
would ordinarily have vanishing energy denominators 
in second order perturbation appear in Z in the form } 
above, that is, the degeneracy problem can be handled 
in a simple fashion if one is interested only in the 
partition function. For details the reader is referred to 
a very interesting discussion in Van Vleck’s paper.’ 
The matrix expansion (49) is equivalent to an operator 
expansion of Z which is frequently used in current 


‘(a+b+c+d) |, 


ty (| |v) (v| Kw), 
u)/(E,— E,)+c.c., 
p)/(E,— E,)+c.c. 


v) (vy) K 


papers.”! 
Let 
Z=Z (1+ e), 
then 


F=—kpT \nZ=—kpT |nZo—kpTet, 


to a first approximation. Thus the dipolar portion of 
the free energy is given by 


F p=(at+b+c+d). (50) 
where 
(51) 


(x)=Zo' >, x exp(—E,/kaT) 


is the temperature dependent statistical average of x 
in the molecular field. 

It is obvious that (a) cannot exhibit cubic anisotropy. 
The term (0) is evaluated as follows: 


(b 2keT)' + + EjEy; 
K((S,;-$;— 38457) (Sy $j —3S 4S y7)). (52) 


Pk ae 


The value of (52) depends upon the correlation assumed 
between neighbor spins. Van Vleck assumes complete 
lack of correlation, i.e., each spin is free to fluctuate in 
the molecular field without regard to the direction of 
its neighbor spin. Thus, for example 


(S.48.47— (Sy m)?— (m?). (53) 


+S; [ S?-+S—(m?)+(m) li, (54) 


is the statistical average, in the molecular 
field, of the eigenvalue of the mth power of the operator 
S,*. With this assumption, and with use of (16), Van 
Vleck finds 

(b)vv= —(2keTYON ¥ (Ex) (S2+S—(n?))? 
m)*+-8(m*)? — 16(m*)(m)?+-8(m)* ]. 


H. Van Vleck, 


where (m’ 


(55) 


* RK. Serber, Phys. Rev. 43 
J. Chem. Phys. 5, 320 (1937) 
. Goldberger and E. N 


1011 (1933); J. 


Adams, J. Chem. Phys. 20, 240 
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A quite different value is obtained for (52), however, 
with the assumption of strong correlation between 
neighbor spins. In the limit of complete correlation 
(which corresponds to the approximation of Sec. II 
that only k=O spin waves are excited) we must take 
(53) as zero. Furthermore, for neighbor spins, S,;-$,;~.S?. 
With the aid of (16), the 
yields 


correlated approximation 


a ‘ -=(. (56) 


corresponding to the results of Sec. II B. The remaining 
terms of (49) are expressed as foll 
(c)= —[(2g8H ze) > i535 > 
«(Si 
(d)= —[(g8H x) ae Were Be 
4 
Van Vleck’s evaluations ; 
(c)yv = — (2g¢8H zg) N > 
> — (m*))(m (58) 
(d)vv = — (gBH e)ON ¥ 4! Fy! 22¢m)((m?)— (my 
whereas the correlated approximation yields 


— (2¢8H; 
— (gGH ; V doa) Py |?20.S2*— (mi? 


l . i > j 2 50- 
V DU 1| Ba|?8(m 59a) 


(C)eor 


(d) cor . 


59b) 


To obtain (59) most simply one carries out the commu- 
rearranges the 
right. Sums 
taken to be 
zero, aS can most easily be seen from spin-wave con- 
siderations (these sums are in My) 

It is to be noted that (59) is quite different 
(58) for T>0. On using the relations (10) 
for the dipolar free energy 


F p= (6) cort d ' 
— (9NS*/16¢8H » 
t 4y Y °: 60) 


tation of spin operators in (57) and 
results so that S* 
containing S;~S,7S;*6,y, etc., are then 


operators are to the 


juadratic 
from 
one obtains 


D> 


~ 


The anisotropic portion ol the coefficient 
of y,‘. With the approximati 


(m*)= S*(1 61) 
where 
«=[M(0)—M 


this portion contains 
1— 2. Se 1 10¢ (62) 
in agreement with the Akulov expression (2). 


Equation (60) is to be compared to the spin-wave 
result (29). They are equivalent if 


gBH ; 


2I Sz 63) 
It is possible to improve this simple relation, at least 
insofar as it enters into 
zero-point anisotropy. 


59a), which equation gives the 


The denominator of (59a) is 
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the energy involved in reversing in succession two 
neighbor spins. From (7) the average energy to reverse 
the first spin is 


AE, =2ISs. (64) 


The average energy to reverse the second spin, in the 
presence of the reversed first spin, is 
AE,= 2) (Szs—1). (65) 
Thus in (59a) we replace 
2¢8H g= AE\+ AF, 
=2J(2Sz—1), (66) 


and now the result differs from (29) by the factor 


PHYSICAL REVIEW VOLUME 
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IN CUBIC CRYSTALS 725 
This is equivalent to the exchange-interaction correction 
of Sec. III, Eq. (40), in the constant-denominator 
approximation = 1. 

The » correction cannot be obtained easily from Van 
Vieck’s method. This is because the state with a spin 
reversed is not an eigenstate of the entire exchange 
Hamiltonian, but only of the S,*S;* portion. Therefore 
the improvement embodied in (66) replaces the mo- 
lecular-field approximation by an Ising model. The 
correct energy denominator, as exhibited by the spin- 
wave calculation, has an additional fluctuating term. 
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Time-Dependent Internal Friction in Aluminum and Magnesium Single Crystals*t 
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Magnesium and aluminum single crystals subjected to varying amounts of oscillatory strain of audio 
frequency have been investigated by measuring the strain amplitude-dependent complex dynamical 
mechanical modulus at audio frequencies as a function of temperature and time. If the amplitude of the 
applied excitation exceeds a critical breakaway strain, an excitéd mechanical state is manifested in a modifi- 
cation of the amplitude dependence of the complex modulus. Upon cessation of the excitation, the excited 
state decays. The decay following short excitation times obeys a #) law, becoming a # law as excitation ap- 


proaches saturation. The short excitation decay rate is found to be governed 


range of 7-10 kcal per mole. 


by an activation energy in the 


The time dependence is considered to be caused by the dispersal and condensation of a pinning atmosphere 
which has high diffusivity and is easily dispersed by a dislocation segment undergoing pinning interactions 


with the atmosphere 


INTRODUCTION 


HE literature relating to nonlinear mechanical 

behavior of metal single crystals has increased 
steadily ever since Read’s'~ early experiments and his 
interpretation of the amplitude dependence of internal 
friction and Young’s modulus in terms of the motion 
of dislocations. It was early recognized that amplitude 
dependent internal! friction measurements also showed 
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degree of Doctor of Philosophy at the Carnegie Institute of 
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marked time dependence.'~* At temperatures well below 
the recrystallization temperature, rapid recovery of 
internal friction occurs following deformation of metal 
single crystals (Koester effect, after Nowick’) and is 
attributed to the redistribution of dislocation lines. 

The following is a study made of a time-dependent 
phenomenon in amplitude-dependent internal friction 
and modulus measurements of aluminum and mag- 
nesium single crystals resulting from controlled oscil- 
latory deformations. 


EXPERIMENTAL TECHNIQUE 


A resonant bar technique is used to measure the 
decrement and effective Young’s modulus of 16 cm long 


‘I. H. Swift and J. E. Richardson, J. —_ Phys. 18, 417 (1947) 


* A. S. Nowick, Symposium on Plastic Deformation of Crystal 
line Solids, Office of Naval Research, 1950 (unpublished ) . 

*T. A. Read (quoted in discussion to reference 5) 

7A. S. Nowick, J. Appl. Phys. 25, 1129 (1954) 





CHAMBERS 
single crystals of aluminum and magnesium. By means 
of a telephone-type electromagnetic exciting and pick- 
up unit longitudinal fifteen kilocycle standing waves 
are induced in the bar. Force coupling between bar and 
electromagnet disks 
cemented to the end of the bar. The electromagnetic 
sysiem is calibrated piezoelec tric ally.* 


is provided by thin magnetic 


All single crystals used in these experiments were 
grown by the Bridgman method in graphite crucibles. 
Four magnesium crystals, Mg D-1 to Mg D-4, were 
donated by the Dow Chemical Company. Zone-refined 
aluminum specimens, ZR Al-1, ZR Al-2, were made 
from four nines pure aluminum samples donated by 
the Aluminum Company of America. The as received 
crystals are designated as 4-9 Al-1 and 4-9 Al-2. The 
zone-refined samples were given about 40 zone passes 
in a carbon boat by W. A. Tiller of the Westinghouse 
Residual measure- 
ments of sections of these specimens have been meas- 
ured by A. F. K p ol the 


jerkeley. These m« 


Research Laboratories resistivity 


University of California, 
urements indicate that the zone 
refining lowered the impurity level only by a factor of 
3 to 5. End sections one cm long were subjec ted to X-ray 
crystal perfection analysis by L. F. Vassamillet by 
observing the width and fine structure of the Bragg 
reflection spots using modified double crystal spec- 
trometry.’ The dislocation density deduced from these 
+x 10 


structure of the Bragg spot was noted until 


measurements was cm*. No detectable change 


in the 
temperatures exceeding 200°C were reached. Annealing 
at 300°C for 5 hours showed strong breakup of the spot 
into many small lines indicating the onset of polygoni- 
zation.” 


Fic. 1. Time effects in the measurement of decrement as a 
function of strain amplitude. Vertical lines correspond to oscil 
lation at given amplitude for 20 minutes. Full and dashed curves 
correspond to measurements made while the strain amplitude was 
decreasing or increasing, respectively. Sample 4-9 Al-2; T=60°C 

® For further details sec 
Technology thesis, 1957 

*Lambot, Vassamillet 
and 3, 150 (1955) 

L. F. Vassamillet and R 
418 (1959). 


R. H. Chambers, Carnegie Institute of 
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TIME-DEPENDENCE DATA 


It has been observed in some well-annealed metal 
single crystals that oscillation of 
excess of certain amplitude Sg, termed the breakaway 
amplitude, disturbed the mechanical state of the cry stal 
The disturbance is manifest y the 
curve of decrement an 


decreasing the amplit 


strain amplitude in 


the 


s amplitude made by 


failure of 


o reproduce the curve made 


by increasing the plitude. TI 


valued B-H \ 


experiments, ha 


type of behavior, 
analogous to multipl 


irves encountered 


in magnetic been « | the hysteresis 
effect.2"" Early in 


aluminum and magnes 


etiect in 


an nvest 

um sing! rystals, it Was noted 
that the size of the hyster eff epended upon the 
speed with which measurements w made 
larly at high strain a 


be induced if mea 


Particu 
mp! t effects could 
ompleted in 
seconds. 

Figure 1 shows an example in whi measurements” 


nued lor 


at several amplitudes wert 20 minutes 
and the resultant decreme 

quickly made for lower valu 
that there 
in which a measurement of th ent at a 


strain amplitude was mad 


implitude curve 
ude It 1S 


| 
the original plot 


seen 
s considerable cl 
given 
sec per measurement Fig 
amplitudes exceeding the amp de at which the 20 
minute “measureme! a I ae the nstantaneous 
decrement curve relatively ul inged by 
amplitude oscillatior 


iower 


Only by making m« 1 
effect oO disappear. If a 
high-amplitude measurement \ made 
however, and 


julé Kly a possible ’ 
the hysteresis 
too leisurely, 
found that the 
ould be 


evident that some sort 


hyster ( \ 


original instantaneou reproduced 


several hours later. It 


of “excited ate”’ amplitude de- 
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TIME-DEPENDENT 
pendent behavior of the crystal for amplitudes less 
than the highest amplitudes previously encountered 
was created by the oscillation and that this state was 
decaying and finally disappearing in the order of hours. 

A typical example of the reproducibility of this 
excited state is given by the behavior of an aluminum 
single crystal, which, after remaining in the apparatus 
for several months, was first measured instantaneously, 
then oscillated for 20 minutes at a maximum strain 
amplitude of 7 10~* and rested for 24 hours, measured 
instantaneously, oscillated again, etc., for a total of 
fifteen such cycles without significant changes in the 
instantaneous decrement vs amplitude curve. Further 
investigation showed that this cycle could be repro- 
duced apparently indefinitely. 

Figures 2 through 5 represent the results of a set of 
time-dependent experiments on the specimen ZR Al-1. 
The specimen was annealed in situ at 150°C for 100 
hours and brought slowly to room temperature; the 
amplitude independent or initial decrement 69 was 
4.5X10~‘, and the maximum strain amplitude at which 
the decrement becomes strongly amplitude dependent 
or the breakaway amplitude Sg is 1.5X10~°. The 
temperature was increased to 45°C, and measurements 
were made of the decrement and resonant frequency 
vs strain amplitude (Figs. 2, 3). The solid triangles 
represent data taken ‘“‘instantanesouly,”’ and the open 
triangles are points taken after the crystal was oscillated 
at S=2.5X10~° for 20 minutes, hereafter called the 
excitation period. The decrement at the 
amplitude increased, and the resonant frequency 
dropped as indicated by the arrows. At the end of the 
excitation period, measurements were taken as the 
amplitude was lowered giving the triangle points; then 
the amplitude was increased and the rest of the points 
taken. The large increase in the zero amplitude decre 
ment and frequency change as well as the slight 
depression of the decrement 
amplitude should be noted. 
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Fic. 3. Change of resonant frequency ts strain amplitude at 
45°C. Full triangles—before excitation. Open triangles 
excitation for 20 min at S=2.5X10-*. Sample ZR Al-1 
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Fic. 4. Amplitude dependent decrement vs strain amplitude at 
115°C. Full dots—before excitation. Open triangles—after ex 
citation for 20 min at S=2.5X10~*. Full square—immediately 
S=50X10-*. Sample ZR Al-1; 59=16.3 
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Figures 4 and 5 are corresponding curves taken at 
115°C. The zero amplitude decrement and frequency 
change have become larger; the excited state is evi- 
dently decaying rapidly as can be seen by comparing 
the triangle points with the measurement (designated 
by the squares) made within several seconds after 
cessation of the excitation. The depression of the 
decrement is evident. The large change in the zero 
amplitude decrement and modulus following excitation 
was characteristic of the zone-refined material. 

The following set of experiments was performed in 
an attempt to characterize more fully the nature of the 
excited state and the subsequent decaying state. The 
specimen was first annealed in the apparatus at 400°C 
for 24 hours, then slowly (~5°C/hr) cooled to room 
temperature, and finally held at the desired measuring 


temperature until no change was detected in the 


amplitude independent or zero amplitude decrement. 











i 
————— 4 


2 3 4 5 
Strom Amplitude X 10° 





Fic. 5. Change of resonant frequency vs strain amplitude at 
115°C. Full triangles—before excitation. Open triangles—after 
excitation for 20 min at S=2.510~*. Open square—immediately 
after measurement at S=5.010~*. Sample ZR AlI-1. 
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was then oscillated for a given time period at a high 
strain amplitude (S~10~°). At selected times after the 
end of the excitation period, instantaneous measure- 
ments were made tracing out the amplitude dependence 
of the decrement and modulus as the decay proceeded. 
These measurements were continued until the original 
instantaneous curve was obtained. In Fig. 6 an example 
of this type of measurement is shown. The specimen 
was 4-9 Al-1, and Fig. 6 records just three of ten curves 
made at the temperatures 29° and 60°C. Very little 
change was observed beyond 2000 minutes in the decay 
sequence. 

Figure 7 is a plot of logSé vs 1/S (Granato-Liicke"! 
plot) of part of the decay sequence taken at 60°C and 
shown in Fig. 6. It is found that the slopes A of all of 
these curves decrease monotonically, the curve taken 
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Fic. 6. Instantaneous decrement vs strain amplitude as a 
function of time. Numbers indicate time in minutes after end of 
20 min excitation period. Dots—29°C; triangles—60°C. Sample 
4-9 Al-1; S=10~° during excitation 


This treatment resulted in the lowest zero amplitude 
decrement observed in these experiments. Next, an 
instantaneous decrement and modulus vs strain ampli- 
tude curve was run. At high amplitudes where it was 
difficult to make a measurement fast enough or when 
the crystal was mistakenly oscillated for too long a 
period, measurement of the next higher point was 
delayed for several hours. Instantaneous curves taken 
this way were reproducible day after day. The crystal 
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at 2000 minutes having the largest A. Figure 8 shows 
that the quantity B/ A? (B is the intercept of the line 
with the ordinate) remained approximately constant 
during the decay sequence 


nN 


Figure 9 represents the results of another experiment 
to determine both the form of the decay law and the 
effect of different excitation periods on that law. 
Crystal 4-9 Al-2 received the same annealing im situ 


Stroin Amplitude x Decrement x io? 


as previously mentioned. Constant strain amplitude 
and temperature were maintained throughout the 
experiment. A short excitation period of two minutes 








i was first made while recording the rise in decrement and 
40 





; decrease in resonant frequency every 30 seconds. The 
(Strain Amplitude ° , ; : ig P 
decrement followed the open circles starting from the 

Fic. 7. Granato-Liicke plot of amplitude dependence as a > 
; . = zero time point indicated by a small solid circle. Fol- 
function of time after start of decay at 60°C. t;=12 min, &=15 es paces olid 


min, t;=60 min. Sample 4-9 Al-1 lowing this excitation period, measurements were made 
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Fic. 9. Decay of decrement as a function of time at 60°C 
Constant excitation amplitude. Decay measured at same ampli 
tude. Excitation time: dots—2 min; crosses—4 min; squares 
6 min; triangles—20 min. Sample 4-9 Al-2 


instantaneously at frequent intervals. The time con- 
stant of the crystal response when the decrement was 
greater than 10~* was such that rapid measurement 
could be made. The decay measurements following the 
two-minute excitation are recorded in Fig. 9 by solid 
circles. The decay was then followed until the decrement 
returned to the original value. Following the decay by 
recording the resonant frequency has been done; but 
since the decrement is of the order of 100 or 1000 times 
less sensitive to temperature changes than is the 
resonant frequency, the easiest measure to use was the 
decrement. Enough evidence has been obtained during 
fortunately stable thermal circumstances to show that 
modulus time dependence parallels that of the 
decrement. 

By extending the excitation periods to longer times 
and recording the corresponding decays, the remainder 
of Fig. 9 was obtained. In all cases the excitation curves 
tend to saturate; runs of three hours and longer show 
very little measurable rate of change in the rise of the 
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Fic. 10. Quantity P (as defined) vs time of decay. Triangles 
(upper plot excitation time 5 min, T=40°C. Sample 4-9 Al-1 
Triangles (lower plot }—excitation time 150 min, T = 40°C. Sample 
4-9 Al-1. Open dots—excitation tirne 20 min, T=30°C. Sample 
Mg D-1. Crosses—excitation time 20 min. T=30°C, Sample Mg 
D-2 
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Fic. 11. Exponent » (Eq. (1)] as a function of excitation time 
Dots—T =40°C, S=1.5X10~* (open—Sample 4-9 Al-1, full— 
Sample 4-9 Al-2). Triangles—T=30°C, S=1.5X10~* (open— 
Sample Mg D-1, full—Sample Mg D-2). 
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decrement. The reproducibility of the rise in decrement 
for longer excitation periods should be noted. 

Figure 10 is a plot of the quantity P defined as 
P = —\n(6—5)/(6:—59) vs time during the decay 
sequence. do is the initial decrement ; 4; is the maximum 
decrement reached at the end of the excitation period. 
It is seen that such a plot shows good straight lines 
indicating that the decay follows the relation 


5—bo= (6;—5p) exp(—t"). (1) 


Figure 11 indicates that the power m of the time 
dependence is a function of the length of the excitation 
period ranging from about 4 for short five-minute 
excitations to about 4 for periods extending to satu- 
ration. 

Figures 12 and 13 show that £6 in (1) is inversely 
proportional to the strain amplitude and directly 
proportional to the quantity 

(D/RT)§ 


where D=Dge@* , 


for the decay following short excitation times. The Q 
for the decay process appears to be 7 to 10 kcal/mole 











Fic. 12. Influence of strain amplitude on the time dependence 
of oon P (as defined). Isothermal decay sequence measured 
at different strain amplitudes following 10 min excitation. Relative 
strain amplitudes: Open dots—S = 15; crosses—S = 20; full dots 
S=25. Sample 4-9 Al-1 
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Fic. 13. Influence of temperature on the time dependence of 
quantity P (as defined). Decay at each temperature measured at 
same strain amplitude after having been excited for 10 min. Open 


dots—T=82°C; open triangles—7=60°C; full triangles 
T = 42° 


although this number is obtained from only four 
temperatures, three of which are included in Fig. 13. 


DISCUSSION OF DATA 


Oscillatory strain of amplitude Sz will be called the 
excitation amplitude if it is applied to a specimen for a 
time greater than the time (one to two seconds) 
necessary to make an instantaneous measurement. The 
following observations characterize the occurrence of 
time dependence noted during and following excitation. 


A. Independent of the previous annealing history 
or temperature, as long as breakaway strain amplitude, 
Spr, can be observe d, there Is no change observed in the 
instantaneous curve of either modulus or decrement vs 
strain amplitude, if the excitation strain amplitude Sz 
is less than the Sz. 

B. There is no influence of excitation on the modulus 
measured instantaneously at amplitudes greater than the 
excitation amplitude Sg. On the other hand, above Sr 
there does exist a slight depression of the decrement 
compared with the instantaneous curve measured in 
the same aplitude region before excitation. 

C. If Se is greater than Sz, the instantaneous curve 
of both decrement and modulus measured below Sz, is 
increased, the increase being larger in crystals with 
smaller impurity concentrations 

D. The ratio of amplitude de pe ndent decrement to 
the fractional change in Young’s modulus remains 
constant during excitation 

E. Excitation at very high amplitudes (the order of 
10-*) produces amplitude-dependent 
curves that resemble instantaneous curves taken at a 
higher temperature 


instantaneous 


F. There is little or no time nor amplitude depend- 
ence in freshly strained crystals. The time dependence 


begins to occur as the crystals begins to show strong 
£ ‘ t 


The 


amplitude dependence and hence a marked Sz. 


AND R 


SMOLUCHOWSKI 
return of time dependence is thus accelerated by high- 
temperature anneal. 

G. li there is no time dependence, 
hysteresis effect; and if there 
there is no time dependence 


there is no 
is no hysteresis effect, 


The decay following excitation at high amplitude is 


characterized by a sequence of Granato-Liicke plots! 
which show that 


the slope A of the straight lines in 
such plots increases monotonically with time while the 
quantity B/A* remains constant in time. Furthermore, 
the dependence of A on time during the decay following 
short excitation follows a law, approat hing a “law 
as excitation approaches saturation. Limited obser- 
vations indicate that the 


excitations is increased by 


decay rate following short 
an increase in temperature 
as if the decay rate were governed by a diffusion acti- 
vation energy in the range of 7-10 kcal per mole. 


INTERPRETATION OF DATA 


The Granato-Liicke" bre ikaway model 
interpret the time-dependent data 


is used to 
rhis model assumes 
that the dislocation network in the single crystal con- 
sists of equal length sections of dislocations pinned 
down by point type imperfections at intervals along the 
network further assumes that 
amplitude dependence of the decrement and modulus 
results from the hysteretic depinning and repinning of 
the dislocation sections as the 
amplitude exceeds the critic 

The deduces the 
between amplitude-dependent 
modulus, AM, as 
stress, 5, 


sections. Their model 


ipplied oscillating strain 
| amplitude Sz. 
model further following relation 
decrement, Aé, and 
a function of maximum resolved shear 


AM S= AbS 


where the constant A in their model is proportional to 
pinning points on the network 
function B/ A? is proportional to the 


where A is the total 


the concentration of 
sections, and the 
product AL y* 
line involved in the 


length of dislocation 
breakaway and Ly is the network 
length. The above produ t becomes equal to the fourth 
moment of the distribution of network lengths if such 
a distribution is considered to exist 


It can be easily seen that (2 may be writt 


AM (t)= Aé 


where C(¢) is the concentratior ng points on the 


ind K is a con- 


f pinning points 


dislo ‘ation network sections 
stant. If C(o) is the 
remaining immediately 
then 


concent 
after « ation of excitation, 
C(t)=C(o)+C'(t i func 


where C’ tion such that 


and 
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Then (3) becomes, 


5—59= Ad(t) = Be~KC(/5 = Be“ KCC 


Ad (t)/A6(0) =e KOS, 


where 


6, —b9= A6(0) =e FO“ 

Now C’(t)« (D/kT)'t! if the Cottrell-Bilby” strain 
aging relation is used ; this relation is valid for describing 
the diffusion of impurities into dislocation lines from a 
cylindrically symmetrical atmosphere for early stages 
of aging. On the other hand, C’{t)« (D/kT)*t' if a 
planar atmosphere is assumed.” 

The following are two hypotheses that are useful in 
explaining the above data: (1) Breakaway is necessary 
to produce the time dependence, and (2) The dis 
turbance produced by breakaway is such as to increase 
the number of long dislocation loop lengths over the 
number that should exist. in equilibrium at a given 
temperature and set of impurity parameters. The 
number of long loop lengths can be increased by either 
decreasing the number of pinning points on the line 
or by redistributing those present on the line, or both. 
It can be seen from Figs. 6 and 7 that the original 
amplitude-dependent decrement curve, and therefore 
by the Granato-Liicke model, the original distribution 
of loop lengths is recovered when the breakaway process 
is stopped. From Fig. 8 it can be seen that during 
excitation and decay the fourth moment" of the dis 
tribution is unchanged. Observations B and C follow 
from hypothesis 1 because network lengths with either 
highly bound pinning points or a high concentration of 
pinning points will not have experienced breakaway and 
thus show no change in the response to increases in strain 
amplitude while network lengths with either loosely 
bound pinning points or lower concentration of pinning 
points will have experienced breakaway and hence by 
hypothesis 2 become progressively more likely to 
undergo breakaway for lower values of strain amplitude. 

Since the pinning energies are generally only several 
times kT, it is probable that pinning is statistical in 
nature, that is, a particular pinning atom will spend its 
time jumping between the dislocation line and the 
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surrounding Cottrell atmosphere, and therefore the 
loop length distribution on each network length is 
always randomized."* Different network lengths, there- 
fore, must be considered to have different concen- 
trations of pinning points instead of different distri- 
butions of pinning points. From the above, then, the 
excitation time dependence can be considered to be 
due to the thinning of the Cottrell'® atmosphere sur- 
rounding the longest network lengths in the distribution 
of network lengths. The decay following excitation 
results from the condensation of the atmosphere by 
diffusion back to the dislocation. The occurrence of the 
t! law [see Eqs. (1) and (4) } following excitations to 
saturation is suggestive of the Cottrell-Bilby strain 
aging relation.” This in turn suggests that the excitation 
to saturation has produced a thinning of the atmosphere 
which is extensive and possesses cylindrical symmetry, 
while the occurrences of the @! law following short 
excitation indicates a planar distribution of the atmos- 
phere and subsequent diffusion of this planar atmos- 
phere back to the dislocations." 

The very low activation energy for diffusion, 7 to 10 
kcal/mole, indicates the atmosphere may be composed 
of nitrogen, hydrogen, carbon, or perhaps vacancies. 
The difficulty with the assumption of a gas atom is that 
a mobile imperfection probably produces little dilata- 
tion and, hence, will have a very small binding energy 
to a dislocation. A vacancy is in a unique position of 
being both mobile and able to produce a relatively 
strong interaction with a dislocation. It is believed, 
however, that vacancies are readily absorbed at jogs 
and thus removed from the pinning population in metals 
like aluminum and magnesium. 

From the above arguments, the cause of the time 
dependence is considered to be a pinning atmosphere 
which has high diffusivity and can be dispersed easily 
by a dislocation segment undergoing pinning inter- 
actions with its atmosphere. 
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Nuclear magnetic resonance studies on solid hydrogen (H;) of ortho concentrations from 67% to 86% 
and of solid deuterium (D2) with para concentrations of 33% and 55% are reported. The method of 
Cunningham, Chapin, and Johnston was used to produce the high concentrations ortho H, and para D, 
The temperature (7) of appearance of side peaks associated with the removal of rotational degeneracy in 
H, was found to shift to 2.18°K for 86% ortho as compared to a value of 1.6°K for the normal concentration 
Our 7) versus concentration data were found to join smoothly to the previous lower concentration work of 
Sugawara ef al. In addition an interesting hysteresis phenomenon was observed for H:. It was noted that 
the temperature of appearance of the side peaks when the H, is cooled is some 0.15°K lower than the 
temperature of their disappearance when the temperature is slowly raised. In the case of deuterium, no 


peaks were observed for either 33% or 55% para D, at temperatures down to 0.9°K. 7 


was measured 


roughly for the two concentrations. For n-D2, T,; was found to be 7.63 sec. This compares well with the 
theoretical value of 8 sec given by Moriya and Motizuki. For 55%% para-D2, a value of 3+1 sec was found 


The theory of Moriya and Motizuki gives 5 sec 


INTRODUCTION 
H,. 


VER since Hatton and Rollin' performed their 
pioneer experiments on solid hydrogen, the nuclear 
magnetic resonance (NMR) of solid Hz has been of 
considerable interest to solid-state physicists. Hatton 
and Rollin discovered the two line shape transitions 
the self-diffusion transition at 10°K and the “rotation- 
libration” transition at about 1.5°K. The former transi- 
tion at which the line broadens from less than 1 gauss 
to some 5-6 gauss, as temperature is lowered, is asso- 
ciated with the self-diffusion of the molecules through 
the lattice.‘ The transition takes place at higher 
temperatures as pressure is increased.‘ 
At the 
degeneracy of the ortho molecule in its J/=1 state is 


lower transition, the threefold rotational 


removed by the crystalline potential of interaction and 


the lowest rotational level is preferentially populated. 


As a result there is an anomaly in the specific heat®® 
which is accompanied by a change in the NMR line 
shape. The 5-gauss wide central absorption signal 
becomes small and side peaks of 40-gauss separation 
and humps 80 gauss apart appear. Reif and Purcell’ 
have given an exact quantitative explanation of the 
line shape. Tomita® gives a treatment of the transition 
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as a cooperative phenomenon. Nakamura’ investigated 
the nature of the interactions which produce the 
anomalous specific heat. Hill and Ricketson,® and Hill, 
Ricketson, and Simon® found that as the ortho concen- 
tration is decreased, the temperature of the specific heat 
maximum also decreases (see Fig. 1). The latter workers 
found that, for ortho concentrations less than 60%, 
the specific heat anomaly is no longer a sharp A-like 
peak but becomes more like that of a Schottky func- 
tion, though more complicated in nature. Sugawara™ 
and his co-workers, investigating the NMR of solid 
hydrogen with various ortho concentrations, found that 
the temperature of appearance of side peaks decreases 
with decreasing ortho concentrations and obtained 
transition temperatures very close to those found from 
specific heat measurements. However, the NMR results 
form a curve which is concave toward the temperature 
axis while those of Hill, Ricketson, and Simon have the 
opposite curvature. McCormick and Fairbank" have 
reported the effect of pressure on the temperature 7). 


D, 


Many of the magnetic resonance workers who have 
studied solid H» have also investigated solid D,.'?:7-” 
Deuterium was found to have a self-diffusion transition? 
at about 13°K, but no rotational transition was found 
in any of the investigations down to temperatures as 
low as 1.1°K. This might be expected since the con- 
centration of para-molecules, which would be the only 
ones to contribute to side peaks, is only 33%. This 
could mean that the transition occurs at a very low 
temperature, if at all. Since the ortho-deuterium also 
has a resonance, the contribution of the para-molecules 
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to the signal strength is only 3 the total intensity for 
normal D,. The theoretical separation of the side peaks 
is 75.7 kilocycles per sec or some 116 gauss.” 

T, for solid in »—D, was measured to be approxi- 
mately 5 sec by Hatton and Rollin.' The theory of 
Moriya and Motizuki" predicts a value of 8 sec. 

The present work was undertaken with a twofold 
purpose. We hoped to provide further experimental! 
information on the rotational transition of solid H, by 
extending the 7, versus concentration curve to values 
of ortho concentration greater than normal. Further, 
we felt that side peaks might then be found in D, with 
nigher pare concentrations and lower temperatures than 
previously used. The higher ortho hydrogen and para 
deuterium concentrations became feasible with the 
discovery of a technique for enrichment of these con- 
centrations by Cunningham, Chapin, and Johnston." 


EXPERIMENTAL APPARATUS AND METHODS 


The NMR spectrometer used was a Pound-Watkins'® 
type manufactured by the Nuclear Magnetics Corpora- 
tion. Frequencies of about 9 Mc/sec were used for both 
H, and D,. The magnetic field was supplied by a diesel 
generator powered electromagnet. Field instability was 
such that it was not possible to use the lock-in amplifier 
to trace derivatives. Therefore, absorption signals were 
observed visually on an oscilloscope. Usual cryogenic 
equipment made it possible to attain temperatures 
between 0.9°K and 4.2°K. Temperatures were deter- 
mined from the vapor pressure of the liquid helium 
bath and from a carbon resistance thermometer cali- 
brated against the bath. 

Both H, and Dy, gas were obtained from cylinders. 
Water vapor was removed by liquid air traps in the 
line. Oxygen in the H, was removed by a Deoxo unit. 
The equipment and procedure used to produce high 
ortho H, and para D» concentrations were essentially 
those described in reference 14 with only minor changes. 
With a one stage enriching unit, we could produce up to 
2 liters STP of 85.5% ortho H; or smaller amounts of 
higher concentration. The highest concentration ortho 
H, achieved was 91% ortho. A single run with D, 
produced an estimated 55% para Dz. 

In order to measure the hydrogen and deuterium 
ortho/para ratios we used the Pirani bridge of Grilly'® 
with small changes, the most important of which was 
the use of a bridge current of 0.65 amp for greater 
sensitivity. Our bridge was calibrated with H, of 75%, 
62.5%, 50%, and 0% ortho. The calibration of Grilly 
when normalized to one of our data points, fit the 
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Fis. 1, 7, versus concentration for solid hydrogen as determined 
by various workers. The points marked © taken on warming up 
are the temperatures of disappearance of the side peaks, while 
those marked @ were found with decreasing temperatures and 
represent the first appearance of the side peaks. The hysteresis is 
about 0.15°K. The dashed line is the Bethe-Peierls type theory 
of Tomita. 


others to better than 1%. We found that a curve of 
the form 


d=K(75—c0)/(A—o) (1) 


fit our data and that of Grilly to better than 1%. In 
this equation d is the bridge unbalance in ya, c is the 
ortho concentration in percent, and K and A are 
constants. For 0% ortho d was +43.7 ya in our case. 
Using this equation we could then calculate ¢ for 
ortho concentrations greater than normal. For 85% 
ortho, d= —8 wa. We conservatively estimate that we 
could determine the ortho concentration of a given 
sample of hydrogen to +0.5%. Our calibration for D, 
was not so accurate, perhaps no better than +5%. 
During an experimental run, hydrogen (or deuterium) 
was condensed in the rf sample chamber by cooling 
slowly until the gas condensed and then solidified. 
Since a single H, run lasted as much as 12 hours, during 
which time a conversion of as much as 14% would take 
place, it was necessary to know the ortho concentration 
as a function of time. This was easily accomplished by 
measuring the initial and final concentrations and 


determining intermediate values from the well-known 
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relation" 
dc/dt= — ke’. 

Our conversion rate during a given run was nearly 
constant at about 1% per hour. Values of & for three 
runs were 2.88 10~*, 3.08 10~-*, and 3.07 10~° all in 
units of (percent-min These values compare well 
with the result of 2.92X10~* found by Cremer and 
Polanyi’? and the theoretical value of 3.24 10~° of 
Motizuki and Nagamiya.'* As many as six or seven 
data points were taken during a single run. By knowing 
the concentration as a function of time, we then knew 
the concentration for each data point to within +0.5%. 

During a hydrogen run two quantities were of interest 
to us: the temperature of appearance of the side peaks 
upon cooling down and the temperature of their dis- 
appearance upon warming up. The procedure in each 
case was to cool or warm a few hundredths of a degree 
every few minutes until the transition was observed 
to take place on the scope. Temperatures were held 
constant at each point for as much as several minutes to 
Side peaks could be 
ascertained in this manner when their amplitude was 
less than 1/100 of the total central peak height. Meas- 
uring the ratio of the side peak height to that of the 
central peak as a function of T and extrapolation to zero 
offered a check on this method in some cases. Errors in 
determining lower transition temperatures were larger 
than those for higher 7 due to the fact that the side 
peak amplitude stayed small over a wider range of 
temperature. The above procedure was used to take 
from three to six acceptable cool-down transition points 
during each of our three successful H» runs and a total 


yroduce thermal equilibrium 
I | 


of four valid warm-up points 

In the case of Dy a search was made for side peaks 
down to lowest temperatures for the two concentrations. 
Also crude determinations of 7, were made by partially 
saturating the signal and watching it grow upon reduc- 
tion of the saturating field. 


ras.e I. 7) of solid Ho, as determined by appearance of 


side peaks as temperature is lowered 


T (°K 


x 
i) 


18+0.03 
01+0.02 
88+0.02 
06+0.01 
87+0.01 
+0.02 
66+0.02 
57+0.02 
50+0.03 
54+0.01 
0.02 
2+0.04 
+0.03 
t().05 


+ ae Ee 
ta 


ix 
i— 
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B21, 459 


Japan 


1933 


11, 93 


17 E. Cremer and M lanyi, ivsik Chen 
K. Motizuki an agamiya, | s. Soc 
(1956 


Our results for 7), the ire of appearance of 


side peaks upon cooling as a function of ortho concentra- 


tion, c, are given in temperature of 


disappearance of the si ks upon warming are 
given in Table II 

Our data, as well as those of Hill and Ricketson,® 
Hill, Ricketson, and Simon,*® and Sugawara ef al." are 
plotted in Fig. 1 our NMR results 
join smoothly to those of Sugawara 


It can be en tnat 
However, our 
large error at the low concentrations does not eliminate 
the possibility that the 7) curve determined from NMR 
may bend down toward the 
curve. 

It can be seen from our data that 


ke the specific heat 


a sizeable hysteresis 
N MR transi- 
tion temperature. The 1 rature of disappearance 
of the side peaks Is some K hig 
perature of their appearance The ex 


effect, previously unreported, exists in th 
0.15 er than the tem- 
stence of such a 
hysteresis is not surprising considering the cooperative 
nature of this transition 


No side peaks wer ry for solid D2 with para 
of and 55% at 
low as 0.9°K. These ments were of an explora- 
tory nature, however, and | be repeated, prefer 
ably with higher para ncentrations 


proved techniques such observatior 


concentrations temperatures as 


and using im- 
f the signal by 
tor and lock-in amplifier. 


made 


‘ 


means of a phase sensitive 


Rough 7, measurements were for both con 


centrations. For normal Ds, 7; was found to be 7.6+3 


sec. This compares we ll with the 
8 seconds given by Moriya and 
theory takes account of the 
modulated by the intermolecular interaction. For 55% 
3+1 se The theory of 
screpancy may possibly 


theoretical value of 
Motizuki." Their 


intramolecular interaction, 


para, we measured 7, to be 


reference 13 gives 5 sec. The 


be due to a paramagnetic impurity such as O, which 


could have been introduced in the enrichment process 


and condensed into the sample chamber when it was 


( ooled. 


DISCUSSION AND CONCLUSIONS 


Tomita’ treats the rotational! transition as a « oopera- 


treatment 
theory for alloys yields 


tive phenomenon from two viewpoints. A 
similar to the Bragg-Williar 


ase II. Ter 
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a transition temperature which is linearly dependent 
upon the ortho concentration, c. A second method corre 
sponds to the Bethe-Peierls theory for alloys. In this 
treatment Tomita considers only interactions between 
ortho-ortho pairs and assumes a uniform distribution of 
ortho-molecules through the crystal and takes into 
account the average number z of ortho-molecules on 
the twelve nearest neighbor sites. Thus z= 12c/100 in 


this theory. The theory gives for the concentration de 
pendence of the transition temperature 


(T,)(c) 
(Ty) 


0.201 


100) 0.5 In(z?-+s—0.5)—In 

This curve is concave toward the c axis at concentra- 
tions below 40%. The theory predicts no transition for 
concentrations less than 16.7% ortho. 

By normalizing the above theoretical equation to 
7,=1.60°K at c=75% ortho, we obtain the dashed 
curve in Fig. 1. We conclude that the discrepancy 
between the theory and our experimental values for 
high concentrations is marked. The discrepancy at 
c= 62% is also sizeable. 

Comparison of our data with that of Sugawara ef a/. is 
satisfactory, for the two sets of data join quite smoothly 
A comparison with the specific heat results is difficult, 
for the exact relation between the temperature of th 
specific heat maximum and the temperature of the 
appearance of the side peaks is not known. It appears 
that at higher concentrations, the side peaks do not 
appear until the temperature is below that of the 
specific heat maximum. 


SONANC I O} 


SOLID H AND Ds 

Additional work at both high and low ortho-hydrogen 
concentrations would be valuable in determining the 
exact shape of the 7, versus c curve. An extrapolation of 
our work to higher concentrations would give about 
3°K for 7, at 100% ortho-hydrogen and a similar 
smooth extrapolation to lower temperatures and con- 
centrations predicts about 1.1°K for 7, at 55% ortho- 
hydrogen. Since 55% para-deuterium 
transition at 0.9°K we must consider the following 


showed no 
possibilit ies 


(a) The extrapolation to lower concentrations may 
be in serious error 

(b) The deuterium curve of 7) versus concentration 
of para-deuterium may be considerably different from 
our Fig. 1 for hydrogen. 

c) The NMR techniques used by us in this work 
are not sensitive enough to detect the weak side peak 
signals expected for deuterium. 


We hope to continue our NMR work on solid D, 
using a 12-inch Varian Magnet, more sensitive detec- 
tion methods, and higher concentrations of para- 
deuterium. The use of a He’ cryostat will permit even 


lower temperatures to be used. 
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High-Temperature Magnetic Susceptibility of Sintered «MnSt 


Joun J. Banzwicz AND Rospert F. HEIDELBERG, Southern Methodist University, Dallas, Texas, 
AND 


Ropert Linpsay, Trinity College, Hartford, Connecticut 
(Received August 20, 1959 


The magnetic susceptibility of sintered aMnS was measured by a Faraday 
300°K to 1244°K. When the data were fitted by a least squares method to the We 
(T+ 6), using only points above 675°K, values of Cy =3.94+0.02 and @=397+6 K : 
in this range the 1/x vs T curve was very slightly inflected towards the 1/x axis so the ¢ 
considered only as establishing upper limits on the constants. It is suggested that the deviat 
the theoretical spin only value of 4.379 be interpreted in terms of a reduced ionic character 


HE magnetic susceptibility of a sintered rod of the equation to which the data were fitted, Equation (2) 
aMnS up to 550°K has previously been reported in the paper by Wojtowicz,’ was in error.** Therefore 
by these authors.' In this temperature range the data the calculated values of th nstants J//K, Cy, and @ 
did not exactly fit a Weiss-Curie law Xy=Cy/(T+96) in reference 1 are not valid 
where X= molar susceptibility. This was indicated by We have extended the susceptibility measurements 
the fact that the plot of 1/Xy vs T showed a slight con- on sintered aMnS to 1244 in an effort to locate a 
cave curvature towards the 1/X y axis. Thisdefect wasat- region where the Weiss-Curie equation Xy=Cy/(T+8@ 
tributed to the persistence of short range order above might be applicable thus enabling representative values 
the Néel point. Hence the data were fitted to the of Cy and @ to be directly obt: 
Wojtowicz application of the Ising-Bethe method, a The Faraday method was used to measure the sus- 
treatment which does take into account short range  ceptibility of two spherical samples with masses of 95.8 
ordering effects. It has been since pointed out to us that and 129.4 mg. The samples were taken from the sintered 
rod of reference 1. The force di he inhomogeneous 
TABLE I. Values of 1/X4, where X4=molar susceptibility, as field was measured with a Sartorius balance ina helium 
functions of absolute temperature 7. A diamagnetic correction of atmosphe re. The i Ota 1 four different runs 
58X10~* per mole has been applied to x. H =815 oe are shown in Tabl jamaenet ‘rrection of 
58X 10~* per mole has been 
Run A Tr 
T°K 1/xw Point ] ° hese data nave be en , 
2 the least squares method. Only point ove 675°K were 
Sample No. 1. Mass 95.8 mg jot aeoe - : : 
i used. The 675°K cutofl int was rather arbitrarily 
299 7 300 182.0 , , : 3 
303 : 496 120 0 chosen. Including data below temperature worsened 
472 2.8 720 284.0 the fit to the straight line th higt utoff tempera 
585 723 282.5 
688 8.5 841 315.0 an ; , ‘ 
796 934 337.0 averaging. The results of this treatment are shown in 
532 1023 360.0 Table II as well as the root mean sq percentage 
298 1092 377.3 Eas , 
Vii the maximum p ntage deviation 
416 208 1219 409 0 deviation and the n : viation of 
689 2 1224 412.5 the calculated values o uw from tl (perimental 
795 303.7 979 350.0 values of 1/Xy. It was evident from this analysis that 
920 33 499 228.7 . ‘a : 
006 254 2 301 5 1/Xy vs T was still slightly inflected towards the 1 Xv 
1063 373.5 axis even in the temperature r re above 1000°K 
However it is assumed that tl ilu 3.94 and 
2. Mass 129.4 mg ane ; 
@=397°K do establish uy r limits or w and @ even 
300 ? wag 
‘ though they are not necessari Xa representative 
486 ? P t 
692 76.8 of the limiting values as 7 
837 Piet The value of Cy;-=3.94 
958 ae : , 
1080 37 the theoretical value of ( 
1244 under the assumption tha 


946 ' . 
? a 
706 an S state with five u 


tures the number of data points became too few for good 


SOUS wre 


2.4 
216.5 
242.7 
273.0 
310.0 
357.0 
322 5 
100.0 


SUS 5S 


© ee ae 


= 


301 & explanation 


*P. 5. Wo 
t Assisted by grants from the Research Corporation and the ap J ve 
National Science Foundation ‘A. De 
'R. Lindsay and J. J. Banewicz, Phys. Rev. 110, 634 (1958) sj. j ~~ 
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value in this case is less than the electron spin resonance 
value of 2.00. Measurements® in the temperature range 
from the Néel point (~155°K) to 300°K indicate that 
g= 2.01, so this explanation seems unlikely. 

Another possibility is that the ionic model of Mn** 
no longer completely holds and the electronic structure 
is correspondingly affected. The electronegativity model 
of Pauling implies that the ionic character of MnS 
should be somewhat less than that of MnO, and should 
decrease further with MnSe and MnTe. Existing sus- 
ceptibility data on MnO’:* indicate values of Cy be- 
tween 4,27 and 4.37 at temperatures up to about 500°K 
The values of Cy (see Table III) found for the other 


compounds in this series are less than the MnO value, 
and, except for MnSe, decrease as the ionic character 
decreases. Hence, very crudely, the decrease in Cy is 
correlated with a decrease in the ionic character of the 
bond. It might also be noted that the experimental! 


TABLE IT. The Weiss-Curie constants Cy and @ calculated 
from data in Table I above 675°K 


Temp. range (°K) Cm 4 


688-1063 3.95 409 
720-1224 3.93 394 
675-1175 3.91 392 
692-1244 3.95 393 
CM iy) =3.94+0.02 

Om) =3974+6°K 


* dems = Root mean square 
mental points 

> max = Maximum percent deviation of fitted line from experimental 
points 


of percent deviation of fitted line from exper 


MnO bond distance is only 0.03 A less than that cal- 
culated by the addition of ionic radii, while for MnS 
and MnSe the difference increases to about 0.10 A. 

Since the covalent complexes which the Mn** ions 
form would have only one unpaired electron, the in- 
crease in covalent character seems to change the mag- 
netic properties in the right direction.’ However, the 
bonds existing between the Mn** and the negative ions 
cannot be thought of as intermediate forms resonating 
between the extreme ionic and covalent types because 
resonance is not possible between structures with differ 
ent numbers of unpaired electrons. 

*L. R. Maxwell and 7 
279 (1953) 

7 Bhatnagar, Cameron, Harboard, Kapur, King, and Prakash, 
J. Chem. Soc. (London), Part II, 1433, (1939) 

* W. D. Johnston and R. R. Heikes, J. Am. Chem. Soc. 78, 3255 
(1956 

*L. Pauling, The Nature of the Chemical Bond (Cornell Univer 
sity Press, Ithaca, 1945), Chap. III. 


R. McGuire, Revs. Modern Phys. 25 
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TABLE ITI. Approximate high-temperature Weiss-Curie 
constants for four manganese chalkogenides. 


Compound 


MnO» 
MnS 
MnSe> 
MnTe* 


* See references 7 and 8 

© A. Serres, J. phys. radium 8, 146 (1947) 

* Uchida, Kondoh, and Fukuoka, J. Phys. Soc. Japan 11, 27 (1956). 

4 The 1/x es T curve shows signs of requiring a value somewhat lower 
than this at higher temperatures 


It is perhaps of interest to point out that suscepti- 
bility measurements on dilute alloys of copper with 
manganese have indicated moments of the Mnt+ ion 
there to be less than the spin only value.” In this case 
the bonding is metallic and there are conduction elec- 
trons available from the host metal which can possibly 
go into the partially filled 3d shells of the Mn** ions, 
and suppress the moment. 

It might be possible to explain a decrease in the 
magnetic moment in terms of a theory presented by 
Zener and Heikes concerning d-shells vs d-band models." 
According to this view the electronic structure of the 
transition element chalkogenides can be represented in 
terms of both a shell model and a band model. Above 
the Néel temperature the shell model is internally con- 
sistent only if the width of the energy band AE, com- 
posed of pairs of magnetic ions T+ and T+, is less 
than twice the activation energy E; required to create 
such a pair. As the chalkogenide ion changes from O- 
to S~~ to Se~~ it becomes more polarizable, hence de- 
creasing the necessary activation energy E;. When the 
consistency condition for the shell model breaks down 
a band model becomes more appropriate. In the extreme 
case the band model is characterized by a decoupling 
of the 3d electron spins normally associated with each 
magnetic ion. On this picture MnS with its reduced 
magnetic moment per ion might represent the first 
tendency towards this decoupling. Accordingly the 
suggestion is made that an analysis of the limiting values 
of Weiss-Curie transition element 
additiona! light on the 
general problem of the electronic structure models of 


constants of the 


chalkogenides might throw 


these compounds 


” Owen, Browne, Arp, and Kip, J. Phys. Chem. Solids 2, 85 
1957). 


C. Zener and R. R. Heikes, Westinghouse Research Labora- 
tories Scientific Paper 8-0628-P9 (unpublished). 
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Fluctuations in CdS Due to Shallow Traps* 


James J. Bropuy AND RoBERT J. ROBINSON 
Physics Division, Armour Research Foundation, Chicago, [llinoi 


Received August 24, 1959 


The observed current noise of a lightly doped cadmium sulfide single crysta 
is quantitatively explained by application of the generation-recombination theoren 


The results yield a frequency factor of 10° sec"! for a discrete set of traps located 0.4 ev | 


band and 10* sec”! for traps distributed between 0.3 to 0.5 ev. When the quasi-Fern 
discrete states, the current noise spectra show a relaxation component 


recombination involving these levels 


LECTRICAL noise in single crystal cadmium tunable amplifier-voltmeter systen The observed 
sulfide has been interpreted in terms of electronic spectra at four different illumination levels shown in 
transitions between the conduction band and recombina- Fig. 1 are qualitatively similar t of Van Vliet 
tion centers plus retrapping processes.' In particular, The lower turnover frequency is yw 10 cps and there 
the high-frequency tail of the noise power density is evidence of a single tray insition for inter- 
ps. In Fig. 1 


and the conduction band. We have found that by _ the curves are labeled with position of the quasi 


spectrum arises from transitions between shallow traps mediate illumination levels at about 1300 « 


extending this analysis quantitative details about the Fermi level below the conduction band as determined 
kinetics of shallow trapping in CdS may be determined. from the de conductivity 
The current noise spectra of a lightly CuCl doped CdS According to Van Vliet 
single crystal having indium electrodes was examined  S,, at low frequencies is giver 
under uniform 5200 A illumination using a conventional 
An 


where 7 is the current, 7 the photoconductive decay 
constant, m» and (An’) are the average and variance of 
the conduction band carrier density, : V is the crystal 
volume. The total noise, (An »(Er), computed 
fron (1) varies with illuminat ntensity and is 
much greater than 


Gaussian process ; t! 


LE 


Assuming a Gaus 


C 


IN AMPERES */CY 


where /tp is the total electr oncentration in the traps 
and r is the number of tim in electron is retrapped 


RRENT, Sy 


before recombining. Equation (: la’ lerived from 
an application of the generation-recombination theorem 
taking retrapping into account trapped einem 


concentration tner 


where £, is the forbidden | 

Fermi level, / the 
energy density of 
conduction band 

Fic. 1. Current noise spectra of a CdS single crystal at four solved for r and 

5200 A illuminatior veils 1¢ quasi-Fermi level positions below probability 

the conduction band are determined from the conductivity 

A relaxation process is evident at 1300 cps for Er~0.41 ev 


* Supported by the Office of Naval Research 


K. M. Van Vliet et al., Physica 22, 723 (195¢ 





FLUCTUATIONS IN Cd 
where .\V, is the density of states in the conduction band, 
and E is the energy from the bottom of the band. 

In applying Eq. (4), F, is determined from Eq. (1 
by low-frequency noise measurements over a range of 
illumination levels. The trap density is established by 
the usual photoconductivity techniques.’ The 
trap distribution, and frequency factor, S, are plotted 
as a function of the energy depth below the conduction 
band in Fig. 2. The trap distribution is nearly exponen- 
tial but exhibits a discontinuity at about 0.42 ev 
showing a greater density at this depth. The frequency 
factor is of the expected order of magnitude and is 
markedly peaked at 0.40 ev. These two observations 


noise, 


cM */VOLT 


IN TRAPS/ 


2 





TRAP DENSITY, 





ee 
0.4 
CONDUCTION BAND, 





OEPTH BELOW 


Fic. 2. Electrical noise, trap density, and trap frequency factor of a 
CdS crystal as a function of energy below the conduction band 


2H. B. DeVore, RCA Rev. 20, 79 (1959) 


[Oo SHALLOW TRAPS 739 
suggest the presence of a discrete set of traps at about 
0.4 ev below the conduction band. The markedly 
different frequency factor and the increased density at 
this point appear to indicate these traps have a different 
origin than the others. 

When the quasi-Fermi level is in the energy region 
near these traps, they are expected to contribute to the 
fluctuations and this is the origin of the structure in 
the noise spectra of Fig. 1. The 1300 cps turnover 
frequency yields a time constant of 1.2X10~™ second, 
which is the retrapping time for these levels. Further- 
more, the retrapping time multiplied by the number of 
times retrapped (r=9, at 0.41 ev) is 1.110 second, 
which is in agreement with the conduction band life 
time, 1.2 10~* second, determined from photoconduc- 
tivity. The magnitude of the extra retrapping noise, 
shown as the dotted line in Fig. 1, is accounted for 
quantitatively by the generation recombination theorem 
using the known conduction electron density and the 
retrapping time constant. In Fig. 2 the maximum of 
S is at 0.40 ev while NV, is a maximum at 0.42 ev. 
Possibly, traps slightly below the quasi-Fermi level 
are more effective in the photoconductivity measure- 
ments yielding N;, while those slightly above are more 
important for noise; thus, a shift of the order of kT 
(0.025 ev) might be expected. 

It should be that measurements as 
interpreted by Eq. (4) thus yield the frequency factor 
of traps in thermal equilibrium with the conduction 
band and the retrapping time. In the favorable case 
where one set of traps makes a major noise contribution, 
it is possible to determine the generation rate from the 
traps and demonstrate experimentally that electrons 
few kT of the Fermi level are the most 
important. Furthermore, low-frequency noise measure- 
ments alone are capable of predicting the high-frequency 


noted noise 


within a 


noise spectra which are due to retrapping effects and 
which can be explained entirely from the generation 
recombination theorem. We are currently attempting 
to identify the physical origin of the discrete traps and 
applying these techniques to other crystals. 
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Electron-Spin Paramagnetic Resonance Studies of Metallic 
Lithium in Neutron-Irradiated LiF? 


Y. W. Kim, R. KApLan, anp P. J. Bray 
Department of Physics, Brown University, Providence, Rhode Island 


(Received August 31, 1959 


The electron-spin paramagnetic resonance absorption of conduction electrons in lithium metal in neutron 
irradiated LiF has been observed. The dependence of the electron-spin paramagnetic resonance line shape 
and width on the temperature during irradiation and subsequent thermal annealing is discussed. An upper 


bound is set on the probability for flip of the spin in a collision with the metal surface 


HE appearance of lithium metal in neutron- 

irradiated LiF has recently been established by 
both x-ray' and nuclear magnetic resonance?* (NMR) 
techniques. This communication concerns electron-spin 
paramagnetic resonance (ESPR) investigations of the 
lithium particles. A discussion is given of the ESPR line 
shape, width, and behavior under annealing, and an 
upper bound is set on the probability for flip of the 
electron spin in a collision with the particle surface. 

Single crystals of LiF were obtained from the 
Harshaw Chemical Company, Dr. Karl Korth (Kiel, 
Germany) and Optovac Company. Some of these were 
heated in air at temperatures up to 600°C for times 
ranging from one-half hour to 54 hours. The crystals 
then received thermal neutron doses of between 10'* 
nvt and 5X 10'* not at the Brookhaven Research Reactor 
facility. Irradiations were carried out at approximately 
30°C. The ESPR absorption spectra were obtained at 
room temperature with a Varian Model 4500 spec- 
trometer operating at 9.5 kMcps and about 3300 gauss. 
Samples were subsequently annealed in air at suc- 
cessively higher temperatures and cooled rapidly, and 
the effects of these treatments on their ESPR spectra 
observed. The experimental results appeared to be 
independent of the treatment of the samples prior to 
irradiation and of the choice of crystal supplier. 

A marked variation of ESPR line shape with thermal 
neutron dose was noted. Samples which received 10'* 
nvt showed Gaussian absorption lines with AH=120 
gauss. A// is taken here as the separation of the in- 
flection points of the absorption curve. The Gaussian 
lines were identical to spectra previously reported** for 
x-rayed and neutron-irradiated LiF. Integrated fluxes 
greater than 10'* mvt produced a new form of para- 
magnetic center which gave rise to Lorentzian ESPR 
absorption lines. The widths of the latter decreased 
with increasing integrated flux, from 68 gauss for 10" 
nvl, to 52 gauss for 10'* mvt. At least five samples were 
examined for each of these doses. The scatter among 
the values of AH of samples which received a given 

t Research supported by the U. S. Atomic Energy Commission 

1M. Lambert and A. Guinier, Comp. rend. Acad. Sci. U.R.S.S 
246, 1678 (1958) 

? Ring, O’Keefe, and Bray, Phys 

* Ring, O’Keefe, and Bray, Phys. Rev. Letters 2, 64 (1959) 

‘Kim, Kaplan, and Bray, Bull. Am. Phys. Soc. 3, 178 (1959). 

* Kim, Kaplan, and Bray, Bull. Am. Phys. Soc. 4, 261 (1959) 


Rev. Letters 1, 453 (1958) 


dose was of the order of one gauss. Samples which 
received 5X10! nvt showed symmetric resonances with 
AH between 52 and 78 gauss on which were super- 
imposed sharp Lorentzian lines of width in the range 
one to five gauss (1 ig. 1). Additional measurements 
were made on a crystal of LiF that received 5X 10"* 
nvt at a temperature between 50 and 75°C and was 
found to be polycrystalline after irradiation. NMR 
studies* indicated the presence of lithium metal in this 
sample. Grains selected randomly from the polycrystal- 
line form displayed Lorentzian ESPR lines having 
values of AH in the range 25 to 0.4 gauss 
Measurements of the ESPR absorption 
showed a consistent grow 
increasing neutron dose. For the resonanc: 
in Fig. 1, the estimated spin concentrat 
to the wide line was about 10°°/ ce 
line, 10'7/cc. Measurements of the 
lines yielded, for the Gaussian shapes, 2.0027+0.0004, 
and for the Lorentzian shapes 0023+0.0004. The 
g factors were isotropic within experimental error. 
Two general modes of behavior of the 
crystals under thermal annealing 
All samples irradiated at approximately 30°C could be 
decolored at sufficiently high temperatures. In 
group, samples whose ESPR line widths were initially 
greater than about 20 gauss showed a continual loss of 
resonance intensity with increasing temperature, with 


intensity 
h of spin concentration wit 
illustrated 
ion contributing 
and for the narrow 
g values of the ESPR 


il 
*} 
) 


irradiated 
were distinguished. 


this 


a marked acceleration of the loss rate in the vicinity of 
320°C. However, absorption lines AH initially 
between about and 20 gauss showed, in 
addition to their decreasing i 
increases in AH when the temperature 
about 320°C. In contrast to tl 
some of the grains of the polycryst 

could not be temperatures as high as 
700°C. These grains showed ESPR lines with values of 
AH between 0.6 and 1.4 gauss. Annealing at successively 
higher temperatures caused 


with 
one gauss 
intensities, pronoun ed 
was raised to 
is behavior was that of 


dex ok red 


s to peak and 
narrow in a manner such as he intensity ap- 
proximately constant. In a typical case, an absorption 
line initially 0.95 gauss wide room temperature was 


narrowed to about 0.1 gauss after annealing at 560°C, 


The absorption intensity decreased by no more than a 


factor of two during this treatment 
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RESONANCE STUDIES 

Theoretical® and experimental’ studies have shown 
that lithium metal yields a Lorentzian ESPR absorption 
line with an isotropic g value equal to that of the free 
electron, if the dimensions of the metal are less than 
the skin depth of the exciting radio frequency field 
Other possible sources of the Lorentzian lines observed 
in the present experiment have been considered, and 
it has been concluded that the paramagnetic centers 
consist of lithium metal of dimensions small compared 
to one micron, the skin depth for 9.5 kMcps radiation 
in the metal. 

The structure of the metallic phase in the lattice 
appears to change with increasing neutron dose in a 
manner which tends to narrow the absorption line. In 
crystals irradiated at approximately room temperature, 
thermal annealing reverses this process, yielding lines 
of width several times the initial values. The observed 
“critical” temperature of 320°C compares closely with 
the position of the major thermoluminescence peak in 
neutron-irradiated LiF containing primarily F-type 
centers.* It would appear that thermal annealing of F 
centers and of the metallic phase observed in this 
experiment proceed via similar processes. The thermal 
stability of the coloring in some of the polycrystalline 
grains may be due to excess lithium resulting from loss 
of fluorine during the relatively high temperature ir- 
radiation. The large proportion of molecular fluorine 
in these samples,?* of the order of 1% of. the total 
halogen content, adds support to this hypothesis. 

The data are as yet insufficient for a detailed dis- 
cussion of the structure of the lithium metal in the 
lattice, and of the mechanism which dominates the 
relaxation of the electron spins in the metal. If the 
lithium atoms coagulate without the inclusion of an 
appreciable number of impurities, surface relaxation®’ 
will predominate. The narrowing of the absorption lines 
during annealing might then reflect a growth of the 
meta! particles. The particle size was not known in this 
experiment, but an upper limit of one micron may be 


¢] Dyson, Phys. Rev. 98, 349 (1955). 
7G. Feher and F. Kip, Phys. Rev. 98, 337 (1955) 
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Fig. 1. ESPR spectra of Li metal in neutron-irradiated LIF 
(5 10'*not). (a) An overall spectrum consisting of a 78 gauss wide 
symmetric resonance and a 1.5 gauss wide Lorentzian resonance 
(b) The Lorentzian part in a slower scanning. For comparison with 

a), the signal-to-noise ratio of this curve must be multiplied by 16. 


set by skin depth considerations. A simple calculation® 
then yields, for lines of width 0.1 gauss, the value 
110-* as an upper limit on ¢, the probability for spin 
flip in a collision of an electron with the metal-lattice 


interface. If the relaxation mechanism is impurity- 
determined, ¢ must be even less than 1X 10~°. 

The present results, which are consistent with the 
earlier NMR studies** and recent investigations” of 
ultraviolet-irradiated LiH, indicate a useful technique 
for obtaining finely dispersed particles of extremely pure 
alkali metal. Both NMR and ESPR techniques are 


other neutron-irradiated alkali 


halides and related compounds. 


being extended to 


* Reference 6, Eqs. (107) and (108) 
” Doyle, Ingram, and Smith, Phys. Rev. Letters 2, 497 (1959). 
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Hartree-Fock calculations have been carried out for the Mn* 


ion in Cubic heids produced by sets ol 


octahedrally placed point charges. The two types of cubic 3d electrons were allowed to have different radia! 


dependence 


The relaxation of the constraint of having a single 3d radial function led to effec 


ts which were 


small but which the writer believes should be included in any detailed treatment of a paramagnetic ion in a 


crystalline field 


I. INTRODUCTION 


TTEMPTS at parameterizing experimental optical 

absorption data have been met with a great deal of 
success. A number of different sets of parameters have 
been used. One that has been frequently used when 
studying data for iron series (Sc to Cu) ions in cubic 
fields is F?(3d,3d), F*(3d,3d), and D,. The F*(37,3d)’s are 
Slater two-electron integrals and D, measures the inter- 
action between the ion and the crystalline field. There 
are several important assumptions behind this choice of 
parameters. First, it is assumed that the iron series ion 
described as a Hartree-Fock wave function. 
Secondly, that for any state of the ion, there is a com- 
mon one-electron radial function for all the electrons in 


can be 


any given shell and lastly, that all the ion states have 
a common one-electron radial function for each shell. 
Work has been done in trying to make theoretical pre- 
dictions of the parameters and the results have been 
poor. It has often been the case that the cruder efforts 
have led to the best results. 

This paper is primarily concerned with the prediction 
of D,’s but let us first consider F?(3d,3d) and F4(3d,3d) 
and in particular turn to F*(3d,3d)’s for free iron series 
atoms and ions. The F*(3d,3d)’s appear as parameters 
in the multiplet spectra if the assumptions of the last 
paragraph are made. Much work has been done in 
fitting parameters to the experimental multiplet spectra. 
This work has been only mildly successful. Difficulties 
frequently occur when attempting to predict the energy 
difference different total atomic 
spin (S). For example,’ the (3d)* configuration has 
sextet, quartet and doublet states and several of the 
doublets are violently out of position for any choice 
of the F*(3d,3d)’s which give reasonable positions for 
the other 


between states of 


states. We should note that occasionally 
there have been difficulties in parameterizing optical 
resonance has involved tran 
It has been 


to spin dependent 


absorption data when the 
sitions between states of differing S. 


thought that this 


gen 


erally was due 


* The research reported ir 
by the Office of Naval Research, at 
Navy, and Air Force under contract 
of Technology 
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ries Hartree-Fock Calculations, Tech 
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D,’s. The free ion fits suggest that 
sible causes for this. 

The writer’? has done a 
calculations for the iron 
resultant F*(3d,3d)’s mort 
multiplet spectra than are observed. In other words, 
the calculated F*(3d,3d)’s are larger than the ‘“‘experi- 
mental” F*(3d,3d)’ Accurate the 
observed free ion spectra require the handling of the 
“correlation” 


there are other pos- 


Hartree-Fock 
The 


S] JAC ed 


number of 
series atoms and ions 


predict widely 


predictions of 


problem and the abandonment of the 


one-electron function, one radial function per shell, 
Hartree-Fock description of an ion. This implies that 
the 3 


of as exact F*(3d,3d 


“experimental” F*(3d,3d)’s should not be thought 


Due to the absence of 
Hartree 
functions which 
Hartree-Fock func- 
Hartree F*(3d,3d)’s are smaller 
and in better agreement with the “experimental” 
F*(3d,3d)’s. One might thin that the smaller 
F*(3d,3d)’s give us a re 
than Hartree-Fock w 
agree with this for he dislikes technique of using a 
cruder formalism for 


nte grals 


the exchange interaction between electrons, 


calculations yield one-electron wave 


are expanded in comparison with 


tions. As a result, the 


ng Hartree rather 
Che writer does not 


which errors happen to cancel 
will set extended 


and, as we nature of 


Hartree functions 


shortly. the 
trouble 


in give when one computes 
D,’s. In contrast with a Hartree solution, a treatment 
of the 


use of configuration 


“correlation” proble m (lor ¢ xample through the 


nteract I Ww I] lead to an elec 


tronic charge density whic 
with a Hartree 


contracted in comparison 
-Fock charge density 


Let us now consider the problem 


of predicting D, 
values for the optical absorption of iron series ions. To 
do this we | | 


field 


need a 3d one electron radia funct onanda 


With these 


cubic 


where t#34(r)/r is the rad 3d wave function 
(Ysa) and V4(r of the cubic field 
on the distance (7) from the iron ser on 
like to obtain the 3d function by a self- 
calculation for the 
No such 


*R.E 


gives tl 
One would 
onsistent field 
1 appropriate potential 
calculatior fact 


xisted and in until 


Watsor 
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recently,’ no truly self-consistent Hartree-Fock calcu- 
lation kas existed for a free, unclosed 3d shell, iron 
series ion. As a result, workers have used Hartree or 
even cruder functions. The V,4(r)’s which have been 
used have generally been even more crudely based. To 
illustrate this, let us consider the case of an iron series 
ion surrounded by an octahedral array of six nearest 
neighbor negatively charged ions. Such a situation 
occurs on the insertion of an iron series ion into an ionic 
NaCl structure crystal. The simplest model for the 
crystalline field is one where the nearest neighbor ions 
are treated as point charges and the rest of the crystal 
is neglected. The resultant V,(r) is illustrated in Fig. 1 
for neighboring ion charges of —1 and — 2. A somewhat 
realistic environment 
point charges are replaced by the free 
densities. This would give a V,4(r) of the form also 
illustrated in Fig. 1. This V4(r) has some interesting 
features. As one from the iron series ion 
is small and positive and then it 
becomes large and negative in the region of the nearest 


more would be one where the 


1on charge 


moves out 


(the origin), V,(r 


neighbor ions. This is easily understood, for we can 
draw a sphere about a nearest neighbor ion such that 
the total charge inside the sphere is zero. Outside of the 
sphere the ion’s charge appears to be negative 
hence V,4(r) is positive for a negatively charged electron 
and inside the sphere the ion appears to be positively 
charged [ with V,(r) negative ]. This means that there 
is a region where the integrand of Eq. (1) contributes 
positively to D, and another region where a negative 
contribution is made. This can cause difficulties as 
Kleiner’s* work shows. Kleiner used a similar V4(r) in a 
crystalline field calculation for chrome alum. Six H,O 
molecules form an octagon about a Cr*** ion in this 
substance. A 3d function from a Hartree calculation by 
Mooney® for Cr** was used and a negative D, was 
obtained. This is the wrong sign. The author’s more 
recent H-F calculations'? for Cr+* (the ion for which 
= +2)) v: 
+1)| Va. 
(0) f are replaced by \ Wey 
lWyz whi 


—1)] 
lWee Whi 


Vsa(me 
Waa(mye 
Wsa(my 
Waalme 
ly 


’ 


y? 


if 


(ms= —2)) 
the 
the 3d shell is spherical and will not interact with 
As a result, a Hartree-Fock calculation for the 
ion in a cubic crystalline field would yield the free ion 
results. In the calculations to be described, the two 
types of cubic 3d functions, the 2*—y* and 


If the 3d radial functions are constrained to be 
same, 
Valr 


32? — 2 


* The first truly self-consistent Hartree-Fock calculation for a 
nonclosed 3d shell atom or ion was published by B. H. Worsley, 
Proc. Roy. Soc. (London) A247, 390 (1958). Since then, there has 
been work by D. F. Mayers [to be published in Proc. Roy. Soc 
London) ] and the author.'? 

‘W.H. Kleiner, J. Chem. Phys. 20, 1784 

> RL. Mooney, Phys Rev 557 (1939 
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Mooney made his calculation) and Cr*** (the ion in 
chrome alum) yield 3d functions which are more 
contracted than Mooney’s function. Either of the 
author’s 3d functions would yield a positive D, when 
integrated with Kleiner’s V4(r). A calculation with the 
cruder point charge V,(r) would have, of necessity, 
yielded a positive D,. Kleiner’s experience is illustrative 
of the problems connected with a calculation for a D,. 
It is clear that the choice of 3d func tions and V,(r)’s 
is critical. This matter has not been extensively ex- 
plored due to the computational difficulties associated 
with the work. The purpose of this paper is to investi- 
gate the choice of 3d functions with particular emphasis 
on the question of whether or not it is reasonable to 
restrict the 3d electrons to a single radial function. The 
choice of V,(r)’s will not be investigated. The writer 
has attempted to gain insight into these matters with 
Hartree-Fock calculations for the Mnt* 
ion in a cubic field due to a set of six octahedrally 
placed point charges. Point charge V4(r)’s were used 
because they could be handled with existing Hartree- 
Fock procedure computer programs. The “strong field” 
approximation was used (i.e., the individual 3d one- 
electron functions have cubic symmetry) and the two 
of cubic 3d allowed different 
radial functions. The point charges were placed at a 
of 3.971 a.u. (the MgO nearest neighbor 
from the Mn** and calculations were 
done for charges of —1 and —2 at each charge site. 
Mn** 1 its half filled 3d shell, is a rather special 
case. As a free ion its ground state is (3d)° ®§ which has 
a spherical charge distribution. When all the radial 
functions of any given shell are the same and when 


a series of 


types functions were 
distance 
distance) ion 


, witl 


M s=S=}$, 
the Hartree-Fock ion wave function is a single determi- 
nant with all 3d functions of one spin included. The 
determinant remains 


are put into their cubi: 


a °S state if the five 3d functions 


form, 1.€ 


h equals 2-4[aa(mye 
QO) 


+2)+Wsa(mye 
ich equals Wsa(me 

Wvsa(me 
TWaalmy 
WWaalme 


2)—wWsalme 
1)—Waalme 
1)+wWsal(mye 


equals 


2 
2 
) 


equals 


henceforth denoted 
and 


x’—y*) on one hand and xy, yz; 


zx (henceforth denoted on the other, are 
illowed to have different radial functions. They will 
different radial functions since they interact 


differently with a V «( 


ry 


have 
r). Once the radial functions are 
not the same, the single determinant ceases to be a “S 
state 

The point charge version of V,4(r) was chosen of 
necessity but I believe that it will serve very well for 
my purposes 


D 


A survey of the signs of experimental 


’s tells us that it is the inner positive region of V4(r) 
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which is most important and this region will be quite 
well described by a point charge V4(r) (perhaps with a 
charge between —1 and —2 for a doubly negative 
nearest neighbor ion). The purpose of this work is to 
explore the behavior of 3d functions when solved for 
in cubic fields. The author is more interested in ob- 
serving this behavior than in duplicating an experi- 
mental D, thus an “accurate” V4(r) is unnecessary. 
Comparison will be made between the results for 
different V4(r)’s and not with experiment. 


Il. CALCULATIONS 


The calculations done on the Whirlwind 
computer with the Roothaan procedure® as modified 
by Nesbet.’ This is an analytic Hartree-Fock method 
and it produces one-electron radial wave functions 
(u;(r)’s) which are linear combinations of normalized 


were 


basis functions (n,’s), i.e. 
u,(r) > 5 Cum, (2) 


and in our case, 


nj=Nprrie?i’. (3) 


I have used the set of »,’s which was used in my free 
Mn** *S Hartree-Fock calculation.'* They are 


j ny 3, NV; 
for the construction 
of s functions 26.0651 


22.7184 


266.14547 
2840.6235 
512.69885 
1616.7403 
231.15000 
48.206424 


10.5661 
6.0612 


1 
2 
2 11.4540 
3 
3 
3 3.8730 


for the construction 
of p functions 16.0787 
9.5095 
8.7370 
4.9595 
3.0743 


1197.0068 
322.00567 
831.20281 
114.54373 

21.480808 
for the construction 


of d functions 1 2.0235 4.9693541 
! : 3.9754 52.816745 
1 : 7.4822 483.10479 
1 


13.4624 3774.5700 


An octahedral array of six point charges produces a 
spherical [Vo(r) ] and a cubic [V4(r) ] potential. Vo(r) 
interacts with the s, p, and d functions while V,4(r) 
interacts with only the d functions. Vo(r) is constant 
in the region inside of the point charges and falls off 
as 1/r outside. The writer carried out Hartree-Fock 
calculations with Vo(r) included in the Hartree-Fock 
equations. It had almost no effect on the results as one 
would expect since only a small part of the Mn** 
electronic charge is outside of the region where Vo(r) 
is constant. Vo(r) is neglected in the calculations which 
will be reported. Let us consider the V,4(r) contribution 


*C. C. J. Roothaan, Revs. Modern Phys. 23, 69 (1951) 

7R. K. Nesbet, Proc. Roy. Soc. (London) A230, 312 (1955); 
Quarterly Progress Reports 15, 16, and 18, January, 1955, 
April, 1955, and October, 1955, Solid-State and Molecular Theory 
Group, Massachusetts Institute of Technology (unpublished), 
pp. 10, 38, 41, and 4, respectively. 
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and define 


x 


"4(1, 7) f u,(r)u;(r) V4(r)dr, 


Va(r)=r'/r.> for r<ro, 


where 


ro'/r5 for r>7o, 


where ro is the nearest neighbor distance (3.971 a.u. in 
these calculations). The crystalline field splitting is 
normally defined as 10D, and if the two types of 3d 
functions have the same radial dependence, 10D,, for 
the point charge V,(r), is 


10D, = +54{{7+ (70)" 1/21} V4(3d,3d). (6) 


4 is the magnitude of a single point charge or 1 and 2 
in these calculations. The “‘crystalline field splitting” 
must be redefined for the case of two different 3d radial 
functions. This requires an investigation of the contri- 
butions V4(r) makes to the 3d one-electron energies. 
The contribution to the xy one-electron energy is 


—2a{[ 7+ (70)! ]/21} V4 (xy,xy), 


and for the x°— y* function it 1 


+ 33{( 7+ (70)9]/21) V4(x2—y?, 2—y (8 
It should be noted that the magnitude of each contri- 
bution is proportional to the degeneracy of the other 
type of function. The 10D, is normally defined as the 
change in the crystalline field contribution to the ion’s 
total energy when an xy function is replaced by an 
x*—y function and when each type of one-electron 
function has the same radial dependence for both the 
initial and the final ionic state. In other words, 10D, is 
simply Eq. (8) minus Eq. (7). This yields Eq. (6) if 
V*(xy,xy) equals V*(x*—y*, 22—y*) and if the integrals 
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are not equal, one obtains 


10D,= {7+ (70)*)/21}[2V4(xy, xy) 
+3V4(x2—y?, x2—y?)]. 


This expression wil! be used below. 

The Hartree-Fock equations for the 3d functions 
appear in Appendix I. They are rather different than 
the free Mn** 3d Hartree-Fock equations despite the 
fact that they become the free ion equations when 
V4(r) is removed and u,,(r) equals u,*_,*(r). Except for 
the contributions from two rather than one type of 3d 
function, the Hartree-Fock equations for the other 
occupied shells are identical with the free ion ones and 
will not be reported by the author. 


(9) 


Ill. RESULTS 


The combining coefficients (C;;), which define the 
final u;(r)’s in terms of the basis set, are to be found in 


TABLE I. Combining coefficients (C;;) 


+0.92029428 
+0.09863379 
—0.00313726 
+0.00225118 
—0.00055350 
+0.00011878 


—0.27738741 
—0.16713964 
+0.76012694 
+-0.38685587 
+0.02478087 
—0.00143917 


+0.10216923 
+0.05842931 
—0.27459472 
—0.32927989 
+-0.39384716 
+-0.79950612 


+-0.15937739 
+0.84954106 
+0.00512492 
+-0.01961790 
—0.00422519 


—0.04780407 
—0.33758535 
—0.01405616 
+-0.63249462 
+0.49397930 


Mn** in cubic 
field with 


a=1 


+-0.92029500 
+-0.09863225 
—0.00313536 
+0.00224963 
—0.00055296 
+0.00011861 


—0.27738803 
—0.16714428 
+0.76014226 
+-0.38684234 
+0.02478395 
—0.00144142 


+0.10217357 
+-0.05842772 
—0.27459093 
—0.32933381 
+0.39396989 
+0.79942190 


+-0.15938378 
+0.84952920 
+0.00513839 
+0.01960454 
—0.00422027 


—0.04781460 
—0.33758470 
—0.01409630 
+-0.63265198 
+-0.49384790 


i=-¥ 


+0.44792419 
+0.55374026 
+-0.13477286 
+-0.00633154 


+0.42604735 
+0.57452833 
+0.13236102 
+0.00737900 


+0.46290931 
+0.53928142 
+0. 13652402 
+-0.00559107 


Mn** in cubic 
field with 


j=2 


+-0.92029333 
+-0.09863773 

-0.00314522 
+0.00225925 
—0.00055769 
+0.00012049 


—0.27738782 
—0.16714516 
+-0.76014292 
+-0.38684394 
+-0.02478226 

0.00144357 


+-0.10218396 
+0.05841713 
~0.27455994 
— 0.329487 26 
+-0.39426818 
+0.79922133 


+0.15937851 
+0.84954172 
+0.00512818 
+-0.01960767 
—0.00422369 


—0.04783557 
—0.33758282 
—0.01418821 
+-0.63298088 
+0.49357649 


+0.40519961 
+0.59402656 
+0.13015887 
+0.00834895 


+0.47822797 
+0.52433174 
+-0.13837197 
+-0.0048 1742 


CUBIC FIELDS 

















to 


Fic. 2. 3d radial wave functions as a function of r for the 
Hartree-Fock caiculation for Mn** in the —2 charge V,(r) 
potential 


Table I. The C,,’s for the author’s free Mn** ®S calcu- 
lation appear there along with those for calculations 
with 4 equal to 1 and 2. The u,*_,*(r) and u,,(r) for the 
é=2 calculation are graphed in Fig. 2. Table II lists 
a number of one- and two-electron integrals. The 
K(i)’s are the one-electron kinetic plus nuclear potential 
energy integrals. V‘(3d,3d) contributions are not 
included in the K(3d)’s. All the two-electron F*(i,7) 
and G*(i,7j) integrals that contribute to the ion’s total 
energy are included in the table. Inspection of the table 
shows that the F*(xy,xy)’s and F*(x*—y’, 2*°—y*) differ 
with each other by about ten percent and the V‘(3d,3d)’s 
show a twenty percent difference for the 4=2 calcu- 
lations. The differences are approximately half as great 
for the 4=1 calculation. 

The total energies of the ions will be found in Table 
III. The energies have been tabulated both with and 
without the contributions from the cubic fields. We 
should note that the V*(3d,3d) contributions to the total 
energies would equal zero if the two types of 3d radial 
functions were constrained to be the same. Lack of 
common radial functions leads to total energy contri- 
butions of ~—370 cm™ (0.0034 ry) for the 46=1 
calculation and ~—2180 cm (0.0199 ry) for 3=2. 
Another feature of interest is the fact that the free ion 
total energy is stable for rather substantial variations 
of the 3d electrons. 

If we use Eq. (9) and calculate 10D, for the 6=1 
solution, we would obtain 


10D,= 4275 cm (10) 


and for the 4=2 solution, 


10D,= 8412 cm™ for a 4=2 field, 


‘ (11) 
or 4206 cm for a =1 field. 


Note the rather good agreement when 10D, is computed 
for the same field. 





746 WATSON 


TABLE IT. One- and two-electron integrals all integrais PaBe III 
are in Hartree units (1 a.u.=2 ry 
2298.2098 rydbergs 
One-electron kinetic Mn** in cubic Mn** in cubic 
os ole “Id } ] 
+nuclear potential field with held with 
I +> . itn Colt 2798 7 
energy integrals* Free Mr j=! j=2 I \ ‘ i ] 2298 .2093 
¥ j f 2298.2203 
K (1s) = 312.3568 2.3568 312.3568 2] ++ y no cubic field 22982004 
K (2s) 76.34235 76.34245 76.34249 
K (3s) 9.24340 29.24393 29.24516 
K (2p) 75.66955 1566961 75.66963 
K(3p) = 17 44747 44840 27.45030 
Kix? 2) >? 95467 23.18053 23.38148 : ‘ 
Key) : »? 95467 2.79803 22 64472 the 4=2 solutions we obtain 


2298.2127 


Cubic potential 10D, = 2 5{[7+ (70)! 1/21) V4(et—y, 2 —y*) 
integral q a 
V4(x? —y ) +0.005093 004783 ~ 7680 cm 
V4(xy,xy +0.005669 +0.005918 
and 

T wo-electron 
integral 
F(1s,15 
FAs, 
F*(is, 
F°(2s,2s) = - 222584 222 222598 
F%(2s = +-1.370124 { 370247 


) +15 
2s) 
ts) 
2s) 
$s) 
F(3s,3s) +1.045595 045625 045692 
2s) = 
3s) 
$s) 


17457 5.27455 27457 10D,=2X5{| 7+ (70 


+-4.527865 2 7 527881 
1.525485 525647 ~ 9500 cm 


. —— 
GIs, 4120717 4120749 4120748 IV. CONCLUSIONS 
Gits 0514755 +0.0514795 0514885 
Fetze 20) : vanes? tol camer” If one wishes to calculate a 10D, to a numerical 
2(2p,2p) 4 7 7 + 7 ) +1.7 > = ‘ : 
F°(2p,2p) 689427 689435 +3.689441 accuracy of 100 to 400 cm, one should obtain one- 
F2(2p,3p) 2586813 +0.2587060 +0.2587584 54 ‘ . 
F°(2p.3p) 345266 + 1.345330 345628 electron wave functions | oing a calculation for the 
F2(3p,3p) 0.4983987 +-0.4984278 +0.4984874 . , 1 . or 
0.9909815 +-0.9910341 9911421 ionima crystalline field with solutions for two different 
+5.064964 +5.064976 064979 (v)’s. A cing) ald } 
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0.1029035 1029145 +0.1029390 434(r). A Hartree-Fock calculation for an ion in a 
0,.0984245 0984344 +0.0984566 ° : . : : 
+0.8413449 8413503 +0.8413494 crystalline field will not always be a better source than 
+ 1.969162 969166 + 1.969170 7 ° | ~ , , ; 
£.0).1002325 1092400 +o.1002585 a free ion calculation. For example, let us consider an 
+().0922210 0922322 +().0922557 . 4 } P . = 3d tenn W hy r hi } 
4.0.0759137 0759221 +0.0759400 ion with a singie 5d electron. We Wish a U3a(7) Which 
ayia ey boc Fo.cor7z 6 Can_~reasonably represent either u,z,(r) or uz*,*(r) 
1635 ciara H o1gas. but a Hartree-Fock calculation for the ion in a cubic 
3578 77% ‘ > . - r ‘ 
153633 143389 field, with an xy electron present, would lead to a 
19267982 9351254 9429348 : y . 
9210356 9150887 3a(r) which is a quite unreasonable u,*_,2(r). A large 
091691 2141237 +0.2188225 , 
168254 182797 196490 J 4(3d,3d) and IT turn a rge D would occur \ 
2057758 2022991 H:; ; ] ln‘ . ‘ . ag 
ra artree-Fock calculatio MA in ' y electron 
158221 + 1.147888 
aoree « pepe t —— present, would lead to amu maller D,. Equations (12 
J ) 6. i T Z 
4261950 +0.4223340 and (13) indicate the sort of 1 s which would happen 
8993297 8937290 , pes 
0015785 0016279 (although the Mn uation really different 
0014917 0014559 ' , -% . : 
1393893 +0.1428270 Perhaps the most reasonable irce for a single u3aq' 
1333253 1308172 ld be ; er ae 
4135672 4194496 wouk ye a Caicuiation 


4027675 +0.3981314 ave he . A far 1 tate ' ne a 
0861199 1) 0882477 have been derived for tw i one state 


1517688 1555409 with one more ry and ons 8S 2 y ] ion than the 
0823530 +0.0807976 ’ 
1451140 1423610 other) and where the averages of the Hartree-Fock 
3241195 3288204 3331787 ° . . 
$364174 +-0.5433762 5497815 equations for the two stat 
3208290 3174036 . . . 
+0.5315151 5263860 It has been the author expe! ( that tree lon 
).2421857 +0.2476004 2528356 " ae . _" ‘ 7 lL, 
3887046 1.0 3067594 s0asiag «©-- EAartree-Fock calculations for different ates of the 
8365658 +0. 8499700 8627338 
+-0,2429033 2432059 = : 
+-0.3897936 +0.3903004 functions which are energet y significant. In other 
+0,8385069 8396903 : ; 
+-0.2385296 +0.2348411 words, the assumption of ommon set of radial 
+0.3832489 + 3777284 e - ~ 
+0.8274010 +0.8180426 functions for different states of the ion is a poor one and 
+0.2428799 +0.2431146 +] f+ ‘ 
£0. 3897187 3000008 +«S«s Perhaps we must abandon thinkin he parameters 
+0,8381233 8381864 } 


ed if one is atte mpting 


is 
a less accurate crystalline field calculation 


There is no obvious best way for obtaining the singl 


same ion lead to vari: : ( electron wave 


[ F*(i,7)’s, etc.] as simple one- and two-electron 


integrals. If we wish accurate predictions of the optical 
® V4(3d,3d) is not ir | j 1 ‘ i 
The integrals involving the fre i function will be liste absorption spectra, we will have to investigate the 


2 . ; 
s added contributions to the parameters his in- 


¢ 1 L4(2q UA) 3 . ®*R. E. Watson, Quarterly Progress Rep 
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can produce other estimates of 10D,. If we do this for nology, January, 1958 (unpublish: 
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HARTREE-FOCK CALCULATIONS 


vestigation will be difficult. One possible starting 
point would be a set of variational calculations for 
individual ion states and then a comparison of the 
differences in their total energies with the experimental! 
spectra. The author’s results show that it will be 
imperative to handle the two types of 3d electrons 
separately. We have seen shifts of 370 and 2180 cm™ 
in the ion’s total energy due to letting u,,(r) and 


FOR Mntt+ IN CUBIC FIELDS 747 


uz*_,*(r) differ. These are appreciable energy shifts and 
their source should not be neglected. 
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APPENDIX I. THE 3d HARTREE-FOCK EQUATIONS 


The 3d Hartree-Fock equations are 
@ 2Z +1) 

€,? ue-vir)=(- -—-—-_+—— 
- Fs 


— Je (vr) +[2¥°(1s,15)+2¥°(2s,2s) +2¥(3s,3s) +6¥"(2p,2p) 
r 


+6Y°(3p,3p)+2¥%(22—y’, 2°—y*)+3Y(xy,xy) +1.21428571 ¥4(2?— y’, 2? — 9’) 


— 1.21428571¥*(xy,xy) ][met_,*(r) )/r— (1/r) L¥2(?—y’, 150. (0) + ¥7(?* 


-y", 25)to,(r) 


+ ¥?(22— y?, 35)t3e(7)+1.2V"(227—y*, 2p) tuap(r)+1.8Y3(2?—y*, 2p)t2p(r) 


+1.2¥'(x2—y’, 3p)usp(r)+1.8Y*(22°—y, 3p) tsp(7)+1.0V o( 2? —y’, 2°— y’)tet_y(r) 
+0.81632653 Y?(x?— y*, 2° — y*)e.+_,2(r) +- 1.04081632Y*(2?— y’, x*— y*)a._,*(r) 


+(0.61224490¥2(xy, 22— y*)ttey(r)+1.53061224Y (xy, 2°— y*)ate, (r) ] 


and 
@ 2 (+1) 
€xythay( )=(-—- 


+ {37+-(70)) ]/21} aVa(r) ua, *(r), 


+) tay(r)+ L2P0(Hs 15) +279 2s,2s)+2Y°(3s,3s)+6Y9(2p,2p)+6Y(3p,3p) 


dr or y 


+2Y°(x2—y?, 229 y?)+3¥%(xy, xy) —0.80952381 V4(x?— y*, 2?— y*)+-0.80952381 V"(xy,xy) jusey(r)/r 


— (1/17) ¥?(xy,1s)101,(7) + V?(xy,2s)t2,(r) + ¥?(xy,3s)ta,(7)+1.2¥"(xy,2p)u2,(r) 


+1.8Y?(xy,2p)uep(r)+1.2V"(xy,3p)sp(r)+1.8Y?(xy,3p)tsp(r) +0.40816326Y" (xy, x°— y*)usr_,1(r) 


+ 1.02040816Y*(xy, x°— y*)1.+_,2(r) + ¥°(xy,xy)usy(r) + 1.02040816 Y* (xy, ry) sy (1) 


+1.55102041 Y*(xy,xy)u,,(r) | 


where Z is the ion nuclear charge and 


{207+ (70)! )/21} V4(r)uey(r), 


2 


rei,y=2f wi(r usr) /r)har' +2 fF 16;(7" )ua;(9’) (1/7) * dr’. 


r 


Note the Y¥*(2?—y’, «?— y*) and ¥‘( y,xy) terms in the second brackets. These terms do not appear in the free ion 
equations. Their effect is to repell like d electrons and attract unlike 3d electrons thus resisting the effect of the 


V,(r) terms. 
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Isotope Shift in the Mo Spectrum* 


Hack ARROE AND Joun M. Cornwa.if 
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(Received August 26, 1959) 


The isotope shift in the molybdenum spectrum was measured with a Fabry-Perot interferometer, using 
separated isotopes. For the line 16 578K, a definite minimum isotope shift of —8.9 mK was observed between 
Mo" and Mo*’. The negative sign indicates that the direction of the shift is opposite to that predicted by 


the volume effect. 





HE nuclear spin of Mo” and Mo” and the isotope 

shift between these isotopes were measured pre- 
viously.'? The present investigation started at the 
University of Wisconsin’ and was continued at Montana 
State College‘ and at Denver Research Institute, Uni- 
versity of Denvei. 

The experimental! setup consisted of 5 parallel hollow 
cathode tubes and a modified Steinheil three-prism 
spectrograph with a Fabry-Perot interferometer in the 
parallel beam between the collimator and the first 
prism. The spacers used in the interferometer were of 
lengths 15, 18, 20, and 25 mm. The coating on the plates 
was silver in most of the exposures and multilayer 
dielectric in the others. The reflectivity exceeded 90%. 

High-purity isotopic samples of the seven molyb- 
denum isotopes (92, 94, 95, 96, 97, 98, 100) were avail- 
able,’ each isotopic sample being greater than 90% pure. 

Two multiplets were observed :*P°(4d°5p) — §S(4d°5s) 
resonance lines, and the *P® — *D(4d‘5s?) series. The 
intense resonance lines could be read on all plates for 
all samples, but not all lines of the §P — °D series could 
be read. Because of interfering hyperfine structure in 


* This work formed part of a thesis submitted by J. M. Cornwall 
to the Graduate College of the University of Denver in partial 
fulfillment of the requirements for the M.S. degree. 

t Now at the University of California, Berkeley, California. 

' H. Arroe, Phys. Rev. 79, 212 (1950). 


2H. Arroe, Studier over Spektralliniers Struktur 
Bogtrykkeri, Copenhagen, 1951), pp. 46-51. 

* Supported by the Office of Ordnance Research. 

* Supported by the Research Corporation and later by a grant 
by the National Science Foundation. 

§ Produced by the Y-12 plant, Carbide and Carbon Chemicals 
Corporation, and obtained by allocation from the U. S. Atomic 
Energy Commission 
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the odd isotopes, the isotope shifts for Mo and Mo” 
could be measured only for one line (16578K ;*P;°— *D,). 
This line shows a very narrow hfs, which was un- 
resolved by the interferometer. 

Because of the large amount of data involved, the 
photographic plate readings were converted to wave 
number differences on the Datatron 205 computer at 
the Denver Research Institute, University of Denver. 
The programing was done by one of the authors. 

The experimental isotope shift values for the line 
16 578K are shown below: 


92-94 94-95 
21.3 1,8 


95-96 96-97 
22.4 8.9 


97-98 
16.7 


98-100 
25.0 (mK) 

Errors were not calculated for each reading sepa- 
rately; an over-all analysis indicates that the average 
error is about +2 mK. Theoretical values for the simple 
volume effect (using a semiempirical formula of Craw- 
ford and Schawlow*) were about 1.5 times the observed 
values, when a nuclear radius of 1.2*10~-"A'cm was 
used. Observed values were taken as positive when they 
agreed in sign with the volume effect. 

There is a definite minimum in the isotope shift for 
isotopes 96-97 (neutron numbers 54-55), with a re- 
versal of the sign of the shift. This minimum isotope 
shift has been observed by Hughes’ at the same neutron 
numbers in the ruthenium spectrum. 

Observed discrepancies between the shifts for 4d°5s 
and 4d‘5s* configurations were satisfactorily explained 
as caused by screening. 


®M. Crawford and A. Schawlow, Phys. Rev 


76, 1310 (1949). 
7R. Hughes, Bull. Am. Phys. Sox 
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Distorted Wave Method for Electron Capture from Atomic Hydrogen* 


R. H. Basset,t University of Pittsburgh, Pittsburgh, Pennsyloania 
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(Received August 17, 1959) 


The distorted wave method, in which distorted waves replace plane waves in the matrix elements for the 
collision amplitude, is given a rigorous formulation for arbitrary rearrangement collisions. In atomic collisions 
involving electron rearrangement, the formulation enal:les removal of the unphysical internuclear Coulomb 
interaction from the “perturbation” Hamiltonian. The procedure is applied to the problem of electron 
capture by protons in atomic hydrogen, eliminating explicit dependence on the proton-proton interaction. 
Numerical results of a first order calculation are in good agreement with experiments from 35 to 200 kev. 
Despite this agreement and the agreement of previous calculations it is felt the charge transfer process is 


still not well understood 





1. INTRODUCTION 


ig our opinion the simplest charge transfer process 


H+H*t — Ht+H, (1-1) 


which has been examined by many authors’ does not 
yet have a satisfactory theory. Jackson and Schiff* (JS) 
and Bates and Dalgarno‘ (BD) have computed the 
cross section for Eq. (1-1) in first Born approximation. 
They find good agreement with experiment’~” at inci- 
dent proton energies above about 40 kev, assuming that 
the charge transfer cross section per H atom in the 
molecular reaction 


H*++H, — H+H,* (1-2) 


is the same as the cross section for the atomic reaction 
(1-1). This assumption is necessary because the cross 
section for (1-1) has been measured® only at energies 
less than 25 kev. Below 25 kev the incident proton 
velocity is less than the electron velocity in its first 
Bohr orbit (¢,), and Born approximaticn is not expected 
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Diego, California. 
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*D. R. Bates and A. Dalgarno, Proc. Phys. Soc. (London) A65, 
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* J. P. Keene, Phil. Mag. 40, 369 (1949). 
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to hold. Unfortunately, there are grave theoretical ob- 
jections to the assumption that for the purposes of 
charge transfer one H, molecule is equivalent to two 
isolated H atoms, but it is possible that this equivalence 
holds because of fortuitous cancellation of several op- 
posing effects.“ Granting the relevance of the experi- 
mental data with which the JS and BD calculation have 
been compared, there remain some theoretical diffi- 
culties connected with this calculation, which difficulties 
we proceed to describe. 

In first Born approximation the differential cross 
section do for (1-1) corresponding to capture with deflec- 
tion of the incident proton into the direction my in the 
center-of-mass system is 


(u/2mh*)?| | Vil s)|?. (1-3) 


In Eq. (1-3), u=M(M+m)/(2M+m) is the reduced 
mass; V;= V1.+ V2 is the prior “perturbation,” proton 
1 being incident along ny; Vie= —€/rue; Via=C/Ria; 
and y, and yy, the incident and final wave functions, 
respectively, are 


¥:=u(re.) expliXn,-R], 
¥;=u(ri.) exp[—iKn,-R’]. 


Subscripts e, 1, 2 refer, respectively, to the electron and 
to protons 1 and 2; w is the ground-state wave function 
of the hydrogen atom; and #K =yv, with » the inci- 
dent proton velocity. The coordinates are as shown 
in Fig. 1; [R=R,—(m+M)“(mr.4+Mr,), R’=2; 
—(m+M)—(mr.4+Mn), tie=te—t, etc. ]. With the 
post interaction, V, in (1-3) is replaced by Vs=Vo, 
+ Vis. In general (¥y| Vil v.)=W,| Vye|¥.); for the spe- 
cial case of capture into the ground state of the atom 
formed by e and 2, the only case we consider in this 
paper, the reaction (1-1) is so symmetric that the post 
and prior matrix elements are formally identical, not 
merely numerically equal. 

As JS and BD have shown, the matrix element 
(¥,| Vi2|¥) of the proton-proton interaction is of the 


(1-4) 


“ T. F. Tuan and E. Gerjuoy, following paper [Phys. Rev. 117, 
756 (1960). 
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Fic. 1. Coordinate system. 1 refers to the incident proton, 2 to the 
nucleus, and e¢ to the electron. 


same order of magnitude, and has the same energy de- 
pendence at high energies, as the matrix element of V1. 
On the other hand Brinkman and Kramers (BK) have 
argued, with Oppenheimer,"® that V2 should be negli- 
gible in the high-energy range where Born approxima- 
tion is supposedly valid. Their argument is appealing; 
seemingly the only effect of Viz is a slight deflection of 
the fast incident proton, which deflection should hardly 
affect the probability of electron capture. Moreover, the 
protons are so heavy compared with the electron that it 
appears legitimate'® to replace the protons by classical 
centers of force, reducing the original three-body reac- 
tion to a one-body problem in the fashion of Mott.!’ 
With this replacement, it can be proved rigorously" that 
the electron capture cross section is independent of the 
proton-proton interaction. The BK conjecture that Vi. 
can be neglected receives added support from Drisko, 
who in the high energy limit »—> © finds that the first 
Born approximation Vj. contribution is canceled by 
proton-proton contributions in second Born approxi- 
mation. 

Attempting to resolve this difficulty, Pradhan® has 
considered an impulse approximation in which, to first 
order, the proton-proton matrix element vanishes. This 
theory also provides a good fit to the experimental data. 
However, Pradhan makes an approximation which casts 
some doubt on the validity of his calculation. He derives 
a matrix element which involves the final interaction 
Viet Ve. To expedite the integration, this interaction 
is replaced by the initial interaction Vi2+Vi.. The 
physical processes represented by the two matrix ele- 
ments are quite different. As Pradhan notes, the wave 

8 J. R. Oppenheimer, Phys. Rev. 31, 66, 349 (1928). 

16 Tt must be remembered however, see Tuan and Gerjuoy, 
reference 14, that the effective wavelength in the capture process 
is not the wavelength of the incident proton, but the 2000 times 


greater wavelength of an electron moving with the incident proton 
velocity 


17 N. F. Mott, Proc. Cambridge Phil. Soc. 27, 553 (1931). 
18 G. C. Wick (see Jackson and Schiff, reference 3). 
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function in the initial channel appearing in his matrix 
element represents scattering of the electron by the 
incident proton. With the final interaction the matrix 
element describes a double scattering of the electron by 
the two protons. With the initial interaction the process 
is changed to a situation in which the electron first 
scattered by the incident proton re-interacts with the 
same proton. The two matrix elements should lead to 
different cross sections. The error involved is difficult to 
assess. Estimates of Drisko indicate that the error is 
serious in the high-energy limit. 
In atomic collisions of the type 


at+b— « +d. (1-5) 


wherein electron rearrangement takes place, the so- 
called “distorted wave method” provides a convenient 
means of removing the unphysical internuclear Coulomb 
interaction from the “perturbation” whose matrix ele- 
ment yields the cross section. The requisite formulas for 
an arbitrary rearrangement (1-5) are obtained in Sec. 2, 
and applied to the electron capture problem (1-1) in 
Sec. 3. Therewith V 2 is removed from the perturbation ; 
in fact, in a first-order Born-like approximation, all 
dependence on V2 is removed. Section 4 is devoted to 
examining the numerical predictions of this first-order 
approximation. In Sec. 5 we make a semiclassical impact 
parameter calculation based on our first order distorted 
wave approximation and compare the results with the 
results of similar calculations by BK who use only the 
electron-proton interaction V;,, and with Schiff’ who 
considers the complete interaction V ;. Finally, in Sec. 6, 
we compare our predictions with the results of previous 
theories and measurements. 


2. FORMULATION OF SCATTERING AMPLITUDE 


In reactions such as (1-5) the total Hamiltonian H 
can be written in either the initial or final system; that 
is 

H=H;4+V;=A;t+ Vy. 
Here H; describes the motion of the aggregates a and 6 
in the absence of their mutual interaction V;. H;and V, 
provide a similar description of the final system (c,d). 


t 
The matrix elements”—” (¥ -™ | V :|~= Wy! Ve Vi) 
reaction (2-1), where 


yield the cross section for the 
1 
V (1 v.) 2-2) 
H— E'—ie 


H—E’)¥ 


initial channel 


is the unique” solution to 


wave y; 


0 with incident 


in the and outgoing scattered 
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ELECTRON 
parts, and 


1 
ite (1 yy ves (2-3) 
H—E'+ie 
is the unique solution to (H—£’)¥=0 with incident 
wave Wy and incoming scattered parts. Of course 
(H ,— E’\W.= (A ,;— E’)\v;=0. Moreover, writing V,= U; 
+V,—U,, and employing either Eq. (4.9) of Gell-Mann 
and Goldberger* or Eg. {2.25b) of Gerjuoy,” 


Vv, H=X, H— G(V,—U,)x,Y=x, H+, 


where 


1 
X Sv) = (1—g.U)ve (1- — Us (2-5) 
H,+U;,—E'—ie 


is the unique solution to (7,+U,—£’)x=0 with inci- 
dent wave y, and outgoing scattered parts. 

In the foregoing equations E’ is the center-of-mass 
energy and U;; is arbitrary, provided only that limr,,U, 
=(0 as ran— ©, with rq, the distance between the 
centers of mass of a and 6. When U; depends on ra» 
only, X,"* contains only elastically scattered parts, so 
that ¢@= —G(V,—U,)X, contains the description of all 
other possible reactions, i.e., excitation of a, 6 and 
rearrangements. Thus when U;=U,(ra»), using 


G=G;—G,V 4, 
where Gr= (H;— E’— ie), one finds” * the differential 
cross section for the reaction (1-5) is 
da=|A(i— f)|? 

= (sg/ 2ah)*| (Uy |Vi— Ua x), 


(2-4) 


(2-6) 


(2-7) 


with wy the reduced mass of aggregates c, d. In Eq. (2-7) 
Vv, is given by Eq. (2-3) or by the analogs of Eqs. (2-4) 
and (2-5), namely 


1 
¥o-[1- v-Up be 
H—E'+ie 


1 
X,' = (.- es ms —U; Wr 
H/+U,—E'+ic 


The distorted wave method” is characterized by the 
choice 


(2-9) 


U =U (tas) =(ta(Sa)4s(S5)| Vi! ¢a(Sa)ue(8»)), (2-10) 


with #., “» the initial bound states of the aggregates 
a, 6. The matrix element in (2-10) is integrated over all 
values of the internal coordinates sq, 8» of a, b, holding 
r.» constant. In other words U(ra,) is the average 
(over internal motions) static interaction between the 
initial aggregates a, b, and X, of Eq. (2-5) represents 
the elastic scattering of a, 6 by this static interaction.*® 
Similarly the distorted wave X,;“~ in the final system 

2% H. S. W. Massey, Revs. Modern Phys. 28, 199 (1956); H. S 


W. Massey, in Handbuch der Physik, edited by S. Fliigge (Springer 
Verlag, Berlin, 1956), Vol. 36, p. 285. 
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represents elastic scattering of c, d in the static inter- 
action 


U;= U s(tea) = (u.(8.)ua(Sa) | Vs) u_(8,)%a(Sa)). (2-11) 


When U’;, is defined by Eq. (2-11), any term in V; 
depending on ra, only, Vi2(ras) say, will not ap- 
pear in the interaction V;—U, of Eq. (2-7), because 
(uotts| Vio(tas) Mats) = Vi2(ta»). Since the atomic center 
of mass very nearly coincides with the position of the 
atomic nucleus, it now is apparent that in atomic 
collisions involving electronic rearrangement, the inter- 
nuclear Coulomb interaction very nearly disappears 
from the distorted wave interaction V,;—U;,. Except in 
special circumstances when the remaining interactions 
in V,—U;, yield unexpectedly small transition proba- 
bilities, the error made in altogether dropping the 
internuclear interaction from V,;—U, will be of the 
order of m/M. 


3. APPLICATION TO CHARGE TRANSFER 


As an example of the utility of the method, we shall 
investigate the capture of electrons from atomic hydro- 
gen by fast protons. For the reaction (1-1), 7, and V;, of 
Eq. (2-1) are, in the notation of Sec. 1, 


i? e 


v?— 


V =VietVi. (3-2) 


Ri 


where »’=mM(M-+m)~, and V,? represents the La- 
placian with respect to r2,. U; of Eq. (2-10) is 


| p liad 
UR) ( (rae) : u(rad))s 
Rw te 


integrated over rz, holding R constant. Since u(r.) is 
spherically symmetric, U, is independent of the orienta- 


tion of R. —Ry.=R+m(M+m)"'nm,, and one finds 


(3-3) 


1 M 2M R 
| rt |e(- -) (3-4) 
R R_ ma, m ad, 


with a,=h?/me*. Equation (3-4) shows V y2—(u| V2! ) 
is indeed negligible at all significant values of r,., R in 
the matrix element (2-7); the error made in dropping 
the proton-proton interaction from V,;—U;, is of the 
order m/M as stated. Similarly r;,.= M(m+M)—“82.—R, 


and 


; % 2R 
+ | exo( - - ), (3-5) 
R a, de 
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so that, replacing R by Ri which simplifies the integra- 
tion of (2-7) and again makes an error of order m/M, 


Yi 
V.-U= | - 


Ry The 


1 1 
( t ) ef - 
Rie ao ae 


The reappearance of the term e*/R. in V;—U, after its 
cancellation in Vi2—(u!| Vi2|u), is a noteworthy conse- 
quence of the fact that in (3-5) we are evaluating the 
average value of 1/r;, which, since the electron is 
centered at 2, naturally has a leading term proportional 
to 1/Ri». If the electron interaction were anything but 
the inverse first power of 7;,, its average would not con- 
tain terms so similar to the proton-proton interaction ; 
it is evident from (3-5) that V;—U, will contain e/Rj2, 
but not Ze*/Ri, when the proton is incident on a 
hydrogenic atom with nuclear charge Ze. 


4. FIRST-ORDER CROSS SECTION 


We take as a first-order approximation to the ampli- 
tude A(i— f) of Eq. (2-7) a Born-like approximation 
in which, recollecting Eqs. (2-3) and (2-5), ¥/~ and 
x, are replaced by the corresponding plane waves yy, 
and y, of Eq. (1-4). The reaction (1-1) is so symmetric 
that, as in the usual Born approximation, no post-prior 
discrepancy is produced by our plane wave approxima- 
tion to the exact A(i—f), ie, Ws|Vi-Uil¥s) 

(W,| V~—U,|y,). Higher order approximations will be 
considered in a forthcoming paper. Then 
I(i— f) Ws|Vi- Us| He) 


(2Qrh?/u)A(i— f) 
fanar u*(r;.) explikKn,-R’] 
x (V.— U4) (ree) expliKn,;-R] 

fran u*(r; ) expl—iA-r, | 
« (V,—U,)u(re.) exp[iB- re, }. 


In (4-1) we have used the quantities 


VU 
A AK (n. ny), 
m+M 
Vf 
B K( n,— ny), 
m+M 


The plane waves (1-4) are so defined that ny=n, when 
the incident proton 1 is undeflected. To lowest order in 
m/M 

A B| =a," E*(1+A)}, (4-3) 
where 


\=[(2M/m) sin(6/2) , 


AND E. 


GERJUOY 


9 is the center-of-mass scattering angle, and E= (Av/2e*)? 
is the energy of the incoming proton in units of 
2(137)*Mc= 100 kev. We shall also have need of the 
quantity |A—B| which, to the same order in m/M, is 

|A—B| = (fv0/e)a5'= 20, E}. 
Inserting (3-6), J(i—> f) can be written in the form 
Iti— f)=Ipxtlss+ Inc. 


The first term 


Tex = —@ f ar.ars u* Tie) exp -_ iA- Tie | 


X (1/rie)(roe) exp[tB-re.], (4-4) 


is the matrix element considered by BK and evaluated 
by a number of authors.'* We quote the results: 
Ipx= —32re@a7.E(1+A)+1}°. (4-5) 


The second term 


1 
Iysne f dias, u(ri-) exp[ —iA- ri. |— 
Ri 


- 


Xu(re.) expliB-r2.], (4-6) 


is the JS and BD matrix element. It has been exactly 
evaluated by JS, but is a spe ial case of our third term 
and will be rewritten in our formalism. This third term, 
which in the present first-order distorted wave treatment 
represents a correction to the JS and BD results, is 


Izqg= ~é f drain, U\T i, exp| iA-ri. | 


1 1 
x(. t Jew 2Ri2 de 
Rie do 


Xu(re.) expliB- re, | 
) farats, u(ri.) expl —iA- nr, | 


roe) exp(iB- re. 
(4-7) 
This term is most readily evaluated in momentum 


space. We find, after making the appropriate trans- 
formations, 


32é ) ; iT 
— ) far p+A)*+ | 
Ta,” 0 OY a 


p+B)+1/a2}? (4-8) 
6M. N. Sahu and D. Basu, Indian J. Phys. 19, 121 (1945). 


T3e= 


x (p?+y" 
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y=2/a, 


8e? 
- -- “(: ~— 5) feotiney +a }" 
‘ ehal dadb 


x (+ 9)L(p+B) +0 
y= 2a=2b=2/a,. (4-9) 


The integral 
['= fee [(p+A)?+a*}"(p’+y)"L(p+ByY+e } 


has been evaluated by Lewis,”’ with the result (adopting 
his notation) 


é (ary—6*)* 
I! =29r (ay—S") tan ——|. (4-10) 
B 
where 
ry = ((A—B)*+ (a+b)? J[A*+ (a+-y)*CB*+ (6+)*], 
and 
B= y[(A—B)*+ (a+)? ]+-6(A2+0"+y’) 
+a(B+b+-y%). 
Examining Eqs. (4-6)—(4-9), evidently 


2 


8 


[2° -— foo [(p+A}?+a?}" 
raba,® dadb 
Xp?L (p+ By? +h}? 


a=b=a,", 


yielding 
(2+A) tan“E 
Ig Sea, (—— ae 
E A+A)E +1} 


1 
a — — = 
2(1+E£)((1+A)E+1] 


N 
a eae ). (4-11) 
A+ E004) E41? 


Ipaq is quite lengthy. In the limit »>— « 
4reé*a,? 


- : (4-12) 
(1+E)CA+A)E+1] 





Thus in the high-energy limit Jpe cancels the JS-BD J 35 
term, so that the total amplitude J is given by / xx, i.e., 
by the matrix element of the proton-electron interaction, 
as BK expected. 

In Fig. 2 is shown (labeled BG) a representative plot 
of the differential cross section 


eg > 
-_ (=) | Ipxt+Jss+/ xc)’. 
xh? 


77 R. R. Lewis, Phys. Rev. 102, 537 (1956). 


(4-13) 


h 


Fic. 2. ae pe of BG and JS angular distributions at 
proton energy of 25 kev. The angular distributions are in arbitrary 
units. 


In the same graph is shown (labeled JS) the angular 
distribution predicted by JS-BD who use Jpx+/ 3s, the 
matrix element of V;. Both theories predict that the 
main contribution to the total capture cross section 
comes from small \. However, the peaking in the 
present calculation is much more enhanced than in the 
corresponding JS cross section. A nonnegligible portion 
of their cross section comes from a “large” angle tail 
which has its origin in the deflection by the nuclear 
proton. Our correction term (Jaq) cancels this tail and 
restricts the significant region of A to a single narrow 
lobe (which is somewhat broader however than the JS 
central lobe). We shall return to this point in the dis- 
cussion of the impact parameter calculation where the 
effect is more striking. 
The total cross section 


m 
o=(™) (— ) f dd |Ipxt+Isat+Tss'? (4-14) 
M ah? 


does not admit of analytic evaluation but must be 
integrated numerically. The results are shown in Figs. 7 
and 8, Sec. 6. 


5. IMPACT PARAMETER CALCULATION 


Schiff and Drisko* have shown that the probability 
amplitude C;(g) for electron capture by a proton whose 
impact parameter is g is given by 


mK 
Ci(q)= —f dd Jol E4g/a,)T(,E), (5-1) 
2M? nk? 


where /(\,£) is the capture amplitude. 





BASSEL 








Fic. 3. The negative of the probability amplitude (C;) at an energy 
of 25 kev as a function of impact parameter 


The cross section is then 


© 


0 lr [ qdq C, . 


which can be shown to be the same as (4-14). 

We have evaluated (5-1) with our first-order matrix 
element J of (4-1), over a range of impact parameters g 
at energies of 25 and 100 kev. The results are shown in 
Figs. 3 and 4, along with the comparable results of BK 
who consider only the electron-proton interaction V;., 
and those of Schiff who employs the matrix element 
Isx+TJ 3s of the total interaction V;,. 

The BK results for 25 kev show transition proba- 
bilities greater than unity for small impact parameters. 
Those of Schiff, for the same energy, are more reasonable 
except for an unphysical region near zero impact 
parameter. There the transition probability is loga- 
rithmically infinite, a result of the wide-angle tail, ~~" 
as \ > ©, in the JS-BD term (4-11). The addition of 


Fic. 4. The negative of the probability amplitude (C;) at an energy 
of 100 kev as a function of the impact parameter. 
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Fic. 5. The electron capture probability multiplied by ¢g/a. for 
an energy of 25 kev. The areas under the curves are proportional 
to the respective cross sections. 


our correction term gives transition probabilities that 
are less than unity for all impact parameters at this 
energy. For 100 kev, the present theory and BK give 
physically allowable transition probabilities for all gq, 
while those of Schiff diverge for very small g. 

In Figs. 5 and 6 the integrand of (5-2) is plotted as a 
function of g for the same energies. We see that the 
present theory and the theory of Schiff give roughly the 
same prediction for the important range of impact 
parameters contributing to the cross section. BK predict 
capture more probably taking place closer to the 
nucieus. The wide-angle J ;s tail here manifests itself in 
the unnatural vanishing of Schiff’s integrand at impact 
parameters ~}dp. 


6. CONCLUSIONS AND SUMMARY OF RESULTS 


The scattering amplitude in the distorted wave 
formalism has been simply and rigorously derived. The 
method can be applied to rearrangements of, and excita- 
tion of, the incident aggregates. We think our expres- 
sions are simpler and easier to interpret than those given 


Fic. 6. The electron capture pr« 
an energy of 100 kev. The areas 
to the respective cross section. 


ybability multiplied by ¢/a, for 
jer the curves are proportional 
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Fic. 7. Electron capture cross section. The theories (represented 
by curves) are for protons in atomic hydrogen. The experimental! 
data (represented by single points) are in molecular hydrogen. 


by Massey and co-workers,* especially when applied 
to rearrangement collisions. 

The results of the application of our theory to the 
electron capture problem are displayed in Figs. 7 and 8. 
In Fig. 7 we have plotted the results of our calculations 
along with the results of JS,*' BK, and Pradhan, and the 
properly normalized experimental data for energies less 
than 100 kev. In Fig. 8 we have compared our theory, 
the theory of Pradhan, and the JS cross section for 
capture into the ground state with the measurements of 
Barnett and Reynolds who have extended the energy 
range of the experiments. Our theory fits well to an 
energy of 200 kev. There our prediction diverges from 
the experimental points. We hold no brief for this ap- 
parent success or the success of the other theories. Our 
theory, and the JS-BD theory, neglects higher order 
matrix elements which should be of importance at these 


**D. R. Bates e¢ al., Phil. Trans. Roy. Soc. (London) A243, 93 
(1950-1951). 

*” H.S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc. (London) 
A139, 198 (1932). 

* H.S. W. Massey and G. A. Erskine, Proc. Roy. Soc. (London) 
A212, 521 (1952). 

* Two “Jackson and Schiff” curves are shown, one for capture 
only into the ground state, the second, taken from their paper, 
includes capture into all states. Multiplication of our ground state 
capture curve by the ratio of these two JS curves should yield a 
reasonable estimate of our (first-order distorted wave) predicted 
total capture cross section. 
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Fic. 8. Electron capture cross section (cm*). The theories are 
for protons in atomic hydrogen; the experimental! data are in 
molecular hydrogen 


energies, and Pradhan has evaluated the wrong matrix 
element. Perhaps of more importance is the fact that 
these theories, perforce, have been compared with the 
experiments in molecular hydrogen. As Tuan and 
Gerjuoy"* have pointed out, capture from molecular 
hydrogen is very different from capture in atomic 
hydrogen, and the agreement must be accidental. It is 
our opinion that judgment of the theories for atomic 
hydrogen should await the appropriate experiments. 

We feel, however, that our first-order approximation 
shows important improvements over first Born ap- 
proximation. In the high-energy limit our cross section 
reduces, as we have argued the correct first-order ap- 
proximation to the exact cross section should do, to the 
BK cross section. The JS-BD Born approximation, in 
this limit, leads to a cross section with the same energy 
dependence as the BK cross section, but differing by a 
factor of 0.661. Also, the capture probabilities, predicted 
by an impact parameter calculation using the distorted 
wave amplitude, are physically reasonable at all impact 
parameters for energies greater than 25 kev. The corre- 
sponding probabilities for the JS-BD Born amplitude 
show an unphysical region for all energies.’ 

We believe the above comments, as well as a com- 
parison of the angular distributions predicted by our 
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theory and the JS-BD theory, refute the argument of 
Bates” explaining the “success” of the conventional first 
Born approximation. Bates has derived a matrix ele- 
ment similar to ours but argues that for moder- 
ate or large inter-proton distances the interaction 
(Riz !+4,~') exp(— 2R12/a,) is negligible compared with 
the interaction R;;-'—r,,~'. But close encounters, as we 
have shown, are important in the capture process and 
the correction term cannot properly be dropped. Its 
inclusion changes the character of the interaction. In our 
opinion the “success” of either the JS-BD or our first- 
order theory in the intermediate energy range 35-200 
kev still is not completely understood, because of the 
following (usually conveniently overlooked) difficulties : 
(i) In the classical limit the capture cross section should 
behave like v-" at high velocities,* whereas the BK, 
JS-BD, and our cross sections all behave like v~”. 


® D. R. Bates, Proc. Roy. Soc. (London) A247, 294 (1958). 
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(ii) The impact parameter treatment of each of these 
theories shows that with increasing proton energy the 
cross section results from capture at smaller and smaller 
impact paraméters, whereas physical expectation sug- 
gests capture should be possible for any proton passing 
through the electron cloud ; in other words, although the 
total probability of capture decreases, there seems no 
reason why at high energies capture is possible only for 
those protons with vanishingly small impact parameters. 
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Charge Transfer in Molecular Hydrogen* 
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The effects of the molecule on electron capture by protons in hydrogen gas have been investigated in first 
Born approximation with different types of electronic wave functions. It always has been supposed that if the 
incident proton velocity is large compared to electronic velocities molecular effects may be neglected, and 
that one may then assume one Hy molecule is equivalent to two hydrogen atoms for purposes of charge 
transfer. Instead it appears that charge transfer in Hz at high energies bears no simple relationship to charge 
transfer in atomic hydrogen. In particular, among other effects: (i) in the high-energy limit $o4¢ = 1.2—1.404; 
(ii) at lower energies there is important interference between the capture amplitudes from the two atoms in 
the molecule. It also is found that transitions to ungerade states of H,*, although unimportant in the energy 
range of present experiments, become appreciable at high energies. 


1. INTRODUCTION 


HE theoretical problem of the charge transfer 
reaction 


p+Hi— Hitp (1a) 


has received considerable attention from a large number 
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of investigators.’ In the energy range from about 
10° ev to 10‘ ev, the cross section o,4 for the above 
reaction has been measured by crossed beam tech- 
niques.” There are, however, no data available at 


energies well above 10 kev where the Born approxima- 
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tion is supposed to be valid. At these higher energies, it 
has been customary to compare the theoretical pre- 
dictions for the reaction (la) with the experimental 
cross section'’'"® oy for charge transfer from H; 
molecules, 


p+H:— Hi+Hy3"*. (1b) 


The comparison has been based on the assumption that 
at high energies (for the purpose of charge transfer) one 
hydrogen molecule is equivalent to two hydrogen atoms, 
i.e., that o,4=}oy. It is the purpose of this paper to 
show that the above assumption is valid, if it is valid at 
all, only asa result of accidental cancellation of a number 
of molecular effects which have no analog in the atomic 
reaction (la). 

Our formulation of the reaction (1b) will be given in 
Sec. 2. In Sec. 3 we physically interpret the several 
different types of matrix elements contributing to the 
cross section oy, and find interference occurs between 
the two capture amplitudes from the two atomic centers 
in the molecule. This interference is especially important 
at energies <~1 Mev, and of course has no analog in 
the atomic reaction (la). In Sec. 4 we evaluate the first 
Born approximation contribution to oy from the inter- 
action between the incident proton and the electron it 
captures. This contribution, which we term ompx be- 
cause it is the molecular analog of the contribution to o 4 
evaluated by Brinkman and Kramers? (BK), is rela- 
tively readily computed at all energies. As will be seen 
oapx is indeed very close to }ompx at energies < 400 kev, 
but only because of accidental compensation of the 
following effects: (i) the aforementioned interference, 
which is constructive for transitions to the ground H,* 
state; (ii) the fact that the capture amplitude is ap- 
proximately proportional to the probability that the 
electron being captured has the velocity of the incident 
proton, which probability is higher in the more tightly 
bound H2 molecule than in atomic H;; (iii) the relatively 
small probability of capture transitions to the ungerade 
dissociating states of H,*. In connection with (iii) we 
remark that the transition probability to ungerade 
states is rigorously zero at all energies if extreme mo- 
lecular orbital wave functions are employed, and there- 
fore hardly can be large with any reasonable choice of 
molecular wave function. Since charge transfer from 
two isolated hydrogen atoms could equally well leave 
the remaining electron in the gerade or ungerade states, 
this reduced capture transition probability to ungerade 
states would cause 4ompx to be approximately $capx, 
were it not for effects (i) and (ii) which increase ompx 
relative to gaBK. 

The assertion, that the result }ompx=capx at ener- 
gies <400 kev is accidental, is made because: (a) in the 


J. P. Keene, Phil Mag. 40, 369 (1949). 

2 A.C. Whittier, Can. J. Phys. 32, 275 (1954). 

3 J. B. H. Stedeford and J. B. Hasted, Proc. Roy. Soc. (London) 
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4 C.F. Barnett and H. K. Reynolds, Phys. Rev. 109, 355 (1958). 
16 Curran, Donahue, and Kasner, Phys. Rev. 114, 490 (1959) 
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very high-energy limit, as the incident proton velocity 
v— ©, the interference effect (i) washes out, but the 
effect (ii) becomes so important that Jompx — 1.2¢anK 
to 1.4e¢,nx, depending on the molecular wave function 
employed; (b) at energies above 400 kev, where the 
interference for transition to the gerade state first be- 
comes destructive, }ompx becomes significantly less 
than capx. It is noteworthy that the dip in our com- 
puted ompx at energies above 400 kev closely reproduces 
the shape of the experimental curve in this energy range 
(see Sec. 4). In fact, when 4omnx is multiplied by the 
ratio ¢ays/eanx, where asa is the cross section for (1a) 
taking into account the proton-proton interaction,’ the 
computed quantity homss = (oxss/oanK)}omeK falls 
right on the experimental curve. This procedure for 
estimating the molecular analog of the Jackson and 
Schiff (JS) matrix elements for (1a) is adopted because 
exact evaluation of the contribution to oy from proton- 
proton interactions is arduous (though possible in closed 
form); moreover in our opinion the proton-proton con- 
tribution to a, is not yet well understood.® For this 
latter reason, and also because this estimate of }ox 
wholly neglects the contribution to oy from the inter- 
action between the proton and the second (not captured) 
electron, the close agreement between the magnitudes 
of }omss (computed as explained) and the experimental 
40m probably should not be taken too seriously; again 
of course, the second electron-proton contribution has 
no analog in the atomic reaction (1a). On the other hand 
the aforementioned agreement between the shapes of 
somex OF oss and the experimental curve probably 
represents a real verification of the interference effect, 
which is expected for the molecular proton-proton as 
well as proton-electron contributions. The proton- 
proton contributions to oy in the limit »—> © are com- 
puted directly from the matrix elements in Sec. 5. The 
ratio of 4omss to cass in this limit is almost exactly 
equal to }omex/canx, thus bearing out our assertion 
that the closer agreement at lower energies between 
gases and } the experimental oy results from accidental 
cancellations of molecular effects; the near equality of 
bomss/oassand hompx/oanxatv— © also justifies esti- 
mating $m 3s at lower energies from (04 5s/oanx)}omnx, 
assuming ga; Correctly represents the proton-proton 
contributions to (1a). 

To check the validity of our conclusions, three types 
of molecular wave functions have been used throughout : 
the extreme atomic orbital,'*® the extreme molecular 
orbital, and the Weinbaum.'’ Although these wave 
functions give quite different binding energies and 
internuclear distances, they make relatively little differ- 
ence in our computations, except in transitions to 
ungerade H,* states. These transitions are examined in 
a final brief Sec. 6; the results suggest that measurement 
of the percentage dissociation following capture in the 


16S. C. Wang. Phys. Rev. 31, 597 (1928). 
17S. Weinbaum, J. Chem. Phys. 1, 593 (1933). 
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Fic. 1. Diagram show- 
ing the coordinate sys- 
tem. The letters repre- 
sent the three protons, 
while the numbers repre- 
sent the electrons 


reaction (1b) can provide a sensitive test of the inter- 
ference effect we have predicted, and even can yield 
direct information on the ionic character of the ground 
state Hy wave function. 


2. FORMULATION 


The coordinate system used is shown in Fig. 1. The 
electrons are 1 and 2, protons A and B are in the 
molecule and C is the incident proton. R is the position 
of C relative to the center of mass of the He molecule; 
R’ is the position of the center of mass of the outgoing 
hydrogen atom composed of C and 1, relative to the 
center of mass of the remaining H,* ion containing 
particles A, B, and 2; @ is the internuclear distance be- 
tween the two nuclear protons A and B. The rest of the 
notations are relative coordinates and should be self- 
explanatory from the diagram, e.g., rm’ is the position 
of 1 relative to C. 

Since the incident proton in our problem has velocities 
greater than the velocity of the two electrons which 
themselves have much higher velocity than the two 
nuclear protons, we neglect the motion of the nuclear 
protons and take their separation to be the equilibrium 
distance of the hydrogen molecule. Moreover the two 
nuclear protons will be assumed infinitely massive.'* As 
is well known, whether or not the electrons are dis- 
tinguishable, the total probability of capturing the 
electrons is the sum of the probabilities of capturing 
electron 1 and 2; this follows readily from the expression 
for the total flow of scattered particles at infinity, ob- 
tained in a time independent treatment of many- 
particle rearrangement collisions.’ In the present prob- 
lem (1b) this makes the total probability of capturing 
electrons equal to twice the probability—computed as 
if the electrons were distinguishable—of capturing elec- 
tron 1. 

Thus in first Born approximation the center-of-mass 
system differential cross section, averaged over all 
orientations of o, the internuclear distance of the hydro- 


18 Assuming the proton centers infinitely massive does not 
change the total cross section, N. F. Mott, Proc. Cambridge Phil. 
Soc. 27, 553 (1931), although it makes the angular distribution in 
the center-of-mass system more sharply peaked in the forward 
direction. 

” EF, Gerjuoy, Ann. Phys. 5, 58 (1958 
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gen molecule, is given by 
da uU Malls AK hy 1 


meena ant ¥1| ViiWa))7dQ,, 
dQ (2rh?)? K, ad | ‘ 


where V;, is the initial 
always refer, respectively, to the 


“prior” interaction; a and b 
initial and final un- 
perturbed states given by 

, " 

Va m(11,8%2; 0), 


2; 0)u(r;'); 


Ko=pat/h; Ky=pusv,/h; 0 is the incident proton ve- 
locity in the laboratory system; m is the electron mass; 
Ma and yw» equal, respectively, the initial and final re- 
duced masses; 0» is the relative velocity after collision; 
¢m denotes the molecular wave function; ¢, denotes the 
ion wave function; u is the ground-state atomic wave 


function; and 
R 0/2, (4) 
R’=r,—[M 


(M+m) |r,'+4 ; (5 


The wave function for the hydrogen molecule has the 
form 


Om(01,82; ©) = Nm {tema (1) tmp (2)+ toma (2) tmp (1) 


_ C[ Mon 1)u,, gi 2 


Nn =1/{2f 


where 


c is for the moment arbitrary and may be set to any 
value between 0 and 1 | 
we use c=0 and Z,, 
Weinbaum wave function « 
extreme molecular orbital ¢ 
lar-ion wave function is 


For the extreme atomic orbital, 

1.166; for the 
0.256. } ae 
i s 


intermediate 
1.192; for the 
1.193. The molecu- 


where 


The plus sign refers to leaving the ion in its ground 
gerade state; the minus sign, to leaving the ion in the 
ungerade state. In Eqs. (6) and (7), u, 
ground-state hydrogenic wave functions about nucleus 
A and B with the effective charge Z, 
usa and are the ground-state hydrogenic wave 
functions about A and B with the effective charge Z, of 
the molecular ion. We make use of the Franck-Condon 
principle and take the internuclear distance immedi- 
ately after capture to be the sam« 


, and u,, are the 


of the molecule; 
ULB 


as before. 
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In first Born approximation, the prior matrix element 
of Eq. (2) should equal the post matrix elements pro- 
vided the unperturbed molecular and ionic wave func- 
tions ¢,, and ¢, are exact. However, since we are mainly 
interested in analyzing the basis of the assumption that 
oa=}om, we have made calculations only with the 
simpler prior interaction and have compared these with 
the corresponding prior matrix element for the reaction 
(1a) ; actually the reaction (1a) is so symmetric that the 
post and prior matrix elements are identical. 

We note further that Eq. (2), which rigorously takes 
into account electron indistinguishability, has neglected 
the possibility of proton exchange. Proton exchange 
would replace (¥»| V ;|~.) in Eq. (2) by linear combina- 
tions of (¥,|V;|~.) and other matrix elements, which 
matrix elements would correspond to the incident pro- 
ton stripping a hydrogen atom from the H: molecule. 
We have not estimated these stripping matrix elements ; 
probably they are small. Even if they are not insignifi- 
cant they should be excluded from our calculations be- 
cause: (i) they have no analog in the BK and JS ex- 
pressions for o 4, and (ii) stripping mostiy would produce 
fast H,+ ions, which would not be detected in the usual 
measurements of the cross section for the reaction (1b). 


3. THE INTERFERENCE EFFECT 


The matrix element in Eq. (2) is integrated over the 
relative coordinates 1, fs, t:’, @ introduced in Fig. 1. It 
is trivial to show that the Jacobian of the transformation 
from this set, together with the center of mass of all five 
particles, to the laboratory coordinates is unity. In this 
integration, we keep o, the internuclear distance fixed, 
so that the only actual variables are r,, r2, and r,;’. The 
matrix element so evaluated corresponds to the capture 
amplitude for a given orientation of the molecule. Thus 


(yy! V; Wa) 


=exp(—ia-p, af exp(—ia- 1) exp(i$- 1’) 


Xoi*(r2; o)u* (11) V be (01,82,0)dridredr,;’, (8) 


where a= K,—K.; $=[M/(M+m) ]K,—K.,. In Eq. 
(8) Vi=VicetVactVactVec; the asterisk signifies 
the complex conjugate. The matrix element of Vic 
represents capture of electron 1 by virtue of the inter- 
action between 1 and the incident proton, and is the 
molecular analog of the BK matrix element for the 
reaction (ia). Referring to Eq. (6) it is seen that these 
Vie terms are of two types: those involving u,,4(1) 
= t4m (71) denoted by us as /px(A), in which the captured 
electron is associated with proton A ; and those involving 
UmB(1)=tm({ot+t:|), denoted by us as /px(B), in 
which the captured electron 1 is associated with proton 
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B. We find 
Igx(A)=exp(—i}e-o) 
x V Vial (Cc +1 A ins r (1=€)X im lI pe; 
(9) 


I ax B) =exp(ia:o) 


KN AN mL (LCA imt (C2 1)X im MT pe, 


| = ~ f dary exp| ~ia-: r;) exp(ig- r;’) 


K u*(r1')(€/ry')ttm(ri), 


Lin =f u.9(2)m(xhde, 
X im (p) . four X— 0} )Um\A dx. 


The simplifying assumption that #;, #m, « are spherically 
symmetric has been incorporated into Eqs. (9)—(11). 
Evidently 


(10) 


(11) 


Ipx(A)=+exp(—ia-p)/px(B). (12) 
The phase factor exp(—ia-)=exp[i(K.—K,)-@] is 
precisely the phase factor expected from elementary 
diffraction theory for two identical scattering centers 
with relative displacement ». At low energies ap1, the 
amplitudes /px(A), Jpx(B) add constructively for the 
gerade state and destructively for the ungerade state. 
This interpretation of the relation (12) suggests that a 
similar relation should hold for the molecular analog of 
the atomic JS matrix element, which describes capture 
of the electron by virtue of the interaction between the 
incident proton and the proton to which the electron is 
originally bound. Of course each electron in Hy, is 
simultaneously bound to both protons, but (as in the 
Vic matrix element) with the form (6) for ¢,, it is 
legitimate to suppose matrix elements involving tm, (1) 
represent capture of 1 when it is bound to A, while 
matrix elements involving “»(1) represent capture of 1 
when it is bound to B. Hence in Eq. (8) the molecular 
analogs of the atomic JS matrix element are: J;s(A), 
denoting those terms in the matrix element of Vac 
which involve tma(1); and J5s(B), denoting those 
terms in the matrix element of Vgc which involve 


témp(1). We find 
I 33(A)=exp(—i}e-p) 

XN AN wl (C4 1)A im t+ (14E0)X im J pp, 
T 3s(B)=exp(tha-o) 


x V AN ml | I+c LA im + (¢ + 1)X im | 


PP? 


Iyp f desde exp(—ia-r,) exp(ig-r,’) 


x u* 7,’ e 


ri— 11’ | tim (r1), 
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and observe that Eq. (12) holds for J;s(A), I3s(B), as 
expected. 

The remaining terms in the matrix elements of V4c, 
denoted by /,,'(B), represent capture of 1 when it is 
bound to B by virtue of the interaction between C and 
A; the remaining terms in the matrix elements of Vgc, 
denoted by J,,’(A), represent capture of 1 when it is 
bound to A by virtue of the interaction between C and 
B. We find 
Typ'(A) iha-o)N AN wl (c1)A im 


exp | 


+ (1+¢)Xim | pp’ (0), 


I pp’ (B) =exp(ija:o)N ANaL(+c)d im 
+ (c4:1)Xim lI pp (— 
T pp (e) facuaes exp(—ia-r,) exp(i8- 11’) 


ee 
K u* (ry) (2 


9), 


r\- r;’ + 0 )thm (11). 


I »'(A) differs from J,»’(B) by the same phase factor as 
previously, but there is the additional complication that 
as electron 1 is shifted down (in Fig. 1) from proton A 
to proton B, the interaction is shifted up. In Eq. (15) 
this complication shows up in the difference between 
I 5x'(@) and Iy,'(—@). Similarly we denote by J,.’(A) 
the terms in the matrix element of V2c which involve 
tuma(1), by Ip-’(B) the terms in the matrix element of 
Vec which involve u%m2(1), and find 


I pe (A)=exp(—ija:o)VNANm 


x f drain’ exp ia-r;) exp(iG- 11’) 
XK u* (11")V pe’ (11,8 1',0) tm (11), 


T pe (B) 


texp(ija-o)V AN 


(16) 


x dridry’ ex ) ia: 1,) ex (18+ ry’) 
I ¥ 


a ; Xu*(r1')V pe’ (11, nw. —0)tUm(1), 
V pe (11,71 ,0) 
pe 1,41 58 


=— far [ 14 ( 12) t+ 4;( To + o) |(e/| me r;'— Tr! ) 
X [tim (too) + Cttm (Te) ]. 


The terms J pp'(A), Ipp’(B), I pe’(A), Ipp'(B) together 
represent capture of electron 1 from one of the atoms by 
virtue of the interaction between the incoming proton 
and the other atom. Such capture has no analogue in the 
atomic reaction (1a), and is not estimated by us. The 
contributions from J,,’ and J,,’ should be smaller than 
the contributions from /,, and J,,, and perhaps should 
be omitted entirely in view of recent results® concerning 
the atomic proton-proton contribution. At intermediate 
energies these first Born approximation matrix elements 
(15)-(16) are by no means negligible compared to (13)- 
(14) however. 
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4. THE MOLECULAR BK CONTRIBUTION 


The molecular BK contribution is found from Eq. 
(2), replacing the entire matrix element (W»|V;|~.) by 
its BK parts Ipx(A)-+ Ipnx(B : Eq. (9). 


(=) | 
=2 - ZINN, 
2rh? 


X {CA im + X im ( p 


Thus 


dompxk K h 


dQ 


K, 


<[1+ jolap I, 


pe 


(17) 


where jo is the spherical Bessel function of zeroth order. 
The jo term arises from the interference between Jpx(A) 
and Jpx(B). Equation (10) yields 


with 


c 
ja u(r) exp 


and E,=—é/2a., u=mM(m+M)-'; a, is the Bohr 
radius. 

The angular dependence of the differential cross 
section is contained in the magnitudes of @ and 8. In 


terms of the scattering angle 6 


a’ =K 2+K.2—2K ,K, cosé 


=K 2{1+(K»/Ka)*—2(Ks/Ke) cos}. (20) 


The energy conservation is given by 


(h?K ?/2u.) = (WK °/2u,)+ AE, 

where E(atom)+£(ion)—E(molecule)=AE=2 ev is 

the difference in internal energies between the initial and 

the final states, and may be neglected in comparison 

with the kinetic energy of the total system. Hence 
(K,/K.)= 


(up a)?. 


(21) 


Using wa=M, ws=M+m, and neglecting of 


higher order in m/M 
m\*fl 2 sin@/2\? 2 
en NCQ) 
M/ 14 m/M 


where 
\=[2(M/m) sin}é F. 


terms 


Mt 


2h 


(23) 


The reason for the introduction of the new angle variable 
d is to facilitate calculation, since \ has the convenient 
limits of zeroand 4(M/m)*, and the upper limit 4(M/m)? 
may straight away be replaced by infinity. It also is 
easy to verify that 6*=a’ to the order of approximation 
of Eqs. (21)—(23). 





CHARGE 


With this new notation, the elementary solid angle is 


given by 
dQ=4(m/M)*ddd¢, 


and one finds, after evaluating g,, and g, Eq. (19), that 
to lowest order in m/M 


homnx = 2’9a2(N AN m)*[ A imtX im (p) P(Lc)* 
XZm°LF (n)+G(n,p) }(1/n"*), 


(25) 
where 


n=hvr/2é, 





. dd 
F(n)= af y 
o [w*+(14+4d)P[Zatn*+(14+4)}* (26) 





“ jo (p/a.)n(1+4d)*]dr 
Ginp)=4 f —_—_—— — 
o [w*+(1+4)) PLZ,.20-*+ (1+4A) }! 


The integral F(m) easily can be evaluated and expressed 
in closed form. The other integral G(m,p) has been 
integrated numerically. Figure 2 shows a plot of F(n) 
and G(n,p) as a function of m, using a value of p=0.74 A. 
Equation (25) shows that ompx consists of two parts. 
The first term F(m) increases with m and eventually 
reaches an asymptotic value for large enough n. The 
cross section will then simply decrease with incident 
velocity as the factor vu". The term G(n,p), which 
vanishes as either p or n approach infinity, expresses the 
interference of the two capture amplitudes associated 
with the two proton centers in the molecule. As always, 
the plus and minus signs refer to trarisitions to the 
gerade and the ungerade states, respectively. In the 
limit of very large internuclear distances, transitions to 
the gerade and the ungerade states must be equally 
probable. Indeed, as p—> ©: Z,, and Z;—> 1; Aim — 1; 
Am, Ai, and Xi, —> 0; ¢ — 0; and for either sign Eq. (26) 
reduces to 
n~ 
somuK = 2°xa."}—_— (27) 


5 ’ 
(1+n-*)§ 


which is precisely half capx. At the true internuclear 
distance p=0.74 A however, the values of Aim, Xim, and 
c are such that (Aim—Xim)(1—c) is considerably less 
than (Aim+Xim)(1-+c). Thus, referring to Eq. (25), 
even in the absence of interference, transitions to 
ungerade states are much less probable than transitions 
to gerade states; at energies less than 400 kev, where F 
and G have the same sign (Fig. 2), interference further 
reduces the relative probability of transition to ungerade 
states. 

Since the internuclear spacing is of the order of 10* 
times the de Broglie wavelength of the proton at an 
incident energy of 400 kev, persistence of significant 
interference to such high energies is somewhat sur- 
prising. To understand this, let us consider the special 
case that the nuclear protons lie~perpendicular to the 
direction of the incident proton. Then the criterion for 
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Fic. 2, The functions F(n) and G(#,) which, respectively, 
represent the direct and the interference terms in the capture cross 
section are given in arbitrary units as functions of incident proton 
energy. Note how the interference term G(n,o) turns negative at 
about 400 kev. The experimental value of 0.74 A is used for p. 


interference would be Kp sind<~1, where K=Mo/h. 
Because m/M is so small the incident proton is almost 
undeflected however; in fact the mean value of sin@ is 
~m/M. Consequently the criterion for interference be- 
comes mup/h<~1, i.e., the effective wavelength de- 
termining the interference is not the wavelength of a 
proton at the incident proton velocity, but the 2000 
times larger wavelength of an electron at that velocity. 
To put it more formally, Eqs. (8) and (22) show that 
the effective wave number is not Kg, but rather 
|K»—Ka|=mo/h. 

Figure 3 shows two sets of curves. The upper set of 
curves (J) compares our theoretical 4omnx (solid line) 
with gasx (dashed line) ; the small contribution to the 
total cross section from transitions to ungerade states 
has been neglected, i.e., Fig. 3 is computed using only 
the plus sign in Eq. (25). The close agreement between 
somnx and oapx at energies <~400 kev (0n<~9X 108 
cm/sec) appears to be a fortuitous result of the combi- 
nation of factors occurring in Eq. (25). For example 
Z,<=1.17 rather than unity, as in atomic H, and (1.17) 

=2.2; consequently the Z,,° dependence of 4omusx on 
Z, at high energies [Z,.*n-*<1 in Eq. (26)] makes 
tomex about twice as large as it would be if Z.. were 
equal to one. We see nological reason why the assump- 
tion that 4omex=canx, if it were based on sound 
physical reasoning, should require that Z,,<1.17. The 
divergence between }omepx and canx at energies ex- 
ceeding 400 kev results from the onset of destructive 
interference in transitions to the gerade state. 

In the energy range below 1 Mev, the differences be- 
tween results obtained with the three different types of 
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PARTICLE ENERGY (kev) 
400 BOL 
1 1 


5 6 > 8B > iI 2 i3 14 
PROTON VELOCITY (IN 10° CM/SEC) 

Fic. 3. Capture cross section as a function of incident proton 
velocity. The circles are the experimental data of Barnett and 
Reynolds. The upper set of curves (/) indicate the theoretical 
cross sections without p-p interactions, while the lower set (//) 
takes this into consideration in the manner as given in the text. 


wave functions—extreme atomic orbital (Wang'*), 
Weinbaum, and extreme molecular orbital—are almost 
indiscernible on the scale of Fig. 3. In the limit »— « 
these differences are more appreciable, though still not 
large, as can be inferred from the first row of Table I, 
which for each of the different wave functions lists the 
high-energy limit of the ratio 4ompx/oapx. Of the three 
wave functions, the extreme molecular orbital has the 
highest electron density at the center of the molecule (as 
can be seen by plotting the electron distributions) and 
also has the largest capture cross section in the high- 
energy limit, followed by the Weinbaum with the next 
highest density. From the uncertainty principle, the 
most highly localized wave function should have the 
largest high momentum components. The remarks of 
this paragraph and the three preceding, taken together 
with Eqs. (17)-(19) and (22), justify many of the 
assertions concerning effects (i)—(iii) which were made 
in Sec. 1. 


5. THE MOLECULAR JS CONTRIBUTION 


The molecular cross section analogous to oays is 
obtained when (W»|V;|¥.) in Eq. (2) is replaced by 
Ipx(A)+J/px(B)+/5s(A)+/38(B), Eqs. (9) and (13). 
Since Jyx and J sg obey the identical relation (12), it is 
evident that doyss/d2 is given by Eq. (17), provided 
| pe|? is replaced by |7,-+J>,|?. In other words the 
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interference and other qualitative features of the mo- 
lecular cross section discussed in the previous section 
hold for oss as well as for ompx. In fact Eq. (25) holds 
for 40m ss provided the integrands of F(m) and G(n,p), 
Eq. (26), are made consistent with the replacement of 
\Ipe|? by |Zpe+Jp|?. As in the previous section, it 
readily is shown that 4om;s=4eass for transitions to 
either gerade or ungerade states in the limit p—> «./ 
Eq. (14), can be evaluated in cl 


PP» 
sed form from expres- 
sions given by Lewis”; however }omss was not com- 
puted exactly at all energies, for reasons explained 
previously. The lower set of curves (//) in Fig. 3 com- 
pares dass our theoretical 
(solid line) computed as described in Sec. 1. 


(dashed line) with Somss 


The circles 


are the experimental points of Barnett and Reynolds.“ 
The agreement between the magnitudes of our esti- 
mated 40m 3s and the measured $y is much closer than 
1. The second 
row of Table I lists the high-energy limit of the ratio 
$omss/oass. The third row shows that the high-energy 


it has any right to be, as discussed in Sec. 


limit of hou Is ‘SoOMBK is almost identical with the high- 
energy limit 0.661, 
another way of saying that 


of Cajs/CABK wl ic h is merely 


SoMJS CAJS is almost 


identical with }omex/oanxK 


6. TRANSITIONS TO UNGERADE STATES 


So far we have assumed that transitions to ungerade 
states are unimportant. The experiments of Keene"! 
seem to support this assumption, at least at energies of 
the order of 15 kev. In this section, we will consider the 
transition to ungerade states at all energies. From Eq. 
(25) we obtain the following relative ratio for dis- 
sociation 


Aim ” ( T A , G 


1 
27MBK 


SomBK* L (Aint m) (1+ A +G 


where of course }ompx* is the cross section to gerade 
states plotted in Fig. 3 and tabulated in Table I. This 
ratio is energy dependent, and varies very drastically 
with different types of molecular wave functions. For 
the extreme molecular orbital c=1, this ratio is zero at 
all energies. For the other two types of wave functions, 
~100 kev) 


(see Fig. 2) 


the ratio is very small at low energies 
since G(n,p), at low energies, is close to F(n 
when G(n,p) be- 
comes negative. This is especially true with the Wang 
extreme atomic orbital 


The ratio becomes more appreciable 


function for which the 


wave 


TABLE I. Cross-sectior high-energy limit 


Ratios 


tomnK TABK 
touss 7AJS 
houss bouni 


R. R. Lewis, Phys. Rev 
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ratio reaches a peak value of about 28% at 900 kev. In 
the high-energy limit, however, G(m,p) vanishes and the 
ratio is just a ratio of two constants and will no longer be 
energy dependent. We then have 


T 
ny Vn wy 
on fo 


sompK [ (A im—X im) (1—c) F(1+A,) 


ae . i 29 ) 


n 


somBK* [ (A ims +Xim)(1+c¢) P(1—A,) 


a 


v—> « 


PERCENTAGE RATIO 


ae 


For the Wang wave function, the ratio at the high- 8 


if 
ee 

energy limit is about 19%; for the Weinbaum, about ee 
7%. Figure 4 shows a plot of this ratio against energy. at 
Curve / is plotted for the Wang wave function ; curve II os oS - x ke sO 
for the Weinbaum; the straight lines A and B indicate, ENERGY (IN KEV) 
for the W ang and Weinbaum, seapectively, the high- Fic. 4. The ratio of capture cross section corresponding to 
energy limit ratios computed from Eq. (29). The maxi- transition to ungerade states to the transition to gerade states. 
mum at 900 kev is due entirely to the fact that at this Curve / shows the ratio for the Wang extreme atomic orbital wave 
energy the destructive interference in the gerade transi- {waction, and cunve//.for the Weinbaum. The straight lines 4 
tions (and the corresponding constructive interference Wang and the Weinbaum wave functions, respectively. 
in the ungerade transitions) is most pronounced. A 
further increase of incident enezgy decreases the ratio, 
which thereafter oscillates slowly and with rapidly 
decreasing amplitude about the high-energy limit ratio 
The fact that the projection onto ungerade states of the 
molecular-ion is zero when we employ the extreme 
molecular orbital wave function can be easily understood, 
since the extrerne molecular orbital is nothing’more than We are indebted to Dr. Richard M. Drisko, Dr. T. M 
a product of two gerade (extreme) molecular-ion wave Donahue, and Dr. Robert H. Bassel for many helpful 
functions. discussions. 





The results which have been quoted in this section 
remain essentially unaltered when om s* are substi- 
tuted for ompx*. 
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Photodisintegration of the Deuteron with 94-Mev Bremsstrahlung Radiation*t 


J. A. GaLey} 
The Enrico Fermi Institute for Nuclear Studies, The University of Chicago, Chicago, Lilinois 
(Received August 24, 1959) 


Differential cross sections for the reaction y+d— p+ m have been determined at laboratory angles of 
45°, 75°, 90°, and 135° for laboratory photon energies from approximately 50 to 90 Mev. At each of the 
above angles the energy spectrum of the recoil protons was determined with a counter telescope and a 
pulse-height analysis system. The low cross section fer this reaction necessitates the reduction of background 
to a minimum. This was accomplished by the use of a gaseous target and a particle selection technique. The 
differentiai cross sections and the estimates of the parameters describing angular distributions are in 
reasonable agreement with recent calculations by de Swart and Marshak and by Zernik, Rustgi, and Breit. 


I. INTRODUCTION source of information on two-body nuclear interactions. 


A LONG with single and multipie nucleon-nucleon It is unique in the photonuciear field, because the 
scattering and the -p capture process, the photo- Matrix elements describing the process are more 

disintegration of the deuteron constitutes a possible Teadily calculated than those involved in gamma-ray 
————— i ¢ interactions with more complex nuclei. In addition, 
* Research supported by a joint program of the Office of Naval , , , : 

Research and the U. S. Atomic Energy Commission. being a two-body interaction the determination of the 
t A thesis submitted to the Department of Physics, the Univer- energy and the angle of recoil of the proton (or the 
vy of Chics in partia! fulfillme ireme . af ; . 

sity of Chicago, in partia! fulfillment of the requirements for the — jeytron) uniquely fixes the energy of the photon 

Ph.D. degree. A more complete account of the method of data = -— . : 

reduction and of sources of error is given in the thesis filed with initiating the reaction. 

the Department of Physics, University of Chicago. . The energy range from 20 Mev on up where effective 
t Present address: Department of Physics, University of Notre *. : : ‘ 

Dame, Notre Dame, Indiana. range theory is not satisfactory has been investigated 
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Fic. 1. A plan view of the experimental arrangement. 


near 20 Mev at the University of Pennsylvania,'? 
in the intermediate energy range at the University of 
Illinois* and at the Lebedev Physics Institute,‘ and in 
the high-energy range at the California Institute of 
Technology,® the University of Illinois,* the University 
of California at Berkeley,” and Purdue University.’ 
A more comprehensive coverage of the large amount of 
work that has been done on the deuteron photoeffect is 
available in a bibliography compiled by Toms.° 

Further information may be extracted from the study 
of photoprotons from deuterium by the determination 
of the proton polarization, though this has thus far 
received only theoretical attention.” 

Section II of this paper describes the equipment used 
and the procedure followed in obtaining data. Section 
III deals with the calculation of cross sections, and 
Sec. IV summarizes the results and gives a comparison 
of these results with recent calculations." 


Il. EQUIPMENT AND PROCEDURE 


A plan view of the experimental arrangement is 
given in Fig. 1. The University of Chicago’s 100-Mev 
betatron was used as a source of radiation. The main 
collimator defined a beam 24 inches in diameter at the 
center of the deuterium target. The sweep magnet and 
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Fic. 2. A plan view of the target and counter telescope. 


associated vacuum system provided an electron-free 
beam, while shielding from stray gamma radiation was 
provided by the lead and heavy concreie of the betatron 
vault wall, lead stacked on the target and counter 
telescope mounting table, and a beam stop which 
eliminated back scattered radiation. The borax shielding 
served to reduce the neutron flux in the experimental 
area. 

The kinetic energy of the electrons producing the 
x-ray beam was maintained constant by applying to a 
discriminator the integral of the voltage produced in a 
turn of wire enclosing the flux of the betatron field. 
Measurement of the magnitude of the betatron guide 
field at the x-ray target at the time the electrons struck 
the target gave for the kinetic energy of the electrons 
the value 93.5+0.5 Mev. 

The time integral of the beam intensity was deter- 
mined from the charge collected on the plates of an 
argon filled, thin, transmission-type ionization chamber. 
This is denoted by “ionization chamber” in Fig. 1. 
The charge collected on the plates of this chamber was 
stored on a polystyrene capacitator and the resultant 
voltage indicated by an Applied Physics Corporation 
model 301 vibrating reed electrometer. 

Daily checks of the ionization chamber were made 
by comparison with a thimble type ionization chamber 
placed in the position denoted by “B” in Fig. 1. The 
use of an ionization chamber of the type described by 
Kerst and Edwards," located in position “A” of Fig. 1, 
allowed the ionization chamber measurements to be 
placed on an absolute basis. The Kerst-Edwards 
chamber used was calibrated by the National Bureau 
of Standards. An upper limit of 5% is placed on the 
uncertainty associated with the calibration of the 
Kerst-Edwards chamber." 

Figure 2 shows in plan view the target and counter 
telescope. The target consisted of deuterium gas at 
pressures of 13 to 14 atoms in a stainless steel container 
of welded construction, held at 77.4°K by the use of a 
liquid nitrogen shell. The target volume was defined by 
2-inch tungsten rods mounted on the target and 
counter telescope. The counter telescope consisted of a 
94 mg/cm? plastic scintillator and a NaI(TI) crystal. 

13 P. D 
(1953). 

“J. S. Pruitt (private communication 
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Fic. 3. A block diagram of the electronics. 


It is estimated that the error in the alignment of the 
axis of the counter telescope with respect to the x-ray 
beam is less than 1°. 

The electronics, shown in block diagram form in Fig. 
3, served two functions: (1) the elimination of counts 
due to electrons, i.e., particle selection, and (2) the 
measurement of proton energy loss in the NalI(TI) 
crystal through pulse-height analysis. The stability of 
the electronics was regularly checked with a precision 
pulser, whose wave form was a close approximation to 
that produced by the photomultiplier viewing the 
NalI(TI) crystal, and with the gamma radiation from 
Cs’, The extent of nonlinearities in the pulse-height 
analysis system was determined with the use of a 
sliding pulser. 

The energy scale of the pulse-height analysis system 
was determined from the channel number on the 
pulse-height analyzer, corrected for nonlinearities, 
corresponding to known proton energies. There are two 
sources of information of this sort: the location of the 
end points of the photo-proton spectra and the pulse- 
height distributions observed for protons produced by 
magnetic analysis of the energy degraded external 
proton beam of the University of Chicago 450-Mev 
synchrocyclotron.'"® The uncertainty associated with 
this determination is less than 0.5%. 


1% The calibration of the er | magnet used during the 


cyclotron runs was that obtained by L. G. Pondrom, Phys. Rev. 
114, 1623 (1959). This paper also describes the external proton 
beam facility of the cyclotron that was employed in this 
experiment. 


The observation of monoenergetic protons from the 
cyclotron also allowed a determination of the resolution 
of the pulse-height analysis system. Since the resolution 
function was symmetric the amount that the finite 
resolution will perturb the photoproton spectra may 
be estimated from the mean square width of the 
resolution function and the second derivative of the 
pulse-height spectrum. An estimate of the effect of 
finite resolution in the regions of the photoproton 
spectra where the second derivative is largest indicates 
that it is always considerably less than the effect of 
the statistical uncertainty in the number of counts 
per channel, 


III. CALCULATION OF CROSS SECTIONS 
Background 


There were two major sources of background: one 
time dependent and one beam dependent. The former 
amounted to 2.5+0.20 counts per hour. The latter was 
determined from runs in which the target was filled 
with hydrogen. 


Corrections and Uncertainties 


The data were reduced to differential cross sections in 
a straightforward manner. Corrections were made for 
nonideal gas behavior of the deuterium, the loss of 
protons in traversing the materials between the 
target and the NaI(TI) crystal, and the deadtime of the 
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particle-selector system. There is a natural separation 
into two types of the uncertainties affecting this 
experiment: (1) uncertainties which affect the shape 
of the angular distribution and (2) uncertainties which 


do not affect the angular distribution but only the 
total cross section. The major uncertainty of the first 
kind is the statistical uncertainty in the number of 
counts per channel, and the major uncertainty of the 








© de Swart and Marshok 
$ Present Experiment 
= 75° 


we 
oO 


L 


in yb/sterad 
~m 
oO 


do/A2.., 


5 


| 


D Zernik,Rustgi ond Breit 


Fic. 5. A smoothed 
curve through the ex- 
perimental points at 
75°, along with the 
heoretical values of de 
Swart and Marshak and 
Zernik, Rustgi, and 
Breit. 











60 
ke in Mev 


second type is in the calibration of the Kerst-Edwards 
chamber. 


IV. RESULTS AND CONCLUSIONS 


A survey of experimental determinations of differen- 
tial cross sections is given in Fig. 4. A striking feature of 
the status of experimental determinations of the 
differential cross section is the relatively small scatter 
in the determinations at the laboratory angle 90° 
compared to the scatter present in the experimental 
data for angles fore and aft of 90°. The agreement at 
90° suggests that uncertainty in the determination of 
integrated photon fluxes is possibly not as serious as 
has been suspected. This, unfortunately, leaves one 
without a ready explanation of the discrepancies 
especially notable in the 45° and 135° results. 


Angular Distributions 


The dominant features of the angular distribution of 
photoprotons from deuterium in the medium and 


TABLE I. Values of the parameters a, @:, @2, and a; for the 
135-Mev data of reference 5 and the 65- and 80-Mev data of 
reference 6,* in wb/sterad. -; is in Mev 





Energy 
ki ao a: 
11.44 6.54 
0.56 9.99 
6.81 -1.18 
0.42 0.81 
3.27 1.38 


0.15 0.46 0.51 


* The second entry in the second through fifth columns is the uncertainty 
estimate which is generated in the least-squares procedure. 

> The values of a, 6, 8:, and 8: given here are obtained from age, a:, a2, 
and as by the relations 4=ae+e2, b= —as, 8:1 = (a:+4:)/(ae+a1), and 
B: = as/as. 


high-energy range are (1) the presence of a sizeable 
isotropic component in addition to a portion which 
as sin*@., which latter component is all that is predicted 
by calculations which assume that only central forces 
are operative in the m-p system,'* and (2) an appreciable 
fore-ait asymmetry due to interference between the 
dominant electric dipole transitions and the electric 
quadrupole transitions. Initial attempts to account for 
the isotropic component in the angular distribution by 
taking into account the existence of noncentral forces 
in the n-p interaction were not too successful and led to 
investigations of the effect of virtual pion transitions.'’-"* 
More recently, however, work by Signell and Marshak,'® 
Gammel and Thaler,” and Fischer, Pyatt, Hull, and 
Breit” has determined potentials 
consistent with present experimental scattering data. 
Using potentials of this type calculations of the cross 
section for the deuteron photoeffect have been made by 
de Swart and Marshak," Zernik, Rustgi, and Breit" 
and Nicholson and Brown.” The success of this work 
in predicting the amount of isotropic component 
experimentally observed seems to indicate that, at 
least in the intermediate energy range, virtual pion 
effects need not be introduced but that care must be 
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taken because the results are sensitive to the D state 
probability in the initial state, the tensor force in the 
odd triplet state, and the hard core of the even singlet 
state.¥ 


Analytic Forms for the Angular Distribution 


The analytic form of the angular distribution 
suggested by de Swart and Marshak is 


a(1+ 8; cos@.)+b sin*@.(1+82 cos@.). (1) 


This is equivalent to the form suggested by Zernik, 
Rustgi, and Breit in their approximation E: 


a+b sin*0+-c¢ cos@.+d sin*6, cos@.+e sin’#, cos*@., (2) 


except for the term in sin, cos, in expression (2) 
which contributes of the order of one percent to the 
total cross section. A form which easily lends itself to 
a least squares fit to experimental data and which is 
equivalent to expression (1) is: 


ao+ a; cos#,+ de cos*6,+- a3 cos"#,, (3) 


a cubic in cos@,, where d9=a+5, a;=a8,+ 082, a2= —b, 
and a@3= — 082. Under special conditions expressions (1) 
and (3) reduce to the forms which have previously been 
used for the synthesis of measured differential cross 
sections by experiments. It becomes the form used by 
references 1, 2, 3 and 6 when 8,;=f2. When a;=08,=0, 
it becomes the form employed by references 5 and 7. 
These assumptions, however, are not consistent with 
the predictions of references 11 and 12 in the energy 
range in which their calculations were done. As a 
check on this point the values of the differential cross 
section for 155 Mev reported by reference 5 and those 
for 65 and 80 Mev reported by reference 6 were fitted 


TABLE II. Values of the center-of-mass differential cross section.* 





6 Ge Oe Oe 
degrees do/dQ. degrees do/dQ. degrees do/d% degrees do/di. 


81.48 19.5 96.76 16.9 139.78 83 
0.6 0.25 0.5 
97.08 1 140.00 7.5 
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140.22 6.5 
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* The second entry in alternate columns is the uncertainty associated 
with the quantity directly above it. These uncertainties do not include the 
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Fic. 6. Angular distribution plots: (a) the 53.7-Mev calculation 
of de Swart and Marshak; (b) the 64.4-Mev calculation of 
Zernik, Rustgi, and Breit in their approximation E; (c) the 
80.4-Mev calculation of de Swart and Marshak. The values of 
Aleksandrov ¢ al. are the averages of their 70- and 80-Mev values. 


effect of the uncertainty in the calibration of che Kerst-Edwards chamber 
ki is the laboratory photon energy in Mev. de/d%& is given in units of 
ub sterad. 


“ S. Hsieh, Progr. Theoret. Phys. (Kyoto) 21, 585 (1959). 
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by a least-squares procedure™ with expression (3), 5 Mev steps were taken from smooth 


yielding the results given in Table I. through the plots of the differential cross section versus 
k, for a fixed laboratory angle. It should be clearly 

Angular Distribution Parameters understood that any presumption of monotonic 
variation of the differential cross section with energy 
has been disregarded in drawing these curves. However, 


urves drawn 


In order to obtain estimates of the parameters 
entering into the analytic description of the angular 
distribution, values of the differential cross section for 
nine laboratory photon energies from 50 to 90 Mev in 


even in the most extreme cases a strictly monotonic 
decrease with increasing energy could follow if the 
curve is relocated by amounts of at worst two times 


*F. T. Solmitz, internal report, University of Chicago (un- ‘ ‘ ‘te ' 
published). the estimated statistical uncertainty of the plotted 
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points. A typical curve is shown in Fig. 5 along with the 
predictions of references 11 and 12. The values taken 
from these curves are given in Table II. The uncertain- 
ties indicated in Table II and subsequently used to 
determine the uncertainties in the parameters do, 41, 2, 
and a; were taken somewhat arbitrarily to be one-half 
those assigned to nearby values of the differential 


20 
k, in MeV 


cross section calculated for each pulse-height analyzer 
channel. 

Figure 6 presents the angular distributions predicted 
for 53.7 and 80.4 Mev by reference 11 and that predicted 
for 64.4 Mev by reference 12 in their approximation Z 
along with various experimental results. In all three 
cases there is reasonable agreement as to the shape of 
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TABLE III, Values of the parameters do, a1, @2, 4s, and o,.* 





— 
! 

= 

oy 


—<das v7 


179 


1 


0 

1 
9 

16.0 


1 


CRSRHNSNS 
CAGCNA SNK WS! 


SHOMOMOLS: 
i be We im Ro Oo & 
Man wn 


o 


oe 


1 
5 
0 
4 
6 
4 
1 
5 
2 
4 
7 
4 
4 
3 
5 
4 
3 
6 


1 
7 
7 
2 
5 
4 
3 
3 
3 
6 
8 
9 
6 
4 
8 


= 
oC 





® The second entry in every section of the table is the uncertainty 
associated with the first entry. ao, a1, a2, and as are in microbarns per 
steradian. o: is in microbarns. None of the uncertainties quoted here 
include the effect of the uncertainty in the calibration of the Kerst-Edwards 
chamber. 


the angular distribution; however, particularly at 55 
Mev there is considerable disagreement in the total 
cross section. 

The results of fitting expression (3) to the differen- 
tial cross sections given in Table II are given in Table 
III. Using the relationships a=ao+a2, b=—da, and 
o.= (ao+4a2), Figs. 7, 8, 9, and 10 were obtained. The 
most striking features here is the agreement in both 
experimental and theoretical values of a/b up to 
approximately 100 Mev. 

Although the large uncertainties in a; and a3, as 
indicated in Table III, do not permit good estimates of 
the parameters, 8; and 82, occuring in expression (1), 
it is clear that —4@3= bf, is certainly larger than a;+<a, 
=a8,, and therefore that the fore-aft asymmetry 
indicated by the factor (1+ 2cos@.) is appreciably 


GALEY 


larger than that indicated by the factor (1+; cos@.), 
a conclusion which is in agreement with the predictions 
of references 11 and 12. It is, however, in disagreement 
with the results obtained in references 3 and 6 which 
were interpreted as being consistent with §,={2 in 
the energy range from 20 to 65 Mev in reference 3 
and from 60 to 250 Mev in reference 6. It is also 
reasonably certain that a; is a nonvanishing quantity 
in the energy range covered by this experiment. This 
latter conclusion is born out by the 65- and 80-Mev 
measurements of reference 6 as indicated in Table I. 

It is also apparent from Figs. 7 through 10 that the 
study of the deuteron photoeffect is by no means in a 
final state. As was commented earlier, it is not obvious 
that the blame for existing experimental discrepancies 
can be ascribed to difficulties in the determination of 
photon flux. Ideally, one would hope that direct 
information on the nature of nucleon-nucleon forces 
could be obtained from experimental observation of 
the deuteron photoeffect. This does not seem, at least 
at present, to be possible in an unambiguous way. 
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p’-y Angular Correlation in the Inelastic Scattering of 16.6-Mev Protons by Mg™f 
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The angular correlation between the inelastically scattered protons leaving the first excited state of Mg™ 
(1.37 Mev, 2+) and its de-excitation gamma rays produced by the bombardment of 16.6-Mev protons 
on a natural magnesium target has been investigated. For @,’=30°, 42.5°, and 70° the result shows that the 
correlation functions are represented fairly well by the simple Born approximation calculation, sin*2(0,—@). 
However, at larger angles, 0,’ =95°, 120°, and 150°, changes in the shapes of correlation curves are observed, 
introducing a contribution from a sin*(@,—@o’) term. This fact suggests the existence of exchange effect as 
well as the distortion effect in the present nuclear reactions. 





INTRODUCTION 


VER the last few years a considerable amount of 

experimental data has been accumulated con- 
cerning the direct process in the nuclear reactions.' 
The analysis indicates that the process occurs preferably 
at a high-energy region of the incident particles, where 
the existence of the compound nuclear state as an 
intermediary between initial and final state is less 
dominant. In 1956, it was first pointed out by Satchler* 
that, independently of the compound process, there 
should be a strong directional correlation between the 
recoil nucleus and the de-excitation gamma ray if the 
reaction took place through a direct mechanism. This 
is in contrast to the angular correlation through a 
compound process in which the correlation function is 
related to the spins and particles of the levels of the 
compound nucleus being formed. Consequently, by 
observing such a strong correlation as Satchler pre- 
dicted, one is able to show another evidence of the 
direct process. In fact, the first (p,p’y) experiment of 
the angular correlation performed by Sherr and Horn- 
yak on carbon with 16.6-Mev protons® clearly showed 
such a strong correlation with only little deviation* 
from the curve predicted by Satchler. The pioneering 
work on the angular correlation of Mg™ was done by 
Gove et al.' as early as 1952 at the energy of 7.3 Mev. 
However, since they fixed the gamma counter and 
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mission and The Higgins Scientific Trust Fund. The paper is 
based on a thesis submitted in partial fulfillment of the require- 
ments for the Ph.D. degree in Physics at Princeton University. 
Also refer to Bull. Am. Phys. Soc. 3, 200 (1958). 

* Present address: Pupin Physics Laboratory, 
University, New York, New York. 

1P. C. Gugelot, Phys. Rev. 81, 51 (1951); 93, 425 (1954); 
W. E. Burcham ef al., Phys. Rev. 92, 1266 (1953); G. E. Fisher, 
Phys. Rev. 96, 704 (1954); G. Schrank ef al., Phys. Rev. 96, 1156 
(1954); I. E. Dayton and G. Schrank, Phys. Rev. 101, 1358 
(1956); C. P. Browne et al., Phys. Rev. 104, 1099 (1956); H. E. 
Conzett, Phys. Rev. 105, 1324 (1957); R. W. Peelle, Phys. Rev. 
105, 1311 (1957); R. Sherr, Proceedings of the University of Pitis- 
burgh Conference on Nuclear Structure, 1957, edited by S. Meshkov 
(University of Pittsburgh and Office of Ordnance Research, U. S. 
Army, 1957). 

2G. R. Satchler, Proc. Phys. Soc. (London) A68, 1037 (1956). 

*R. Sherr and W. F. Hornyak, Bull. Am. Phys. Soc. 1, 197 
(1956). 

‘C. A. Levinson and M. K. Banerjee, Ann, Phys. 2, 471 (1957). 

5H. F. Gove and A. Hedgran, Phys. Rev. 86, 574 (1952). 
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moved the proton counter in taking the data, we are 
unable to tell whether such a simple function as 
Satchler predicted would also hold at that energy. In 
the present experiment, Mg™ was chosen again as a 
subject of the study on the mechanism of the direct 
process because of its 0+ ground state and 2* first 
excited state (as is the case with carbon), its large 
inelastic cross section, the wide energy spacing of the 
first excited state and ground state, the absence of 
appreciable yield of gamma rays other than the 1.37- 
Mev de-excitation gamma rays, the preparatory 
knowledge of the angular distribution of the inelastically 
scattered protons from the 1.37-Mev level in this energy 
region,® and the ready availability of the target as a 
natural magnesium foil. As long as we insist on the 
standpoint of the direct interaction theory, it was also 
expected that this experiment would shed light on the 
distorted wave effect at the higher atomic number and 
on the application of the collective model to this type 
of reaction. The result actually obtained showed some 
deviations from the Satchler curve in the backward 
proton angles. Since this work was begun, the same 
experiments at different energies have been done 
elsewhere.’ 


APPARATUS 


The 16.6-Mev proton beam produced by the Prince- 
ton FM cyclotron is collimated by a #g-in. diameter 
collimator supplemented by three }-in. antiscattering 
collimators and is scattered by a magnesium foil held 
by a target holder 13 in. behind the last collimator. 
On the south side of the beam tube, centered to the 
target, a }-in.X4-in. window has been made covered 
with a 2-mil aluminum diaphragm. The scattered 
protons emerge through this window to be detected by 
a proton counter. The unscattered proton beam passes 
through the beam tube and is collected by a Faraday 
cup at the end. The scintillation detector used to 
measure the scattered protons is mounted in a light 
tight aluminum housing held by two arms which project 
horizontally from the scattering center and are rotatable 


* P. C. Gugelot and P. R. Philips, Phys. Rev. 101, 1614 (1956). 
™F. D. Seward, Phys. Rev. 114, 514 (1959); T. H. Braid 
(private communication); H. A. Lackner e al., Phys. Rev. 114, 
560 (1959). 


3 





774 


around the target. This detector can view scattered 
protons at any angle between 30 degrees and 150 
degrees through the aforementioned aluminum window. 
The second scintillation counter for detection of gamma 
rays is mounted on a holder which slides on a circular 
plate at a constant radius from the center. The geometry 
used limits this counter to cover the angle between 30 
degrees and 150 degrees. The pressure in the Faraday 
cup and beam tube was held at a few microns. 

The general procedure for detecting the coincidence 
events is as follows. The two scintillation detectors 
have two outputs, respectively, the linear and the fast 
output. The fast output is fed to the fast coincidence 
circuit, the output of which is fed into a slow coincidence 
circuit in coincidence with the pulse-height selected 
linear gamma pulses in order to eliminate the low- 
energy gamma-ray background. The output of this slow 
coincidence circuit opens the gate of a twenty channel 
pulse-height analyzer, enabling the linear proton 
coincidence spectrum to be displayed on it. 

A 7s-in. thickness NalI(TI) scintillation crystal 
covered with a 1-mil aluminum foil* and optically 
connected to the photocathode of Dumont 6291 photo- 
multiplier tube was used for detecting protons. The 
aperture of the counter is chosen to 3 in. for the co- 
incidence measurement. For the gamma detection, 
a standard 1j-in. diameterX2-in. NalI(TI) crystal 
mounted on an RCA-6655 photomultiplier was used. 

The fast coincidence circuit employs a Bell type 


circuit, using EF P60’s as triggering tubes whose outputs 
are being clipped by 6 ft RG114/U giving the resolving 


time of about 15 musec. The dead time, being deter- 
mined by the recovery time of the EF P60, is estimated 
to be about 6 usec. A Rossi type coincidence circuit 
was used for the slow part whose resolving time is 
about 4 wsec and the final output to gate the twenty 
channel pulse-height analyzer has a rectangular wave 


Fic. 1. The linear spectrum of the 16.6-Mev protons 
scattered from the natural magnesium. 


* The whole crystal with the housing is provided by Harshaw 
Chemical Company, Cleveland, Ohio. 
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form of +3 volts average height and 1-2 usec average 
length. 


PRELIMINARY MEASUREMENT AND 
EXPERIMENTAL METHOD 


The target used was a 0.002-in. natural magnesium 
foil. Typical linear proton and gamma spectra taken 
with it are shown in Figs. 1 and 2. In the proton 
spectrum, which was taken at a proton angle of 42.5°, 
one sees an elastic peak at the end of the curve which 
is followed by the 1.37-Mev level, the level we are 
looking at; a small peak, presumably from 2.97 level 
of Mg*®® (11.1% natural abundance; it would be 
reasonable to estimate the order of the cross section of 
Mg” and Mg”* equal to that of Mg) or a contribution 
from a group of three levels of Mg*® (10.1% natural 
abundance) situated around here; and 4.1, 4.2 levels, 
the well-known doublet. After this, the peaks become 





Fic. 2. The linear spectrum of the gamma rays produced by 
bombardment of 16.6-Mev protons on the natural magnesium 


' 
The background and the calibration points by Na™ and C® are 


also shown 


rather difficult to be assigned to those levels appearing 
in literature. The levels which have been reported are 
compared in the same figure. 

The gamma spectrum shows a very pronounced 
photopeak at 0.51 Mev, followed by a 1.37-Mev 
Compton edge and photopeak, which are the peaks in 
question. The spectrum becomes rather complex after 
this, showing contributions from higher levels. 

Unfortunately, one cannot perform the coincidence 
measurements with such a clean spectra as shown here. 
Because they are taken with the low-level linear output 
reducing the high voltage on photomultipliers, the 
pulses are not high enough to keep the coincidence 
circuit in proper operation, and since a small aperture 
(i in.) in front of the proton counter is used in order to 
get a well resolved spectra, the proton counting rate is 
too low to secure a good amount of coincidence events 
in a certain length of time without lowering the genuine 
to accidental coincidence ratio. In Figs. 3 and 4 are 





b'’-y ANGULAR CORRELATION 
shown the proton and gamma spectra under such 
conditions as required for the coincidence measure- 
ments. For both counters higher dc voltage is applied 
and a larger aperture (} in.) is used for the proton 
counter in order to get a proper counting rate. The 
results are less linearity and resolutlon. To separate 
the elastic and inelastic peaks, which would be other- 
wise nearly overlapping due to the high voltage, a 
routine way to use absorbers in front of the counters 
was employed. The Fig. 3 is the spectrum taken under 
such conditions. It is of interest to note that this 
procedure, in spite of reducing the incident proton 
energy at the crystal, gives more output voltage than 
reducing the high voltage in order to get the same 
amount of separation. The nonlinear characteristic of 
output voltage vs energy around the saturation level 
is responsible for this effect. 








HEIGHT 


Fic. 3. A proton spectrum for the coincidence measurement 
The applied high voltage to DuMont 6291 is 1750 volts. The 
aperture of the counter is 4 in. and 24-mil thick aluminum foil 
and is placed in front of it to separate the elastic and inelastic 
peaks. The dotted line represents the yield where the aluminum 
window is covered by a 7g-in. thick brass plate. It supposedly 
consists mainly of the gamma rays from the target. 


A considerable number of lead bricks are used to 
shield the gamma counter from the gamma background 
originating in the Faraday cup, the collimator, and the 
beam tube. However, this introduces the possibility 
that the gamma rays from the target could be scattered 
from the shields into the crystal, increasing the effective 
solid angle of the gamma counter. In order to examine 
this effect, setting the energy geometry the same as in 
the experimental case, a Na™ source of a couple of 
microcuries was mounted at the exact scattering center 
on the target and we looked for the variation of 1.28- 
Mev spectrum which is sufficiently close to 1.37 Mev 
in energy. The answer was negative for several gamma 
angles measured. The effect only appeared in very 
low-energy gamma rays (0.12 Mev) showing up as a 
small peak which, of course, is irrelevant in the present 
experiment. 
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Fic. 4. A gamma-ray spectrum for the coincidence measurement. 


The applied high voltage to RCA 6655 is 1200 volts. 


Since we cut off the strong low-energy gamma-ray 
background before putting the gamma pulses into the 
slow coincidence circuit (cutoff level ~0.61 Mev, Fig. 
4), it is important to maintain the gain of photomulti- 
plier constant regardless of its position and of time; 
otherwise, the intensity of 1.37-Mev gamma rays after 
the discriminator would illegitimately vary and a 
further correction would become necessary. The same is 
true for the gain of the following amplifier. The photo- 
multiplier tube 6655 reduces its gain by 20-30% when 
5 gauss of magnetic field is applied to the direction of 
the axis of its dynode cage.’ Therefore, although the 
counter is shielded by the mu-metal, the residual 
existence of this large effect deserves to be paid atten- 
tion to. Such variations of the gain were checked by 
connecting the output of a linear amplifier to a multi- 
channel analyzer in coincidence with the discriminator 
output and taking the gamma spectra during the runs. 
It was found that there were no appreciable changes of 
gain with angle. As for the over-all gain instability 
during the long time interval in one particular run, this 
method also indicates such fluctuations by the deg- 
radation of the resolution of the spectrum. In that 
case, the data for that run was discarded. 

Not only the over-all gain, but also the bias and the 
counting efficiency of the gamma counter are not 
necessarily constant over the period of months. Conse- 
quently, these instabilities introduce fluctuations in 
apparent gamma-ray intensity presented to the slow 
coincidence circuit, resulting in the changes of final 
yield of coincidence events for a definite number of 
protons. Therefore, in order to secure a consistent 
result, a standard Na™ source (a few microcuries) was 


used to readjust the bias in such a way that one could 


get the same counts of 1.28-Mev gamma rays in a time 
interval of a certain length (say 200 sec). This procedure 


* RCA 6655-5-55, Tube Division, RCA, Harrison, New Jersey. 
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was repeated not only at the beginning of a set of runs 
but between the runs as needed. 

The scattering tube is aligned relative to the beam 
by means of two fluorescent screens. One of the screens 
is made of a Lucite disk with the zinc sulfide spattered 
on the surface, which replaces the Faraday cup during 
the alignment. The other is installed 2 in. before the 
target which can be turned up manually from outside, 
keeping the beam from hitting it during the actual 
measurement. Both screens have crosses at their centers 
so that one can align the beam tube in such a way that 
the beam goes through the centers. The alignment was 
examined every day. 


ANALYSIS OF THE DATA 


In order to obtain the genuine coincidences, one 
must estimate the accidental coincidences in the coinci- 
dence yields. The protons spectrum in coincidence with 
gamma rays displays a large peak corresponding to 
1.37-Mev proton group accompanying a small peak 
corresponding to the elastic proton group. Since the 
elastically scattered proton does not produce gamma 
rays, the latter is interpreted as a peak formed by 
accidental events only. Therefore, 


Number of accidentals in inelastic group 


= Number of accidentals in elastic group 


T inelastic 
x- » & 


Felastic 


when o’s are the cross sections for both cases. 

The errors hereafter discussed belong to systematic 
errors. 

Counting loss.—The counting loss due to the dead 
time of the fast coincidence circuit must be estimated. 
For each run the correction for the counting loss has 
been made using Eq. (5) in Appendix I. The corrections 
are of the order of 10%. 

Geometry.—Because of the finite dimensions of the 
counter, the measured angular distribution or the 
angular correction function will differ from those ideal 
cases in which the infinitesimal counters are used 
(Appendix 2). Assuming the ideal angular correlation 
function to be sin?2@, where @ is the angle of the gamma 
counter measured from the direction of the recoil 
nucleus, the measured correlation curve differs from 
the ideal one by 0.13, —0.07, and 0.06 at @=0, 45 and 
95 degrees in case the gamma counter is 3 in. away 
from the target. However, as will be shown, some of 
the correlation function differs from sin?26 form, making 
the exact evaluation of the effect difficult. One expects 
smearing effects of about 10% at the optimum points of 
the correlation functions in the present case. 

Absorption of gamma rays.—There is a gamma-ray 
absorption due to the thickness of the beam tube. From 
the thickness of the brass wall and the absorption 
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coefficient, the following formula has been obtained for 
1.3-Mev gamma ray: 


A=1—0.014 cosec#,, (2) 


where A is the absorption of the gamma ray, and @, is 
the direction of the gamma ray with respect to the 
incident beam direction. The validity of Eq. (2) was 
checked with a Na®™ standard source. The correction 
has been made for each run using Eq. (2). However, 
the corrections have been made only for the positive 
gamma angles. 

Contribution from M g** and M g**.—The contribution 
from natural isotopes, Mg** (10.1%) and Mg** (11.1%), 
to the coincidence events were examined by means of 
two-dimensional analyzer.” In particular, care was taken 
to detect any contribution from 0.98 Mev (3/2*) level 
of Mg*® and 1.83 Mev (2+) of Mg®*. The conclusion 
from the two-dimensional analysis is that there are no 
appreciable contributions from those levels. 


PRESENTATION OF RESULTS 


In most of the measurements the gain and the base 
of the twenty channel pulse-height analyzer was set in 
such a way that only the inelastic protons fall in the 
twenty channels. The accidental coincidences associated 
with the elastic protons are registered as the surplus. 
The base of an integral discriminator preceding the 
proton scaler was set exactly the same as that of the 
twenty-channel pulse-height analyzer. Each run was 
continued until the proton number registered in the 
scaler amounted to a definite number. The angle of the 
gamma counter was chosen randomly from one run to 
another, in order to average out the possible drift in 
the long time. 

To confirm the angular correlations which had been 
obtained by placing the gamma counter in the opposite 
semiplane to the proton counter, the measurements 
were extended to the negative gamma angles, placing 
the gamma counter on the same semiplane where the 
proton counter lay. The results were obtained for 42.5, 
120, and 150 degrees of protons. The gamma counter 
had to be backed up to 4 in. away from the target so 
that it could get closer to the proton counter. This 
resulted in a larger statistical error after the correction 
of the distance. The results satisfactorily support the 
measured correlation function of the positive gamma 
angles within the limits of this statistical error. 

In Fig. 5, the final results are plotted against the 
gamma angles for each proton angle. The distributions 
of gamma rays are also presented on the figures, except 
for the averaged cases. An attempt to fit the points 
empirically with the a+5 sin?(@—)+c sin*(@—@0') for 
each proton angle was made, the result of which is 
shown by a curve and also given as a formula in each 
graph. The values of a, , c, @, and 6’ are also tabulated 
in Table I together with the results of carbon.’ 


%” Birk, Braid, and Detenbeck, Rev. Sci. Instr. 29, 203 (1958). 
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TABLE I. The relation between a, 6, and ¢ and Ado, Aés’ observed" 
(see the text). 





0.17 
9.26 
0.15 
0.43 
0.17 
0.37 


0.14+0.15 
0.43+0.06 
0.51+0.08 
0.54+0.10 
0.35+0.05 
0.46+0.11 
0.24-+0.08 





7+1° 
6.5+1° 
6.522° 
6.5+1° 
5+1° 
—0.5+1° 





*«c, b, ¢ are normalized to b=1; A@e=@e—Or; and Ade’ =0e' —6z, where 
6a is the angle of the recoil nucleus. 


DISCUSSION OF RESULTS 


Suppose a nucleus with spin 0 has received a momen- 
tum transfer k—&’ from an impinging spinless particle 
whose initial momentum is &, final momentum is ’, 
and excited to a state having spin 7. From the conser- 
vation of magnetic quantum number, the magnetic 
quantum number of the new state remains zero. 
Therefore, the subsequent gamma radiation from the 
recoil nucleus is characterized by the transition from a 
state whose spin is 7 and magnetic quantum number 
is zero to the state having spin zero. The recoil direction 
k—k’ is an axis of symmetry for the process. This 
implies that when the excited state is in j=2, the 
gamma distribution around k—k’ gives the (2,0)-pole 
electromagnetic radiation, ($)(6 cos*@—6 cos‘#),"" which 
is equivalent to the well-known Satchler curve. 

However, if the incoming and outgoing waves are 
not approximated by the plane waves, or the interaction 
Hamiltonian is more than the surface interaction, say 
having a spin-flip operator, the generalization of the 
above idea becomes necessary. In such a case the value 
of M of az, in Biedenharn and Rose’s general theory” 
can range between —2 and 2. This gives a general 
correlation function W, in the case of 0*(p’)2+(7)0* 
transition, as 


W= De (—)*T wrC (220 ; My, —p’) 


lad 


XC(22v;1—1)[v TV, »-.*(0,), (3) 


where 6, is the angle between the recoil direction and 
the gamma ray. (Here 7,,-=a2-,02-,’*.) This be- 


™ M. Yamada and M. Morita, Progr. Theoret. Phys. (Kyoto) 

8, 431 (1952); H. A. Tolhoek and J. A. M. Cox, Physica 19, 101 

(1953); see also J. M. Blatt and V. F. Weisskopf, Theoretical 

— Physics (John Wiley and Sons, Inc., New York, 1952), 
94 


"™ L. C. Biedenharn and M. R. Rose, Revs. Modern Phys. 25, 
729 (1953). 
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TABLE II. The general! expression for the angular correlation. 





In this expression, an identity 7),*a_,a_,*=(—)*m*a, 
=(—)+T_, y is used. 7,’ signifies 7),+7,. 
W =A+B cos46+C sin4é+-D cos20+-E sin26, 
A=feTothT it feT2— fT o-2’— 44) 'T 02’, 
B= — Tooth (27 — Tin’) — dy (27 + Te) +49) T 09’, 
C= —3(9)'T i’ +47 +T 12’), 
D=}(2(Tu- T22)4+-Ti21'+Tx-9'], 
E=}(Tis'+T_1’). 
If a_,=(—)*a, holds, as in many cases, those equations are 
more simplified. 
A=eTottTiutiTn—t(h)'Tor’,. 
B= ~-¥Toot4T ii —tT eth (97 07’, 
C=—}(9)'Tn' +37’, D=E=0. 
If only diagonal elements exist, 
AmPeToothTutheTn, B= —XeTottTu-eTn, 
D=4T,—}T 2, C=E=(. 
If only diagonal elements exist and a_,=(—)*a, holds, only Teo 
is not from zero, therefore 
A=—B=4Tw, C=D=E=0. 





comes, in turti, 


W = A+B cos46,+C sin46,+D cos26,+E sin20, 
= a+b sin*?2(6,—A0o)+<¢ sin*(0,— 60’), (4) 


‘which was obtained by Sawicki.” (It was proved by 
Banerjee and Levinson‘ that if one takes the shell 
model, the spin-flip interaction, and a plane wave 
approximation, A@ equates to Ado.) The coefficients A, 
B, C, and D are given in terms of T,, in Table II. 
In order to have sin?(@,— Ao’) term, az,, must differ 
from (—)*az,,, and it is necessary to have the off- 
diagonal elements of the T-matrices. 

The calculation of the angular correlation between 
the inelastic protons and the subsequent gamma rays 
on the basis of the compound process in this energy 
region is very complicated and there is no satisfactory 
theory at present. The reason for the difficulty is that 
the level spacing of the compound nucleus around 20 
Mev is almost continuous, thus giving numerous 
intermediate states. The general mathematical expres- 
sion of the correlation function was given by Kraus 
et al.“ It is still unclear to us how much the compound 
processes are contributing to the nuclear reaction such 
as Mg™(p,p’)Mg™ with the incident energy around 
16.6 Mev. It is convincing that the direct interaction 
dominates in the forward angles, but the naive theory 
of direct interaction does not explain the backward 
angle where the differential cross sections display a tail. 
However, some preliminary measurements of the back- 
ward angle cross section of the inelastic protons over 
the energy range of 16 to 19 Mev showed a less fluctu- 
ating spectrum than that of the elastic protons,'® 

3 J. Sawicki, Nuclear Phys. 7, 503 (1958). 


“4 A. A. Kraus e al., Phys. Rev. 104, 1667 (1956). 
4 R. Sherr (private communication). 
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suggesting that the so-called broad resonances are less 
dominant than the case of elastic scattering. 

Therefore it would be stated that the reaction taking 
place in the present experiment is dominated by the 
direct process and the deviations from the Satchler 
curve observed are not due to the compound effect, 
but to the direct effect as predicted,” even though the 
deviations show up only in the backward proton angles. 
In view of the close spacings of the compound levels, 
which are likely to cause the angular correlation func- 
tion nearly isotropic, the strong correlations observed 
at all proton angles are supporting this statement. 


SUMMARY 


Thus, assuming that the presence of sin*(@,— Ado’) 
term is due to the direct interaction only and not to 
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other effects (say, compound process) the implication 
of the presence of this term is summarized as follows: 
Firstly, if one assumes plane wave, zero range force, 
interparticle as well as particle surface, and no exchange 
in any coordinate, namely, space, spin, and isotopic 
spin coordinates, the result is the Satchler curve, sin*26. 
In this case, the minimum of the correlation coincides 
with the recoil nucleus direction. This is simply examined 
by putting all the T-components zero, except for T 0 in 
Eq. (3). Secondly, if one assumes distorted wave and/or 
finite range interparticle force, with, again, no exchange 
effect, the function takes a form a+6 sin?2(6,— Ap), 
as was the case in carbon. D=E=O in this case. 
Thirdly, in case the exchange effect is taken into account 
in addition to the distorted wave and/or the finite 
range, the function will be expressed by the general 
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(1) 8, « 150° 


NEGATIVE ANGLES 


Fic. 5. The presentation of the measured angular correlation. 
In the negative gamma angle data (g), (h), (i), the solid circles 
are the same with (b), (e), and (f), respectively. Open circles are 
on the curves extended from the positive side, confirming the 
asymmetry which has been found 





form of Eq. (4), which is independent of the models. 
In the fourth place, however, if the exchange effect is 
present without the distorted wave and the finite range, 
namely, with the plane wave and zero range force (this 
means the off diagonal elements of 7-matrices are zero), 
one can see the consequence of different models; 
namely, in collective excitation it gives the Satchler 
form, whereas individual particle excitation gives the 
general form, except A@o= AG’. 


APPENDIX I 


The present coincidence circuit has two independent 
circuits in series, the fast and slow, each of which has 
the individual dead time, ry and 7,. However, in case 
Ts> Ts, one may consider the effect of 7; only. Suppose 
the total number of gamma rays NV, and of protons V, 
registered in a certain length of time 7, the total 
counting loss A is given by 


P 


A=- 
fu 7 


“Tf tit Ts 
f dtdt,+ 
‘1 


Niny +N pnp), 


T. Te 
f did, 
To % ti 


Te ple 
f f di,dt 


0 


where P is 


Here fy is the number of the modulation per unit time 
in FM cyclotron, 7, is the duration of the single pulse 
of the proton beam. Since the pulses are usually 
registered after being discriminated at a certain level, 
the number of gamma (proton) pulses which actually 
trigger the EF P60 is generally larger than N,(N,), let 
us call this V,n,(V,n,), where 7,(n,) is a factor which 
is to be determined experimentally. The validity of 
Eq. (5) was checked experimentally with C™ using 
independently determined r,, », and T,. The consistency 
is very satisfactory and, therefore, Eq. (5) has been 
accepted for the correction. 


APPENDIX II 


The effect of the finite geometry on the measured 
angular functions has been investigated by Rose,'® 
Feingold et al.7 However, in the present experiment it 
is the recoil nucleus direction around which the gamma 
distribution is symmetric and not the proton direction 
which is actually detected in the solid angle made by 
the proton counter aperture and the scattering center. 
In general, if the proton counter aperture is a circle, 
the possible direction of the associated recoil nucleus 
direction is a distorted cone. We approximate, therefore, 
this distorted cone with such a solid as given by 
8=7(1+7 sing), where 6, 7, n, and ¢ are such angles 
as illustrated in Fig. 6. In this case, the two factors 


16 M. E. Rose, Phys. Rev. 91, 610 (1953) 
7 A. M. Feingold and S. Frankel, Phys. Rev. 97, 1025 (1955). 
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Fic. 6. Mapping of the recoil nucleus direction related 
to the direction of protons. 


appearing in Eq. (5) in reference (16), J,” and J;7, are 
given as follows. 

J,’s are to be numerically calculated according to 
the recipe in reference (16). J,”’s are, under the assump- 
tion of the previous paragraph, written into the form of, 


Jo? =1—cosyJo(yn), 


J2? = }LcosyJo(yn) — cos3yJo(3yn) J, 
J = (1/128) [2 cosyJo(yn) +5 cos3yJo(3yn) 

—7 cosSyJo(Syn) |, 
where Jo is the zeroth order of Bessel function. We 


neglected the higher order contributions of m of the 
associated Legendre polynomials in the calculations. 
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TABLE III. The attenuation coefficients for gamma 
geometry J;7/Jo7. 


Energy of gamma 
ray (Mev) Ja¥/Je¥ 


4.43 
1.37 
0.85 


h=3 in.* 0.966 


0.956 
0.957 


0.868 


*h is the distance from target to the front surface of the crystal. The 
dimension of the crystal is 1} in. in diameter and 2 in. in height. 


TABLE IV. The attenuation coefficients for proton 
geometry J;”/Jo?. 


Je/J (1 =2) J@/Je@(l =4) 


n=0.000 
0.9914 


n=0.800 
0.9888 


n=0.800 
0.9412 


n =0.000 
0.9716 


Contributions of such terms are one thousandth or less 
of the zeroth-order term. Numerical results of J?’s and 
J’’s for the present experiment are presented in Tables 
III and IV. 
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Metallic targets of enriched Li* and Li’ were bombarded with 
14.8-Mev deuterons. The outgoing particles were magnetically 
analyzed and detected in nuclear emulsions or scintillation 
counters. Angular distributions for the following reactions 
were measured: Li*(d,p)Li’* 4.6 and 7.46 Mev. Li’(d,p)Li* 
2.28 Mev, Li’(d,f)Li®™ 3.57 Mev, Li*(d,d’)Li® 2.19 Mev, Li*(d,a)- 
He* ground state, Li*(d,f)Li® and Li*(d,He*)He®. A search was 
made for other levels produced in these reactions and in the 
Li’ (d,d’)Li™ reaction. No new levels were observed ; upper limits 
on the cross sections of unobserved levels are given. The results 
of the (d,p), (df), and (d,He*) reactions were compared with 
stripping theory and with the predictions of the shell model. The 
agreement is, in general, satisfactory. 


I. INTRODUCTION 


ARGETS of Li® and Li’ were bombarded with 
14.8-Mev deuterons and the following reactions 
were investigated: Li*(d,p)Li™ to the higher excited 
states of Li’, Li’(d,p)Li®* to the higher excited states 
of Li§, Li’(d,)Li®™ to the higher excited states of Li®, 
Li®(d,t)Li5, Li*(d,He*)He®, Li®(d,d’)Li®, Li’ (d,d’)Li™ to 
the higher excited states of Li’, and Li®(d,a). The 
present experiment is an extension of previous work at 
this laboratory,’ where the lower excited states of the 
residual nuclei in some of the above reactions were 
studied. 

The experiment is of interest from two points of view: 
nuclear spectroscopy and the study of the mechanism 
of the reactions. The primary spectroscopic interest lies 
in the determination of the configurations and stripping 
reduced widths of the levels of Li*, Li’, and Li® in (d,p) 
and (d,t) reactions. Ail levels studied belong to the p 
shell. The reduced width can be written as a product of 
a radial part 6° and an angular and spin part S.? The 
single-particle width, 60°, is approximately constant in 
the p shell; the value found in the present experiment 
is 0.066. The measured values of the “spectroscopic 
factor” S are compared to the predictions of the inter- 
mediate coupling shell model using the techniques 
developed by French and collaborators.?* The agree- 
ment is, in general, satisfactory. 

The mechanism of the (d,t) and (d,He*) reactions is 
compared with the simple direct interaction theory‘ by: 
(a) comparing the cross sections of the (d,/) and 


* Work done in the Sarah Mellon Scaife Radiation Laboratory 
and assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

t Now at the University of Wisconsin, Madison, Wisconsin. 

1 Levine, Bender, and McGruer, Phys. Rev. 97, 1249 (1955) 
This reference will be denoted by LBM in the text. 

2 J. B. French and A. Fujii, Phys. Rev. 105, 652 (1957). 

*T. Auerbach and J. B. French, Atomic Energy Commission 
Report NYO-3711, University of Rochester, 1955 (unpublished); 
also Phys. Rev. 98, 1276 (1955). 

*S. T. Butler and O. H. Hittmair, Nuclear Stripping Reactions 
(John Wiley and Sons, New York, 1957), Chap. XII. 


The Li*(d,f) and Li*(d,He*) reactions produce a continuous 
spectrum of outgoing particles at each angle. The angular dis- 
tribution of the tritons (or He’ particles) is strongly peaked 
forward and can be fitted with Butler curves having | =1, ro=6f. 
The spectra at small angles show a peak corresponding to the Li* 
(or He®) ground state, but at large angles the peak disappears and 
the spectra are constant. The shape of the spectra can be explained 
by the Butier formula if the energy dependence of the reduced 
width is taken into account. The form of this dependence was 
deduced from the results of the nucleon-helium elastic scattering 
experiments. 


(d,He*) reactions on Li’ leading to analog states in Li* 
and He‘; and (6) studying the cross section of these 
reactions on Li® as a function not only of angle but also 
of the energy of the outgoing particle. It is found that 
the shape and angular distribution of the triton and 
He® spectra can be predicted by the theory if the 
variation of the “reduced width” with energy is taken 
into account. The form of this dependence is deduced 
from the results of the p-He‘ and n-He‘ elastic scattering 
experiments. 

In the following sections, after describing the experi- 
mental procedure, we present and discuss the results 
for each of the reactions studied. 


Il. EXPERIMENTAL PROCEDURE! 


The external deuteron beam from the University of 
Pittsburgh cyclotron is focussed and analyzed by two 
magnetic spectrometers.* The illuminated area of the 
target is 1.623 mm; the energy spread of the beam is 
~40 kev and its intensity is of the order of 0.5 wa. The 
deuteron energy varies from day to day; during the 
course of this experiment it remained in the range 14.8 
+0.1 Mev. The reaction products are selected by a 
third magnetic spectrometer which can be rotated 
about the target, and are detected either with a scin- 
tillation counter or in nuclear emulsions.’ 

Most of the work was done with metallic targets 
prepared by evaporation of isotopically enriched lithium 
onto silver backings. The target and backing thicknesses 
were both ~1 mg/cm’. Various precautions were taken 
to minimize the contaminations of oxygen and carbon.* 
The purest target obtained had about 1 atom of C" and 
1.7 atoms of O'* per 400 Li atoms. 


* Details of the experimental procedure are given in E. W. 
Hamburger Ph.D. thesis, University of Pittsburgh, 1959 (unpub- 
lished). 

*The scattering apparatus is described by Bender, Reilley, 
Allen, Ely, Arthur, and Hausman, Rev. Sci. Instr. 23, 542 (1952). 

7 The techniques used with nuclear emulsions are similar to 
those described by C. P. Browne and W. W. Buechner, Rev. Sci. 
Instr. 27, 899 (1956) 
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Li® (dp) Li’ 4.6 Mev 


Fic. 1. Angular 


distribution for the 
Li®(d,p)Li? reaction 
to the 4.6-Mev level 
in Li’. 


The relative cross sections of different reactions are 
estimated to be accurate to +10%. The error bars in 
Figs. 1 to 16 represent estimated upper limits on the 
errors of the relative cross sections unless otherwise 
specified. The absolute cross section scales in Figs. 1 to 
16 were obtained by comparison with the C"(d,p)C™ 
ground state (g.s.) reaction and are estimated to be 
uncertain to +25%. The C"(d,p)C™ g.s. reaction was 
remeasured® and a value of 15.54+20% mb per sterad 
was found for the cross section at the peak of the 
angular distribution.® All cross sections are given in the 
center-of-mass system. Several of the reactions meas- 
ured by LBM! were remeasured; the cross sections 
agree within a few percent. The angular aperture of the 
detecting system was ~™1° and the angular spread of 
the incident beam ~1.5°. The estimated uncertainty in 
the scattering angles is +0.5°. 


III. Li*(d,p)Li? 
1. Experimental Results 


Angular distributions for the Li’ g.s. and first excited 
state were obtained by LBM.' The stripping reduced 
widths, in units of the Wigner limit 3/?/2uro, are 
&=0.053 and 0.070, respectively. In the present experi- 
ment angular distributions for two other energy levels 
in Li’ were obtained and a search was made for further 
States. 


a. Li’ 4.6-Mev Level 


The angular distribution for this level is shown in 
Fig. 1. The cross section is small and roughly isotropic; 


40 Li® (dp) Li’ 746 Mev 
\ fel 2 4f 

2 

8 #=0.040 


— Butler 


Fic. 2. Angular 
distribution for the 
Li*(d,p)Li? reaction 
to the 7.46-Mev level 
in Li’? 


iMiborns per Steradion 
~ 


M 
oO 
c A ~ 


SIn collaboration with S. Mayo. Measured previously by 


McGruer, Warburton, and Bender, Phys. Rev. 100, 235 (1955). 
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no stripping seems to occur. This result disagrees with 
measurements by Haffner,’ who observed a forward 
peak in the cross section, at a similar bombarding 
energy (15 Mev). The excitation energy and total 
width of this level were not measured accurately in this 
experiment but are consistent with the values quoted 
by Browne.” 


b. Li? 7.46-Mev Level 


The angular distribution for this level is shown in 
Fig. 2. At the forward angles an /=1 Butler curve can 
be made to fit the data. The best agreement is obtained 
for ro=4f (1f=1 fermi=10-" cm), giving a reduced 
width #=0.040. A curve with r +.5f does not fit the 
data as well but is still satisfactory; the corresponding 
reduced width is 0.052. The excitation energy and total 
width of this level were again not measured accurately 
in this experiment but are consistent with the values 
given by Browne." At the low-energy side of the peak 
corresponding to this level there is a 
background, probably caused by the 
deuteron 


high continuous 
breakup of the 
Li®'+d — Li*+n-+ p. 

The background to be subtracted from the peak was 
found by linear interpolation of the background 200 kev 
above and 300 kev below the peak. 


c. Other Levels 


No other leveis in Li’ were observed. The level at 
6.56-Mev excitation reported by LBM was found to 
arise from a contaminant. Proton spectra were recorded 
at laboratory angles 6; = 11°, 15°, and 25°, in the energy 
range corresponding to excitations /, in Li’ between 4 
and 14 Mev; the excitation energy range from 4.5 to 
7.5 Mev was examined at 6,=45°. A typical 
spectrum, at 6;= 25°, is shown in Fig. 3. Upper limits 
on the cross sections of unobserved levels were estimated 
from these spectra. Any level of width [ with cross 
section larger than the value given below should have 
been identified : 


} 
aiso 


4.6<E,<7.5 Mev < 200 kev 0.5 mb/sterad 
r <500 kev 2 
lr < 200 kev 


r<500 kev oa 


mb/sterad, 


7.5<E,<14.3 Mev 1 mb/sterad 


3 mb/sterad. 


From the upper limits on ¢ one can calculate upper 
limits on the reduced width @ and these are quoted in 
Table I for the predicted levels having E,>7.5 Mev. 

The proton continuum in Fig. 3 probably is due to the 
reactions 


Li'+d >atl-4 p, Li'+d 


The maximum energies of the protons from these reac- 


> Lit n-+ p. 


9 J. W. Haffner, Phys. Rev 
°C. P. Browne, Bull. Am 


103 
Phys 


1398 


hee 


1956 
2, 350 (195 
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Fic. 3. Spectrum of protons from the Li*(d,p) reaction. The ordinate is proportional to the differential 
cross section per kev of excitation energy in Li’. 


tions correspond to E,= 
tively. 


2.47 and 7.25 Mev, respec- 


2. Discussion 


The spectroscopic results from the Li®(d,p)Li’ reac- 
tion are summarized in Table I. Column 1 gives the 
energies of the various levels of Li’ as calculated by 
Meshkov and Ufford."' Column 2 gives the predominant 
term in the wave function of each state. The notation 
is [a P7*' 25417, where @ is the partition. Column 3 
gives the spectroscopic factor S calculated for each 
level assuming pure LS coupling wave functions. S is 
the ratio of the reduced width to the single-particle 
reduced width and was calculated from the formulas 
given in references 2 and 3. Column 4 gives this factor 
calculated for intermediate coupling. The wave func- 
tions given by Auerbach and French® for {=2.4 were 
assumed for the Li® g.s., Li’ g.s., and 0.477-Mev level; 
pure LS coupling wave functions were assumed for the 
*P multiplet. Admixtures in this multiplet will not 
affect S strongly; the values given in the table are 
probably good within 10 or 20%. Column 5 gives the 
observed levels and their probable identification with 
Meshkov and Ufford’s levels. Column 6 gives the 
experimentally measured reduced width # divided by 
the single-particle reduced width 6° taken equal to 
0.066. Column 7 gives / and ro for the levels which show 


“a S. Meshkov and C. W. Ufford, Phys. Rev. 101, 734 (1956) 


stripping. Finally column 8 gives the total width T 
used to estimate the upper limits on o and @. For the 
known levels, I’ is the measured value. For the unob- 
served levels ' was estimated as follows: the reduced 
width for neutron emission was calculated from the 
value of S given in Column 3. A value 6°=0.23 was 
taken for the resonant single-particle reduced width; 
this value gives the correct width for the 7.46-Mev 
level. The total width was taken equal to the neutron 
channel width, which is given in terms of the reduced 


TaB_e I. Spectroscopic results from the Li*(d,p)Li’ reaction. 
rhe first four columns give the predictions of the shell model and 
the last four columns give the experimental results. 


Calculated by 
Meshkov and Ufford 
Es 
(Mev) 


Calculated 
Predominant Ss s 
term f=#=0 {=-2.4 


BP si 


Measured 
served 9/09? 1, 
levels 6¢ ~0.066 re(f) 
‘5 
1,5 


Ob 


0 [: 7 0.88 0.75 
0.66 [3]"Pin 0.88 1.02 
482 [3)"Fi. 0 0 
6.38 [3]"F¥iu. 0 0 
6.97 [(21]*Py2 0.67 ~0.64 
8.37 (21) ™P, 2 067 0.62 
8.82 (21)*Pi2 0.67 ~0.68 
8.97 [21)*Di. 0 0 
10.03 [21}*Py_ 0.33 
10.48 [21)*Pi. 0.33 


0.30 
1.06 


Z.s 
0.477 
4.6 
7.457 0.67 
<0.2 
<0.7 


1,4 


<05 
<0.5 


* Estimated in reference 15 
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width by” 


Pa=2KRopyn, Y¥n= (3h?/2uR*) SO, 

where K=neutron wave number in c.m. system, 
R=nuclear radius=5f, v;= penetration factor, u=re- 
duced mass of neutron. These clearly are estimates of 
lower limits for I’ since all decay channels except 
Li*+ n (in particular a+/) were neglected. 

From the table we see that the measured values of 
#/6? agree very well with the calculated values of S 
for the 4 observed levels. For the unobserved levels the 
upper limits deduced from experiment are usually 
greater than the calculated values. A discrepancy exists 
for the *4Ps,. level but if this level is broader than the 
estimated I’, and if it overlaps appreciably with other 
levels, it could easily be buried in the background. In 
cases of overlapping levels the estimates of the upper 
limits on o will no longer hold. 

The results of the present experiment therefore 
confirm the assignment of the level at 7.46 Mev to the 
Ps. term and of the level at 4.6 Mev to the ?F 7/2 
term. The assignment of the 4.6-Mev level to the *P 
multiplet” disagrees with these results. 

S is zero for the [3 ]*F states (see Table I) because 
this multiplet has no fractional parentage with the 
predominant term in the Li® g.s. ([2]'S5,). The 
Li®(d,p)Li’ reaction is’ therefore not suitable for the 
study of the *F levels. It is not surprising that the 
2Feio state at 6.6-Mev excitation’ is not observed, 
particularly if it has '~1 Mev.'* These levels are 
probably best studied in the elastic scattering of 
He‘+ He’ (for Be’) and He*+¢ (for Li’).'® 

There is an additional reason why S is zero for the 
4.6-Mev level. This level is almost certainly J=7/2- '* 


so that angular momentum and parity conservation 


forbid ordinary stripping with /<3. Since it is presum- 


n 


————— 


Fic. 4. Angular distribution 
for the Li’(d,p)Li® reaction to 
the 2.28-Mev level in Li*. The 
solid points were taken using 
nuclear emulsions to detect the 
scattered particles, the hollow 
circles were taken with a scintil- 
lation counter. 


Steradian 


libarns per 


M 


2 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, New York, 1952). 

1 F, R. Haig, Nuclear Phys. 7, 429 (1958). 

“ C. A. Levinson and M. K. Banerjee, Ann. Phys. 2, 471 (1957). 

18 J. B. Marion, Nuclear Phys. 4, 282 (1957). 
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ably a p-shell level, stripping to it should only occur 
with /=1 and could then only be spin-flip stripping."* 

It is of interest to compare the reduced widths of a 
level when measured in a stripping reaction and in a 
resonance reaction. The resonant reduced width is 
usually much larger than the stripping reduced width. 
The Li’ 7.46-Mev level has been studied in the elastic 
scattering of neutrons from Li®. The reduced width 
extracted from this reaction,’’ for an interaction radius 
of 3.94f, is y=1100 kev in the laboratory system. In 
units of the Wigner limit this corresponds to ®=0.21 
in the center-of-mass system. The ratio of resonant 
reduced width to stripping reduced width, at a radius 
of 4 f, is therefore 0.21/0.040=5.1 for this level. 


IV. Li? (d,p)Li® 
1. Experimental Results 


Angular distributions for the ground state and first 
excited state of Li’ were obtained by LBM.' Their 
results have been discussed by French and Fujii.2 In 
the present experiment the angular distribution corre- 
sponding to the second excited state of Li® (at 2.28-Mev 
excitation) was measured and a search for higher 
excited states was made. 


a. Li® 2.28-Mev Level 


The differential cross section for this level is shown 
in Fig. 4. A Butler curve having /=1 and ro>=3.0f can 
be made to fit the data. The value of ro is rather small; 
curves having larger values of ro fit only the smallest 
angles. The reduced width for ro>=3.0f is #@=0.012; 
for ro=4 f it would be #@=0.015. 


b. Other Levels 


No other levels in Li* were observed. Proton spectra 
were recorded at 6,;=10°, 14°, and 25°, in the energy 
region corresponding to excitations in Li* between 2 
and 8 Mev. Figure 5 shows a typical spectrum, at 14°. 
This spectrum was recorded using a natural lithium 
target. The peak labelled Li* 2.28 contains a con- 
tribution from the Li’ 7.46-Mev level. The oxygen con- 
tamination in this target was rather high 

From the spectra one can estimate upper limits on 
the cross sections of unobserved levels. Narrow levels 
([ <100 kev) with a cross section greater than ~0.6 
mb/sterad should have been identified ; this cross section 
corresponds to a peak of the size of the O" 5.71-Mev 
level in Fig. 5. Broad levels of considerably larger cross 
section may, however, not be identified because of the 
large continuous background (see Fig. 5). This back- 
ground arises primarily from the breakup of the 
deuteron : 

Li’+d 

16 J. E. Bowcock, Phys. Rev , 923 (1958); P 
Phys. Rev. 107, 1655 (1957). 

17 Willard, Bair, Kington, and Cohn, Phys. Rev 


French, 


101, 765 (1956). 
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2. Discussion 
a. Identified Levels 


Table II summarizes the experimental results for the 
identified levels. Column 1 gives the excitation energy ; 
column 2 gives the principal term in the wave function* 
of the state. Column 3 gives the value of S calculated 
by French and Fujii? for ¢=1 in Li* and ¢=1.1 in Li’. 
Column 4 gives the measured value of #/6? where the 
single particle reduced width has been taken equal to 
0.066. The values of # used to compute #/6,* for the 
first two levels differ somewhat from the reduced widths 
extracted by French and Fujii? from the same data; 
part of this difference may be due to the different values 
of the Butler radius. Column 5 gives the values of | and 
ro used to fit the data. 

The agreement between the calculated and measured 
values of S is satisfactory for the first two states but 
is not as good for the 2.28-Mev level. The calculated 
value of S for this state is insensitive to its detailed 
wave function because the [31]"D, term can mix 
only with terms which have no fractional parentage to 
the principal term in the Li’ g.s. ((3] **P 3/2). The only 
way of changing the calculated value of S appreciably 
is to change the Li’ g.s. wave function. Thus the wave 
function of Meshkov et al. yields S=0.32 while the 
function given by Auerbach and French’ for {=2.4 
yields S=0.28. It is probably impossible to change the 
Li’ g.s. wave function sufficiently to reduce S$ to 0.18 
without causing disagreement with other experiments. 


18 Meshkov, O’Reilley, and Eckert (unpublished). The authors 
are indebted to Dr. Meshkov for making the results available 
before publication. 


Finally it should be remarked that the Li* 2.28-Mev 
level is unbound by only 240-kev relative to neutron 
emission. The Butler formula is a sensitive function of 
its parameters in this energy region and the reduced 
width is correspondingly uncertain. 

The Li® 2.28-Mev level has been studied in the elastic 
scattering of neutrons by Li’.!” The reduced width, for 
an interaction radius of 4.08 f, is given as’? 351 kev in 
the laboratory system. In units of the Wigner limit 
this corresponds to #=0,.072 in the center-of-mass 
system. The ratio of resonant reduced width to stripping 
reduced width for this level, at a radius of ~4f, is 
therefore 

0.072/0.015=4.8. 


b. Unobserved Levels 


The lack of observed levels in Li* above 2.28-Mev 
excitation is at first sight surprising, and it would seem 
desirable to obtain precise predictions of the cross 
sections to be expected from the shell model. To this 
end a rough intermediate coupling calculation for the 


Taste IT. Spectroscopic results for the identified levels in the 
Li’ (d,p)Li*® reaction. 





Predominant Measured 


term 


Cingees 
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TABLE IIT. Shell-model predictions for the Li™(d,p)Li*® reaction, 
from calculations by Macfarlane.* 


Excit. 
(Mev) 


Estimated 


Calculated 
S o/a(g.8.) 


~ 


1. 1 
0.44 0.2 
0.32 0.3 
0.35 0.05 
0.63 0.24 
0.38 0.25 
0.45 0.13 
0 0 
0.08 0.03 
0.06 0.04 


— 
~3 Sy et ee ee 
COWwrK td 


AuUUSNNNNS 
2° 


mm 
Whe toe 


* See reference 19, 


configuration p*, 7=1, has been made by Macfarlane.'® 
A Rosenfeld_exchange mixture was assumed, and the 
parameters used were L/K=6, K=—1.25 Mev, (—1.2. 
The results are summarized in Table III. The numbers 
in the table are not to be taken too literally: the sig- 
nificant point is that many levels are expected in the 
region 2- to 6-Mev excitation and that some of the 
reduced widths are of the same order of magnitude as 
the widths for the first two excited states. The first 
column gives the calculated excitation energies of the 
states. Column 2 gives the total angular momentum J. 
Column 3 gives the value of S, computed using the Li® 
wave functions obtained from the calculation and the 
Li’ g.s. wave function given by Auerbach and French? 
for §¢=1.2. Column 4 gives the cross section @ for the 
different levels relative to the ground state, estimated 
from the calculated values of S using the Butler formula. 

The values of S found for the first three levels agree 
with the calculations of French and Fujii? and, ap- 
proximately, with experiment (see Table II). The fourth 
level has J=0 and is essentially pure [31 ] *P» because 
it can only mix with the [211 ] *P» term. The values of 
S and therefore of o for this level can be changed by a 
factor of 2 or 3 by very slight changes in the Li’ g.s. 
wave function. One can thus explain the absence of this 
level in the Li’ (d,p)Li® reaction. 

The J=1 and 2 levels at ~2.7 Mev have much larger 
expected cross sections. If they exist they must be very 
broad and overlapping. For example, if these levels 
had the expected cross sections, were ~1 Mev wide 
and ~0.5 Mev apart, they would produce a constant 
spectrum and 3.5-Mev excitation as 
observed in Fig. 9. If one estimates the width of these 
levels, as in Sec. III, for 6:2=0.4, one finds l 20.5 Mev. 

The level expected at 4.9 Mev would, similarly, 
have a width I'~1.5 Mev. It would therefore be very 
difficult to identify. The remaining three levels in 
Table III have very small expected cross sections, too 
small to be observed. 


between 2.5- 


1M. H. Macfarlane (private communication). The authors are 
indebted to Dr. Macfarlane for many helpful comments on this 
reaction. 
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V. Li’(d,f)Li® AND Li’ (d,He*)He* 
1. Experimental Results 


Angular distributions for the ground and first excited 
states of both Li® and He® were obtained by LBM.' The 
corresponding cross sections and reduced widths are 
quoted in Table IV (some of the Butler radii ro used 
to fit the data are different from the ones used by 
LBM!'). The reduced widths are calculated from Eqs. 
(3) and (4) in Sec. VI where © is replaced by #. The 
constant By? is chosen so as to make the Li’-Li® ground- 
state reduced width equal to the value found in the 
Li®(d,p)Li’ reaction: Boe = 1.2 10 cm,” 

In the present experiment the angular distribution 
of the triton group corresponding to the second excited 
state of Li® (at 3.57 Mev) was measured and a search 
for states of higher excitation was made. 


a. Li® 3.57-Mev Level 


The angular distribution for this level is shown in 
Fig. 6. Particularly large errors are indicated at small 
angles: the triton group corresponding to this level is 
difficult to observe at scattering angles below 25° (lab) 
because it is focussed by the analyzing magnet at the 
same magnetic field as the intense groups of deuterons 
elastically scattered from lithium and silver (the target 
backing). 

The data is seen to be fitted well with a Butler curve 
with /=1 and ro=6.5 f. The reduced width, extracted 
as explained above, is #=0.0090. Butler curves with 
ro=6f and 7f give a poorer fit; the reduced widths 


7 
Li (4,1) Li® 3.57mev 


Butler =i «-65f 
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Fic. 6. Angular distribution for the 
to the 3.57-Mev level 


*” A. I. Hamburger (private communication 
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calculated with these radii would be 0.010 and 0.0088, 
respectively. 


b. Other Levels 


Triton spectra at 6,=14° and 25° were recorded in 
the energy range corresponding to excitation in Li® 
between 4.4 and 8.5 Mev. A natural lithium target was 
used. Figure 5 shows the spectrum at 14°. There is a 
continuous triton background due to the three-body 
disintegration 


Li’+d— a+d+, 
There is also a small contribution from 
Li+d— a+ pti, 


No narrow levels are observed. It is estimated that 
any narrow (I'<100 kev) level having a cross section 
larger than 0.3 mb/sterad would have been observed. 
The small narrow hump in the spectrum of Fig. 5 at 
43 Mc is of instrumental origin. 

A broad, asymmetrical hump is observed in the 
spectra at E,~5.4 Mev. Its width is '~600 kev; its 
cross section is 2 mb/sterad at 14° and 0.4 mb/sterad 
at 25°. A reduced width was estimated from these cross 
sections by fitting them with a Butler curve having 
l=1, ro=5.6f; this is the reduced width quoted in 
Table IV. The cross section, width and reduced width 
for this group are uncertain to within a factor of 2 
because it is difficult to distinguish the hump from the 
continuous background. 


Q= --2.465 Mev. 


Q=2.55 Mev. 


2. Discussion 


The results of LBM for these reactions have been 
thoroughly discussed by French and Fujii.?. We repeat 
part of their analysis and extend it to cover the recent 
results. 

The Li® 3.57-Mev level is the analog of the He® g.s., 
i.e., its wave function should be essentially the same as 
that of the He*g.s. except for the isotopic spin de- 
pendence, and the S factors, therefore, should be the 
same for the reactions leading to these two levels. The 
cross sections, however, will differ slightly because of 
the kinematical factors, and appreciably because of the 
isotopic spin coupling coefficients.? These coefficients 
are 4 and 3, respectively, for the Li® 3.57-Mev level 
and the He® g.s. One would then expect the cross section 
for the Li® 3.57-Mev level to be approximately one-half 
of that for the He® g.s. This is actually the case and the 
measured values of S for the two levels are equal within 
experimental error (see Table IV). 

Table IV summarizes the spectroscopic results of the 
(dt) and (d,He*) experiments. Column 1 gives the 
previously observed levels of Li® up to 6-Mev excitation 
and of He* up to 2-Mev excitation.» Column 2 gives 
the predominant term in the wave function of the 
21 F. Ajzenberg anc T. Lauritsen, Revs. Modern Phys. 27, 77 
1955); also Revs. Modern Phys. 24, 321 (1952). 
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TABLE IV. Spectroscopic resuits of the Li’(d,t)Li* and 
Li’ (¢d,He*)He* reactions. 





Pre- o 
dom. Cale. Measur. mb/ 
term Ss 0/6e tt, re(f) sterad Oem 


s. 4S, O81 O78 1,56 24 11° 
19 4D, 056 OSS 1,56 145 16° 
57 %S, 083 O45 1,65 40 17° 
52 4D, 0.24 
4 
4 


Level 


(Mev) 
Li? (dt)Li® 4 
4 
< "D, 0.69 
0.02 


0.83 
1 0.69 


0.42* 1, 5.6 2.0" 21° 


Li? (d,He)He® g 0.40 


0.12 


1, 7.0 1a 
i, 75 18 16.5° 


? 
3 
5 
5 
1, 


*® Uncertain to within a factor 2. 


state.2* Column 3 shows the calculated values of the 


spectroscopic factor S (see below). The last four columns 
give the experimental results: Column 4 gives the value 
of S deduced from the measured reduced width; the 
single-particle reduced width was taken equal to 0.066. 
Column 5 gives the values of / and ro which fit the data. 
Column 6 gives the absolute differential cross section 
in the center-of-mass system measured at the center-of- 
mass angle in column 7. 

The experimental reduced widths quoted in column 4 
for the first two states of Li® and He® differ from those 
extracted from the same data by French and Fujii.” 
The difference may come partly from different values 
for ro, but is mainly due to the different triton mo- 
mentum wave functions P,(K) used in the two analyses. 
French and Fujii obtained both the form and _ nor- 
malization of P,(K) from computations based on 
Irving’s wave function for the triton. In the present 
work the following form was assumed for P,(K) [see 
also Eq. (4) ]: 


Piky= f exp{iK-(r,—} (114182) }} 


XK bil PiFors bal Tits)dridredr, 
(4rr)* By 


— (1) 

K*+7* 
where K=3K,—Ky, ¢, and @,4 are the triton and 
deuteron wave functions, respectively, Bo is a constant 
(see above) and y?=0.22 10** cm~ is the wave number 
associated with the binding energy of the neutron in 
the triton. 

The calculated values of S (column 3) for the first 
two levels of Li* and He® agree with those calculated by 
French and fujii.2 In the present calculation the wave 
functions given by Auerbach and French*® for ¢{=1.2 
were taken for the Li’ and Li*® ground states. All other 
states of Li® and He® were assumed to be pure LS 
coupling terms. This is a good assumption for the 
‘8, , states, which are the only states with TJ =02, 03, 


® See, e.g., J. P. Elliott and A. M. Lane, in Handbuch der Physik 
(Springer-Verlag Berlin, 1957), Vol. 39, p. 241. 
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Fic. 7. He® spectra from the 
Li*(d,He*)He® reaction at various 
laboratory angles. The abscissa, 
Eu is the total kinetic energy 
of the He*+He'® system in the 
c.m. system. The top scale gives 
the corresponding value of EF, 
defined in Eq. (2). The solid 
and dashed curves are calculated 
from Eq. (11) for a= 2.9f and 2.0f, 
respectively. 
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respectively, in the p® configuration. The "S» and *"D, 
states can mix only with terms of the ™P multiplet. 
This multiplet has no fractional parentage with the 
predominant term of the Li’ g.s. and should therefore 
not affect the value of S strongly. The *D, term can mix 
with the “S, and "P, terms; its S value will depend 
strongly on the admixtures in the wave functions. The 
value given in Table IV for this level should not be 
taken too seriously; the actual S value is however 
expected to be small. 

S was also calculated assuming the Li’ g.s. wave 
function computed by Meshkov et al.'* and the same 
Li® functions. The results do not differ appreciably from 
those quoted in Table IV except for the “D; and *D, 
levels, whose S values become 0.41 and 0.10, respec- 
tively. 

It is evident from Table IV that the measured values 
of S for the T=1 states are significantly smaller than 
the calculated values. The present work on the Li® 
3.57-Mev level shows that this is not due to a difference 
between the mechanisms of (d,/) and (d,He*) reactions. 
The discrepancy is then due to one (or more) of the 
following effects: 


(a) The calculated S factors are not correct. As shown 
above these factors are insensitive to the exact wave 
functions, at least as long as there is no configuration 
mixing. In view of the many successes of the inter- 
mediate coupling theory for A=6 it seems improbable 
that the S factors are seriously in error.” 

(6) The radial part of the overlap integral, i.e., 
single-particle reduced width, varies with the excitation 


the 


energy in the final nucleus. An example of an analogous 
variation seems to exist in the Li®(d,#)Li® reaction (see 
Sec. VI). 

(c) The Butler formula does not apply to (d,/) reac- 
tions insofar as the relationship between the reduced 
width and the cross section is concerned. It should be 
remarked that the angular distributions for all these 


levels agree very well with the Butler formula. 


A measurement of the (p,d) reduced width of the Li® 
3.57-Mev level can decide among these possibilities. If 
the reduced width has the value expected theoretically, 
(c) is correct; if it is about 60% of the expected 
value, (a) or (8) holds. The measurement has been 
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made,”-* but unfortunately the experimental uncer- 
tainties are too large to permit a decision; the reduced 
width is (70420) % of the expected value. 

If we assume that either possibility (6) or (c) is 
correct we can make the following remarks: 

The Li® level at 4.52 Mev inferred from He*+d 
scattering” is very broad (!~900 kev) and its S factor 
is expected to be only ~} of the S factor for the He*® 
1.71-Mev level (see Table IV); this He® level has a 
cross section ~1.8 mb/sterad, so that the Li* 4.52-Mev 
level would have a cross section ~0.€ mc/sterad. A 
level with such a small cross section and such a large 
width could easily be missed in the background (see, 
e.g., Fig. 5). The level at ~5.4 Mev has a relatively 
large reduced width and might therefore be identified 
with the *D, term.** However, the large experimental 
uncertainties concerning this level should be borne in 
mind. The 'D, level and the *P levels (not shown in 
the table) have small calculated values of S and one 
should not expect to identify them. 


VI. Li’(d,He*)He® AND Li‘(d,t)Li® 


These two mirror reactions are very similar and will 
be discussed together. The product nuclei He® and Li® 
are unbound and decay into an alpha particle plus a 
neutron or a proton. The reactions are, therefore, 
three-body breakups and continuous spectra of He’ 
particles and tritons are observed at each angle. 

The (d,He*) reaction was observed by LBM! at one 
angle. The (d,f) reaction has been observed previously 
only at low bombarding energies.” 


1. Experimental Results 


He’ and triton spectra were measured at some ten 
angles from 9.7° to 70° (lab), over energy ranges of 
~5 Mev near their high-energy limits. Figures 7 and 8 
show the spectra. No fine structure was found in the 
spectra, so that most of the data were taken in steps 
of ~200 kev. Typical statistical errors are shown. 

The measured energy of the particles was corrected 
for the energy loss in the target before being converted 
to the center-of-mass system’ (c.m. system). The 
abscissas in Figs. 7 and 8 are the total kinetic energies 
Ex.' and E, of the He*+He’® and Li’+/ systems in the 
c.m. system. Ex-* and E, are related to the Q’s of the 
Li®(d,He*) He*+-m and Li®(d,)He‘+ p reactions by the 
equations 


Epe*+ Ey - Q+ Ea, 

*% TD. R. Maxson and E. F. Bennet, Bull. Am. Phys. Soc. 2, 180 
(1957). 

*D. R. Maxson (private communication). The authors are 
indebted to Dr. Maxson for having made the results available 
before publication. 

%8 A. Galonsky ef al., Phys. Rev. 98, 586, 590 (1955). 

6 In order to calculate the reduced width from the experimental 
data, the level was assumed to have T=1; if it had T=0 the 
reduced width would be 3 times smaller. 

7 R. T. Frost and S. S. Hanna, Phys. Rev. 110, 939 (1958). 


E.+E,=Q'+Es, (2) 


DE 


TERONS WITH Li ISOTOPES 


Excitation in Li? (Mev above He*s p) 
5 3 


Litas ui? 
Ey 15 Mev 





6, 9.6" 6,,,*13.8° 





10 
Triton Energy in C.M. System (Mev) 


@, °12.1° Oc" 17.2" 


> my. 8 








9 


b 








@, #21." Oem" 30 710 


oan Se a Span on noe 








@, *25° Gem * 36" . igh 








Microbarns per Sterodion (CM System) per Kev 
L) 


NS NMS NHS WS NS 


b 











oO ¢ 6 62 Oa, 








BG 69.8 OQ —,°93° '0 








4 
2 
4 
2 
4 
2 
4 
2 








8 10 
Triton Energy in CM. System (Mev) 


Fic. 8. Triton spectra from the Li*(d,t)Li® reaction at various 
laboratory angles. The abscissa, /,, is the total kinetic energy of 
the Li*+# system in the c.m. system. The top scale gives the cor- 
responding value of E, defined in Eq. (2). The solid curves are 
calculated from Eq. (11). 


where Ey is the c.m. kinetic energy in the incident 
channel and £, and £, are the relative kinetic energies 
of the alpha particle and the neuiron and proton, 
respectively, in the He® and Li’ c.m. system. E, and 
E, may be regarded as excitation energies in He* and 
Li’ measured relative to the rest energies of He*+n 
and He*+ . The absolute energy scales in the figures 
are estimated to be uncertain to within +200 kev, 
mainly from uncertainties in the calibration of the 
magnetic spectrometer.® 

The center-of-mass scattering angle corresponding to 
a given laboratory angle varies along each spectrum: at 
6,=19°, 30°, and 65°, 6.m, varies by ~0.3°, 0.6°, and 
1.2° per Mev, respectively. ‘This variation of 0... has 
been neglected in the analysis of the data; the value of 
§..m. quoted is calculated for Ey. and Ey~12 Mev. 
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2. Discussion 


The observed He’ and triton spectra (Figs. 7 and 8) 
show a broad, asymmetric peak at Ey. (or Ey) ~12 
Mev. This peak is very prominent at the smaller angles 
but decreases rapidly at larger angles, where the 
spectrum is quite flat. There is another way to look 
at the data which is instructive: one can examine the 
angular dependence of the cross section for a given 
Ene* (or E,); this corresponds to taking a vertical cut 
through Figs. 7 or 8. Such plots are shown in Figs. 9 
and 10. The continuous curves in these figures are 
calculated from the Butler formula for (d,He*) and 
(d,t) reactions for /=1 and ro>=6 f for the He? particles, 
ro=5.75{ for the tritons. The shape of the curve is 
different for each value of Ey. (or E,), since each 
Ene? (or E,) corresponds to a different Q for the 
(d,He*) or (d,t) reaction. 

The curves fit the data at the smaller angles quite 
well. It seems, therefore, that at these angles the pre- 
dominant reaction mechanism is Butler pickup. Having 
accounted for the angular dependence of the cross 
section at small angles, we now try to account for the 
energy dependence, i.e., for the shape of the spectra. 
This is equivalent to finding the energy dependence of 
the stripping reduced width ©. 


a. Calculation of the Reduced Width 


In the following we shall, for definiteness, consider 
the Li®(d,He*)He® reaction. The calculation for the 
Li®(d,t)Li® reaction is analogous. 

The cross section can be written 


da 


BOY, 
dwdk He 


where the kinematical factor from the Butler formula is: 
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Fic. 9. Angular distributions for the Li®(d,He*)He® reaction 
for various values of Ex,?. 
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Here the y’s are reduced masses, #Ky,.: and AKy are 

the final and initial momenta in the c.m. system, Bo, 

K, and vy are defined in Sec. \ 

the usual Wronskian expression 
The reduced width is, apart from constant factors, 

given by 


OP « [ free, 40, fo ts; En)de( tor pds 


Here Y,"(Q2,) is the spherical harmonic 


and the last factor is 


of order : 
m;Q», 7p are the angular and radial coordinates for the 
transferred proton. & represents the internal 
dinates of He® and ¢;(£;; E,) is the wave function of 
He’ at the excitation energy £, defined in Eq. (2). The 
normalization of 5 is determined by 


fortes Enos(ts; En’ \dés=6(1 En 


o6(£s,%7p) is the wave function of the Li® 


coor- 


ground state. 


@*(E,) is a reduced width per unit energy range 


1 continuous set of 
states. It measures the amplitude of the He?® state at 
energy £, in the Li® ground state; it is not related to 
an actual width of a level. The reduced width @ which 
is usually quoted for similar reactions when the final 
state is unbound (e.g., in the Li’(d,f)Li® 2.19-Mev 


reaction) refers to an integration of ©? over a resonance 


f -d | 
and is a pure number. 


We wish to find the dependence of © on E,. We 
consider both He® and Li® as consisting of an alpha- 


because the final state is one of 


particle core and the outside nucleons; and we assume 


that in Li® these nucleons are in p states. Then the 


overlap integral (5) reduces to an integral over the 


neutron radial coordinate and only p He® 


p states in 
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contribute: 


2 


Ora If fsltn; En) fol n; rendre | : 
0 


Tp =r¢9 


(8) 


where fs(r,;E,) is the radial part of the He*® wave 
function for /=1 at energy E, and f¢(r,,7,) is the radial 
wave function for the valence nucleons in Li®. 

The only energy dependent factor in Eq. (8) is the 
He*® wave function. This is the wave function of a 
neutron in the presence of an alpha particle and has 
been extensively studied by means of the elastic scat- 
tering of neutrons by He‘.**** In the neutron energy 
range from 0 to 4 Mev (corresponding to /x.' from 
13 to 9 Mev) this function can be well approximated 
by the wave function of a particle scattered by a 
potential well.” The well can have a depth ~25 Mev 
and a radius ~3 f. The shape of the wave function at 
small r in such a well does not change very much when 
E varies from 0 to 4 Mev; the amplitude, however, does 
change significantly, since the p wave goes through a 
resonance at E,~1 Mev. We can, therefore, write 
fs(rn; E,) approximately as the product of an energy 
dependent function and a radial, energy independent, 
function 

fs(tn3 Ex)=filEn)gi(rn), (9) 
and the energy dependence of ©? will be given by 
[ f:(£,) ?. The approximation (9) overestimates the 
value of the integral (8) at high £,, but the error is 
probably less than 10% in the energy range covered. 

The energy variation of the radial wave function at 
a constant radius, f;(£,), can be found from the n-He* 
scattering data. The exact form of the wave function 
outside the potential well is known in terms of the phase 
shift." The value at the nuclear surface r,=a is found 
to be (only energy dependent factors are included) : 


Cfi(En) P=[fs(r.=a; En) P= 


where A= F;?(a)+-G;?(a), ¢=arctanF;(a)/G,(a). F,(r) 
and G,(r) are the regular and irregular solutions of 
the free particle radial equation for /=1, as defined 
by Blatt and Weisskopf.™ 


K,.= QE» /h?, w= M,M,/(M,+M.,). 


(A ?/ K,,) sin?(6+@), (10) 


M,, M.=mass of neutron and alpha particle, respec- 
tively. 5=n-He' scattering phase shift at energy En. 
So far we have neglected the spin of the neutron. 
Actually He® has two p states, Py and P;, and two cor- 
responding phase shifts 6+ and 6-. Since these states 
are orthogonal we may add the cross sections leading to 
them. This is equivalent to adding the reduced widths 
since the factor B in Eq. (3) has no spin dependence. 


2 R. K. Adair, Phys. Rev. 86, 155 (1952). 

*® J. D. Seagrave, Phys. Rev. 92, 1222 (1953) 

»® This is shown for the analogous He*-p scattering by Sack, 
Biedenharn, and Breit, Phys. Rev. 93, 321 (1954) 

31 See reference 12, Chap. VIII. 
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The reduced widths are products of a radial part Og 
and an angular momentum part S. In the preceding 
paragraphs we have calculated the energy depend- 
ence of ©,?; the functional form of this dependence 
is the same for the Py and P, states, although the S 
factors are different. If we assume a pure '*S, wave func- 
tion for the Li* ground state, we obtain S= § for the Py 
state and S= for the P,; state. The energy dependence 
of the reduced width is therefore given by 


@? « (A,?/K,,)[sin®(6++¢@)+ 4 sin?(6-+¢@) ]. (11) 


It is interesting to note that the phase shifts 6+ and 
6 can be well represented by single level Breit-Wigner 
formulas.”*” Therefore, one can express ©? in terms 
of the Breit-Wigner parameters of the Py and P, states. 
The relationship is 


6*+@=arctan[ 4l+/(E— Et) ], 


and similarly for 6-. I+ is the neutron width (not 
reduced) of the Py state and E* is the “actual resonance 


energy.” * The result is 


A} (arty? 1 (4r-)? 

Pa« + =| 
K,AL(E—Eoty?+(4r*+) 2 (E— Eo )*+(4r-)? 

(12) 


In practice, however, ©? was computed directly from 
the experimentally determined phase shifts using Eq. 
(11). 

b. Comparison with Experiment 


©? was calculated from Eq. (11) for He‘+-m and for 
He*+ p scattering. The phase shifts given by Seagrave” 
and Clementel and Villi® for He*(n,n), and by Critch- 
field and Dodder®™ for He*(p,p), were used. A,’ is easy 
to calculate for neutrons; for the p-He* scattering it 
was found from the graphs of Sharp ef al. For both 
reactions the interaction radius was taken as 


a= 2.9 f. 


(13) 


This is the value used in the analyses of nucleon-alpha 
scattering.”*.” 

The solid curves in Figs. 7 and 8 are the spectra 
calculated from Eqs. (3), (4), (11), and (13). The curve 
at the smallest angle was normalized to agree with the 
experimental points; the normalization of the curves 
at all angles is then determined by Eqs. (3) and (4). 
The absolute energy scales in Figs. 7 and 8 are uncertain 
within +200 kev. The calculated curves were shifted 
horizontally to fit the peak ; the shift was less than 100 
kev and was the same at all angles. 

The curves reproduce the shape and size of the 
observed spectra approximately. In particular, the 
most striking feature of the data is reproduced: the 


#1). C. Dodder and J. L. Gammel, Phys. Rev. 88, 520 (1952). 

* E. Clementel and C. Villi, Nuovo cimento 2, 1121 (1955). 

* C. L. Critchfield and D. C. Dodder, Phys. Rev. 76, 602 (1949). 

* Sharp, Gove, and Paul, Atomic Energy of Canada Limited 
Report AECL No. 268 (unpublished). 
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Fic. 11. The reduced width ©? vs Eq,*. The solid and dashed 
curves are calculated from Eq. (11) for a=2.9f and 2.0f, respec 
tively; the open circles are experimental 


calculated curves show a prominent peak at small angles 
which decreases rapidly at larger angles and finally 
leaves a nearly constant spectrum. This effect can now 
be explained: the shape of the spectra is determined 
not only by ©? but also by the kinematical factor B, 
which is different at each angle. At the larger angles B 
yields a very low probability for the formation of fast 
He’ particles (or tritons), and thus “wipes out” the 
high-energy peak in ©? (see Fig. 11). This is clear from 
Fig. 12, where B is plotted versus Ey.* at various angles. 

The reduced widths were extracted from the angular 
distributions of Fig. 9 using the same value of By? as 
for the Li’(d,{)Li® reaction. Figure 11 shows these 
experimental reduced widths (open circles) compared 
with Eq. (11), computed for a=2.9f and for a=2.0f 
(see below). The curves were normalized at the peak. 
As in the spectra of Fig. 7, the experimental values at 
low energies are smaller than the calculated values by a 
factor ~1.5. It is interesting that almost perfect agree- 
ment may be obtained by multiplying Eq. (11) by an 
additional factor 1/K,,; there is, however, no theoretical 
justification for such a factor. 

The calculation involves two parameters ro and a, 
which may be varied to improve the agreement with 
experiment. The Butler radius ro was chosen to obtain 
the best agreement with the angular distributions. The 
values used are probably the best within +0.5 f. 

The nucleon-alpha particle interaction radius @ was 
taken from Adair”? and Dodder and Gammel,” who 
chose the value 2.9 f in order to fit the scattering cross 
section with the Breit Wigner formula and to account 
for the Li*-He° difference in 
Coulomb potential. Neither of these criteria for the 
choice of @ is pertinent to the Li®(¢d,He*)He® and 
Li®(d,t)Li® reactions, so that a may be varied to obtain 


energy terms of the 


the best fit. The dashed curves in Figs. 7 and 11 give 
2.0 £ for the Li®(d,He*)He® reaction. 
low energies is better than for 


the results for a 
The 


a=2.9f. An even smaller value of a might improve 


agreement at 


the agreement more, but does not seem reasonable in 
the light of the size of the alpha particle and nucleon, 
as determined by electron scattering.*® 


3° R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 
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c. Bo and the Single-Parlicle Reduced Width 


The Li*(d,He*)He® cross section can be compared 
with the Li®(m,d)He® cross section to yield a value of 
the constant B,* for He*. Frye*’ has measured the (n,d) 
cross section integrated over the deuteron energy range 
corresponding to E£, and 2.8 Mev. The 
neutron energy was approximately 14 Mev. The deu- 
teron angular distribution obtained by Frye shows a 
strong forward maximum; a Butler curve having /=1 
and ro=4.5f fits the data, albeit rather poorly. The 
reduced width is #=0.080. If the (d,He*) cross section 
is integrated over the same range of E,, which cor- 
responds to Ey. between 12.8 and 10 Mev, the resulting 
angular distribution can be fitted well with a Butler 
curve having /=1 and ro>=6f. (The Butler curves for 
both reactions are calculated at E,~1 Mev.) The value 
of Bi’ is 0.084X10'* cm. The of B* is then 


between 0 


value 


B= (0.084/0.080) & 10'? = 1.05 « 10'4 cm™, 

This value agrees very well with the value 1.2«10" 
cm found for the triton from the Li’(d,4)Li® and 
Li®(d,p)Li’ reactions. The uncertainty in the value of 
B¢ due only to the experimental uncertainties in the 
(n,d) and (d,He’*) cross sections is ~30%. 

The single-particle reduced width 6? may be 
extracted from the (m,d) experiment in the usual 
manner by dividing the reduced width by the spectro- 
scopic factor S. Here the appropriate S is that for the 
P, state because in the energy range considered the con- 
tribution of the P, state to the integral (5), as calculated 
from Eq. (11), is negligible. Some correction to the 
reduced width # quoted above must be made, however, 
to take into account that part of the P; cross section 
which lies in the region £,>2.8 Mev. It is estimated 
from Eq. (11) that @ should be increased from 0.08 
to 0.10 in order to include the whole P, cross section. 


The spectroscopic factor S is ‘ see 
isobaric spin coupling coefficient is }, 


particle reduced width is 


above) and the 
so that the single- 


6.?=0.10/4- 4=0.15 


This value of 4? is much larger than the value 0.066 
found for the other reactions on lithium (see Secs. III, 
IV, and V) or than the value found for other stripping 


reactions in the p shell. 


Nn 
T 
\ 
} 
| 


1 


12. The 


factor Bt 


ae 
Kine 


Eu 


B (Arbitrary Units) 


287° 


37 G. M. Frye, Jr., Phys. Rev. 93, 1086 (1954). 
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d. Conclusions 


The agreement with experiment is sufficiently good 
to show the essential correctness of the theory de- 
veloped in paragraph a. A very simple model represents 
a complicated reaction and gives quite accurate results. 
The discrepancies which do exist between the calculated 
curves and the experimental points in Figs. 7, 8, and 11 
may be due to any of many assumptions made in the 
calculation. In particular, the calculation of the overlap 
integral (5) is probably more reliable than the basic 
Eq. (3). 

At angles less than 30° (c.m. system) pickup is the 
predominant reaction mechanism. Here the Butler 
formula determines not only the angular distribution, 
but also the shape of the spectra—a feature which has 
not been observed before. 

At angles beyond the first minimum of the stripping 
curves (@..m.>30°) the reaction mechanism no longer 
can be described by the Butler formula. This is clear 
from the angular distributions shown in Figs. 9 and 10. 
The cross section in this region is approximately inde- 
pendent of both angle and energy. 


VII. Li®(d,d’)Li® 


The angular distribution for the first excited state 
of Li® was measured and a search for further excited 
states was made. 

Figure 13 shows the angular distribution for the 
2.19-Mev level. In the range 30°<@,,.,<90° the shape 
of the angular distribution agrees with the one found 
by Haffner® for the same reaction at a similar bombard- 
ing energy (15 Mev). At angles below and above this 
range Haffner’s points are much higher than the ones 
shown in Fig. 13. The angular distribution does not 
show sharp maxima and minima and cannot be 
accounted for by the simple direct interaction theories." 

The deuteron spectrum was recorded at two angles, 
6,=15° and 25°, in the energy range corresponding to 
excitation in Li® between 2 and 6 Mev. No levels 
beyond the first excited state were observed. The spectra 
show a continuous background of deuterons due partly 
to slit edge scattering and partly to the reaction 


Li®+d — a+2d. 


L®&(ad')Li® 219 Mev 
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3. 13. Angular distribution for the Li*(d,d’)Li® reaction 
to_the 2.19-Mev level of Li®. 
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This background makes the identification of broad 
levels difficult. Thus the level at 4.5-Mev excitation 
inferred from the He‘+d scattering,** which has [1 
Mev, would only have been identified if its cross section 
were larger than 8 mb/sterad. The narrow level at 
3.57-Mev excitation would have been identified if it 
had o>1.3 mb/sterad. This level has isobaric spin T= 1 
and should therefore not appear in the Li*(d,d’) reaction 
if isobaric spin is conserved. 

The results of this survey are consistent with the 
results found by Browne and Bockelman® for the same 
reaction at Eg~7 Mev. 


VIII. Li? (d,d’) Li” 


Angular distributions of the inelastic deuteron groups 
corresponding to the two lowest excited states of Li’, 
at 0.477- and 4.61-Mev excitation, were obtained by 
LBM.:! 

In the present experiment deuteron spectra were 
recorded at two angles, 6; =25° and 45°, in the energy 
region corresponding to excitation in Li? between 4 
and 8 Mev. Figure 14 shows the spectrum at 45°; 
typical statisiical errors are shown. The levels at 4.61 
and 7.46 Mev were identified. The results for the 
former agree with the angular distribution of LBM.! 
The level at 7.46 Mev is only weakly excited; its cross 
section is: 


@1=25°, 8e,m,=36.7°, 
6,=45°, 05, 64.8", 


o=0.5+0.1 mb/sterad, 
=0.4+0.1 mb/sterad. 


The uncertainties quoted are estimated upper limits 
on the errors. 

No other narrow levels were observed. It is estimated 
that any narrow (I > 100 kev) level with cross section 
larger than 0.3 mb/steradian would have been identified. 
There is some evidence for broad structure at ~6.4-Mev 
excitation”; if it corresponds to a level it would have 
['~700 kev, ¢S1 mb/steradian. However, this hump 
in the spectrum may also be due to the continuous 


*C. P. Browne and C. K. Bockelman, Phys. Rev. 105, 1301 
(1957) 

® Similar structure appears in the Li’(p,p’) reaction; see refer- 
ence 14. 
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Fic. 15. Angular 
distribution for the 
Li*(d,a)He* reaction 
to the g.s. of Het. 
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background. The background is due partly to slit 
edge scattering and partly to the reaction 


Li’+d— at+i+d. 
IX. Li*(d,a)He* 


This reaction has been studied previously at low 
bombarding energies™' and recently at 21.6 Mev.” In 
the present experiment the angular distribution of the 
alpha-particle group corresponding to the ground state 
of Het was measured and alpha-particle spectra were 
recorded at two angles, 15° and 25° in the laboratory. 


1. Li®(d,e)He‘g.s. 


Figure 15 shows the angular distribution for the 
He‘ g.s. At angles @..m.<33° the alpha-particle group 
was partially obscured by the intense deuteron group 
due to elastic scattering. The cross section is small and 
approximately isotropic. Sawicki" has calculated the 
differential cross section for this reaction assuming the 
“+d” model for Li® and a pickup mechanism. Zeidman 
and Monahan” have rederived the cross section using 
Sawicki’s approach and find approximate agreement 
with the 21.6-Mev data, both in the absolute magnitude 
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Fic. 16. Alpha-particle spectra from Li*+d. 


#7. L. Yntema (private communication). The authors are 


indebted to Dr. Yntema for making the Argonne results available 
before publication and for sending the calculations of Dr. Zeidman 
and Dr. Monahan. 

41 J. Sawicki, Acta Phys. Polonica 15, 71 (1956 
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and angular dependence of the cross section. They have 
also made calculations for 14.8-Mev deuterons; the cal- 
culated cross section is very anisotropic. Sawicki’s reac- 
tion mechanism does not, therefore, seem to be the most 
important one for 14.8-Mev deuterons. 


2. Alpha-Particle Spectra 


The alpha-particle spectra at @,=15° and 25° 
are shown in Fig. 16. Typical statistical errors are 
shown. The ordinate in Fig. 16 is proportional to 
(E/8)(@o/dwdE) where E is the alpha-particle energy 
in the laboratory system and @ is the solid angle con- 
version factor to the center-of-mass system. The cross 
section in the center-of-mass system, at @,=15° 
(Oc.m.= 24°), at 35 Mc/sec, is d’¢/dwdE=10.6 micro- 
barns per steradian per kev (of lab energy). 

The energy range corresponding to excitation in He’, 
E,, from 0 to 29 Mev was covered. No alpha particles 
corresponding to excitation between 0 and 19.5 Mev 
were observed, i.e., no bound excited states of He* were 
found, in agreement with previous work. The arrows 
in Fig. 16 indicate the high-energy limits of the spectra 
due to the various reactions which produce alpha 
particles : 

Li'+d — a+a 
at+p+l 
a+He'+n 
a+d+d 
a+d+n+p 


a+2n+ 2p 


The position of the arrows and the excitation energy 
scale in Fig. 16 are estimated to be uncertain within 
+300 kev. 

The spectra of Fig. 16 show changes of slope to the 
left of the p+/, d+d, d+p+n and (perhaps) He*+-n 
arrows, suggesting that the corresponding reactions 
occur with appreciable 
from some of 


probability. Other fragments 
reactions been identified 
elsewhere in this report [see the sections on the reactions 
Li®(d,p)Li’, Li®(d,)Li®, Li*(d,He*)He', Li*®(d,d’)Li*]. 

There is a broad peak in the 15° spectrum at E,=22 
Mev; this hump also appears, less clearly, at 25°. The 
difference “peak” and ‘“‘valley” (at ~34 
Mc/sec) is not much larger than the statistical uncer- 
tainty and the possibility of an experimental error 


these have 


between 


cannot be ruled out: it is possible, although improbable, 

that in reality the spectrum is constant between 35 and 

33 Mc/sec. Corresponding peaks have been observed 

in other reactions [H*(p,)He’,”-* H®(d,n),“ He*(p,p’)- 

He‘ * | and have been interpreted as an indication of a 

broad excited state in He‘ at ~22-Mev excitation.” 
#N. A. Viasov ef al., J. Exptl. The Phys. U.S.S.R. 28, 639 

(1955) [ translation: Soviet Phys. JETP 1, 500 (1955)] 

*H. B. Willard ef al., Phys. Rev. 90, 865 (1953 

“ G. F. Bogdanov ef al., Physica 22, 1150 (1956 


a 22 
© H. Tyrén et al., Nuclear Phys. 4, 277 (1957 
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Effect of Compression on the Decay Rate of Tc**" Metal* 


R. A. Porter, Theoretical Division, The Lawrence Radiation Laboratory, University of California, Livermore, California 
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the RAND Corporation, Santa Monica, California 
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Motivated by Bainbridge’s measurement, we have attempted a theoretical calculation of the change in 
lifetime of the internal conversion of Tc®™" in compressed Tc metal. We have employed the Thomas-Fermi 
statistical potential, corrected for the self-potential of the electron in question, to obtain the initial and final 
state electronic wave functions for two volumes 
pression. Because the energy available is so low (~2 kev), the only contributions to the internal conversion 
coefficient come from the M and higher shells, and mainly from the 3p and 3d levels. The principal contri 
bution to the change in the internal conversion coefficient comes, however, from the valence electrons, 
particularly the 4p, 4d and 5s levels. In order to relate compression to pressure, we have estimated the 
compressibility of technetium metal to be 0.27 megabar~'. From this compressibility and the assumption 
that the internal conversion coefficient is linear in pressure, we calculate for the experimental pressure of 0.1 
megabar a fractional decrease in lifetime of (2 to 4) X10, the quoted variation residing in the uncertainty of 
the structure of the 4p band. This result agrees with Bainbridge’s measurement, (2.3+-0.5) K 10™, within the 
accuracy of our calculation. 


the normal uncompressed state, and ten percent com 


I. INTRODUCTION ably more reliable than any single element of 


“THE decay rate of the 2-kev electric octupole calculation. 

isomeric transition of Tc” is known to be 
measurably dependent upon the external environment. 
Differences in the lifetime have been observed for 


Il. THEORY OF THE DECAY RATE OF Tc” 


Because of the very low transition energy and the 


different chemical compounds,' for the metal under high 
static pressure,’ and for the superconducting state.’ Of 
these environmental effects, that due to compression 
of the metal is most amenable to a theoretical treatment. 
In the present work we attempt a calculation of this 
effect on the basis of a simple metallic model. Although 
technetium is far from being a simple metal it appears 
possible to incorporate the most essential features 
without excessive complication. The use of a consistent 
treatment of initial and final wave functions for 
different atomic volumes makes the fractional change 
in lifetime, to be compared with experiment, consider- 


* Based on a thesis submitted by R. A. Porter in partial fulfill 
ment of the requirements for the degree of Doctor of Philosophy, 
Department of Chemistry, University of California, Los Angeles. 

! Bainbridge, Goldhaber, and Wilson, Phys. Rev. 84, 1260 
(1951); 90, 430 (1953). 

2K. T. Bainbridge (private communication). We are much 
indebted to Professor Bainbridge for permission to quote this 
result prior to publication. Previous mention of his work has also 
been made by Chem. Eng. News 30, 654 (1952) and by R. Daudel, 
J. phys. radium 13, 562 (1952). 

* D. H. Byers and R. Stump, Phys. Rev. 112, 77 (1958) 


large change in angular momentum involved, the decay 
of Tc”™ occurs almost entirely by internal conversion. 
The decay rate is therefore proportional to the internal 
conversion coefficient a, which is given by the relation‘ 


a= (2 W)S| (f|H!4)|2, (1) 


where W is the transition energy, the interaction 
Hamiltonian, i and f are the initial and final electronic 
wave functions, and © indicates summation over all 
directions of emission and all substates of the initial 
(bound) and final (continuum) states. The present 
calculation will be nonrelativistic, since only valence 
and near-valence electrons are involved. We shall treat 
the metallic problem as spherically symmetric, and 
thus ignore effects of the lattice structure except for the 
periodicity of the Bloch waves. The interaction Hamil- 
tonian is therefore 


9 =icB.™ V+ (ie/2)0- BLY +eb,™, (2) 


‘In this section we employ the notation and units of M. E. 
Rose, Multipole Fields (John Wiley and Sons, New York, 1955). 
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where B,™ and #,™ are the vector and scalar potentials 
for an outgoing electromagnetic wave of multipole 
order L. Since we are dealing with an electric-type 
transition, it is convenient to use the conventional 
gauge, for which 


BB,” =((2L+1)(L+1) }ar_s(hr)T 1,11" (6,6), (3) 
&,M=i{L/(L+1) hz (kr) V ™ 0,9), (4) 


where /, is a spherical Hankel function, Y,™ a spherical 
harmonic and T, ,_;” an irreducible tensor on the unit 
sphere. 

Because virtually all the internal conversion occurs 
in the near zone of the radiation field, only the electro- 
static term ®,™” contributes significantly to a. (A 
rough calculation that the terms in B,™” 
contribute about 0.1% to the total decay rate.) In 
addition, the spherical Bessel function part of A, is 
negligible compared to the spherical Neumann function 
part m, in the region of interest near the nucleus. Thus, 
on dropping the small terms just mentioned and 
performing the angular integration which results when 
Eqs. (2) and (4) are combined with (1), we obtain 


‘ ( 2L+1)(21,4+1)\! 
1eWe > ) 
fa dr (+1) (217+1) 


KC | Ly; 00) f Riyn Rupdr . ca 


showed 


a(V alas 


where Ri; and Ri, are the radial wave functions of the 
initial and final states of angular momentum /; and /,, 
respectively, and C(LIjJ;;00) is a Clebsch-Gordon 
coefficient. 


Ill. INITIAL STATE WAVE FUNCTIONS 


The present calculation of wave functions for Tc 
metal makes use of the spherical Thomas-Fermi (TF) 
potential as applied to metals.* We have attempted to 
remove the electron self-interaction present in this 
model by investigating two types of corrections. In the 
first, the potential is taken to be 

V(r)=Vererl(r), Vrr>e/r, 
(6) 


V (r)=e/r, otherwise, 


where Vrr is the TF potential. This method, which 
approximates the proper behavior near the atomic cell 
boundary, r=r,, will be referred to as the cutoff method. 
It was employed by Latter® in his TF calculations for 
free atoms. In the second method an electron wave 
function is calculated for a given level in the un- 
modified TF potential. This wave function is then used 
to calculate the electron self-potential, which is in turn 
subtracted from the TF potential. Finally this corrected 


5 P. Gombas, Die Statistiche Theorie Des Atoms (Springer 
Verlag, Vienna, 1949) 
*R. Latter, J. Chem. Phys. 24, 280 (1956). 
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Taste I. Energy term values (in Rydbergs) for technetium. 
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potential is used to obtain a new wave function for the 
given level. This method will be referred to as the self- 
potential correction (SPC) method. 

For core electrons (M shell and below) the initial 
wave functions ~; are computed by requiring that 
¥i(r,)=0, where r, is the radius of a sphere of volume 
equal to that of the atomic cell. For the near-valence 
4p band and the valence (4d and 5s) bands, wave 
functions are computed for the top [¥.(r.)=0] and 
bottom [y,’(r,) =0] of the band. The values of matrix 
elements for intermediate positions in the band are 
obtained by an interpolation scheme which will be 
discussed later (Sec. V). 

The energy term values computed with the TF 
potential and its two modifications at the normal volume 
(r,=2.84 Bohr radii) are given in the third to fifth 
columns of Table I. No direct experimental values of 
these quantities for Tc exist; however, interpolated 
values from neighboring elements have been given by 
Siegbahn.? These are listed in the sixth column of 
Table I. The two values given for some of the low-lying 
levels reflect relativistic splittings, which are ignored 
here. It can be seen that the cutoff method is only a 
slight improvement on the TF potential, while the 
SPC method is a substantial improvement. This latter 
method was therefore made the basis for subsequent 
calculations. 

The wave functions for higher pressures can be most 
easily found by repeating the calculation for smaller 
values of r, and relating the compression 7=Vo/V to 
the pressure by means of a separate pressure-volume 
relation. Unfortunately, no experimental pressure- 
volume data exist for technetium metal, but the 
compressibility can be estimated satisfactorily enough 
for the present purpose. This estimate will be discussed 
in Sec. VI. Only one compression in addition to the 
normal volume was investigated, this being 7= 1.1. The 
energy term values from the SPC method for this 
compression are given in the last column of Table I. 
From this table it can be seen that only the M and 
higher shells can contribute to internal conversion, 
since for lower levels the electron binding energy is 

7K. Siegbahn, Bela- and Gamma-Ray S pectrosc 
Publishers, New York, 1955) 
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greater than that available from the nuclear transition 
(2 kev=147 Rydbergs). 

The band structure of the 4d and 5s bands was 
approximated by the second-order perturbation method 
of Silverman.® In this method the energy Ey of a 
valence electron characterized by a wave number 
vector k is represented by 


Ey= Eo t+ RE.+O(R'). (7) 
For the 5s band? 
E2(5s) = }r2uc?(r.)[refp (rs)/fo(rs) ], (8) 


where to is the radial wave function for k=0 and f, is a 
radial p-function which satisfies the radial part of the 
equation 


(V+V—E») fp=0. (9) 


This result was first obtained by Bardeen." By a method 
exactly analogous to that of Silverman for s bands, we 
have derived for the 4d band the expression 


F2(4d) = r uo?(r,)[ 277. f7'(7.)/ fy (rs) 
+287, f5'(r.)/fo(r.) |/105, 


where fy, is a radial /-function satisfying (9). 

Assuming that all seven valence electrons above the 
4p level lie in the 4d and 5s bands, the numbers N 4a 
and NV, of electrons in these bands can be calculated 
from the following conditions: (i) the number of 
electrons in the bands must add to seven, and (ii) the 
energies (chemical potentials) of the highest filled level 
in each (partially filled) band must be the same. Since 
the density of states p(k) is assumed to have the free- 
electron form [a consequence of neglecting terms of 
order higher than &? in Eq. (7) ], the first condition 
leads to the relation 


i= Naat Ns. = (49,3, On) (SKue+ K;,'), 


(10) 


(11) 


where the K’s are the maximum occupied values of k 
in the bands. The second condition leads to the relation 


Eo(4d)+ E2(4d) K 4a = Eo(5s)+ E2(Ss) Ks’. (12) 


Equations (11) and (12) can be solved simultaneously 
for the K’s, from which the N’s can be obtained. For 
each band the values of E2, N, and K, along with the 
values of Eo from Table I, are listed in Table IJ for 
n=1.0 and 4=1.1. It will be noticed that as expected, 
electrons pass from the 5s band to the 4d band on 
compression. 


IV. FINAL STATE WAVE FUNCTIONS 


In calculating the wave function of the ejected 
electron in its final state, we have assumed that (a) 
inside an atomic cell, the potential is the same as for 

®*R. A. Silverman, Phys. Rev. 85, 227 (1952). 

*The wave function u in Eq. (8) is normalized such that 
Svudrtdr=1. 

1” J. Bardeen, J. Chem. Phys. 6, 367 (°° 38). 
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Taste IT. Valence band parameters for technetium 
metal (in atomic units). 
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the initial state; and (b) outside the cell, the radial part 
of the wave function eventually has the form of a 
spherical wave, 

Rij=A sin(kr)/r. 


The kinetic energy is determined by the difference 
between the binding energy of the electron in its initial 
state and the energy available from the nuclear transi- 
tion, 2 kev. The values of /, are determined by the usual 
vector model selection rules. Our procedure was to 
calculate the wave function in a region which included, 
besides the atomic cell, a small region outside the cell 
(extending in our calculations to 2.25r,) in which the 
potential was set equal to e/r. The purpose of this 
outer region was to enable the wave function to settle 
down to a constant amplitude A by which it could be 
characterized outside the cell. In all cases the amplitude 
of the last two extrema in rRi, agreed to better than 
one part in 10*. The portion of the wave function inside 
the atomic cell is used to calculate the matrix element; 
in the final calculation, the square of the matrix element 
is then multiplied by (2m/E)'/A*rh, where E is the 
energy of the final state, in order to normalize the final 
state wave function to unit energy range. 


V. RESULTS FOR THE CONVERSION COEFFICIENT 


It was shown previously that only the M shell and 
above contribute to internal conversion in Tc®™. A 
rough calculation was performed using the unmodified 
TF potential to determine the relative importance 
of the different levels and of different values of ly. It 
was found that the 3s and 4s levels contribute less than 
1% to the absolute value of a, and an even smaller 
percentage to its change on compression. Values of lL, 
above the lowest for a given initial state were also found 
to give insignificant contributions to Aa/a. (It was at 
first thought that the 3d, /;=3 matrix element might 
be important, and it was carried in the more refined 
calculation; however, its contribution to Aa/a turned 
out to be negligible.) The reason for these results has 
been indicated by the work of Slater," who calculated 
the relative contributions of the different electron levels 
of the free Tc atom to the decay rate of Tc®". He 
found, as we also have found, that almost the entire 
contribution to the matrix element occurs in the region 
0<r/r,<0.1. The reason that the s levels contribute so 
little is that the s wave functions have a node in the 


u J.C. Slater, Phys. Rev. 84, 1261 (1951). 
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Tasce III. Contributions of various types of wave functions to the 
conversion coefficient (SP¢ 


Boundary n=1.0 n=l 
10~*(N sary) Ni 1078(N 


Initial 


state condition 


srg) 
5.4492 
7.9165 
0.0610 
0.4735 
0.2376 
0.2655 
0.4973 
0.0892 
0.1899 
0.0005 
0.0015 


5 4486 6 
7.9140 10 
0.0610 
0.4911 
0.2360 
0.2754 
0.4940 
0.0860 
0.1704 
0.0004 
0.0008 


3d 


Nm NN Ww - DO 


awe tS 


* Using Eq 
> Using Eq. (18) 


middle of this region, causing a partial cancellation. 
The p and d functions do not have a node in this 
region. (The contribution of the 5s band to a is also 
very small, but it makes a larger contribution to Aa/a 
since the effect of compression is greatest for this band.) 
Similarly the higher values of /; do not contribute 
significantly because the indicial behavior of Ri, is 
like r'/; thus for high /; the important part of the wave 
function near the nucleus is smaller. 

Before proceeding to a description of our more 
accurate calculation, we must describe our method of 
estimating the matrix elements for values of k between 
k=0 (y,;'=0 boundary condition) and k=kmax (Wi=0 
boundary condition) in the 4p and valence bands. We 
express the initial state wave function as a Bloch wave, 

i= uy(r) exp(ik-r). 
Expanding both u, and exp(ik-r) in powers of & and 
keeping only terms up to &’ gives 
Yi = uot kl uit+iruy cos(k-r) ]+ [2+ iru, cos(k-r) 
— (r°/2)uo cos*(k-r)]. (13) 


But #,=icos(k-r)[ruo+terms in fit: such as to 
make® «#;(r,)=0]. Thus the term linear in & makes no 
contribution to the matrix element due to the vanishing 





Fic. 1. Metallic bond force 
constant & as a function of 
nearest-neighbor bond length 
Do for some elements of the 
second transition period, after 
Pauling and Waser." The 
dashed line represents the 
nearest-neighbor distance in 
technetium 


K/3 (cm/megadyne)~!/3 
w 
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of the angular integral. Since y 
of k, the contribution a SvitD;dr|* of a given 
initial and final state can therefore be approximated 
reasonably by a form parabolic in k: 


is nearly independent 


ayi(k) a7i(O)4 jf, = accail ay; (0) }. (14) 


should have little effect since the 


(13) are proportional to higher powers 


Higher terms in k 
higher terms in 
of T. 

The total contribution to the conversion coefficient 
band is found 


K K 
asi f asi k p k n/ f p k dk. (15) 


For both the 4d and 5s 
approximation that p(k)~ 
asi=[1— (3K?/Skinax?) Jory s(O 

3K?/5k, 


averaged over a partially filled valence 


from 


have made the 
so that, using Eq. (14) 


bands, Wwe 


x’ ari(Rmax)- (16) 


Table II, and &,,,. from the free- 
electron relation Rinax= (99/2)4/r,. 

The filled 4p band presents a difficult problem, since 
the values of the matrix element for the y=0 and y =0 
boundary conditions differ much than might 
naively be expected from the narrowness of the band. 
We have not attempted a detailed calculation of the 
structure of this band, but have instead employed two 
approximations to the density of states p(k) which 
we feel represent limits to the true band structure. 
The first is a symmetrical band shape p(k) ~k?(K—&)’, 
for which 


K is obtained from 


more 


ase \. }at ys T J ymax) (17) 


The second is a parabolic shape, ? cut off at 


k=K, for which 


This uncertainty in the 4p band calculation is one of the 
major sources of error in our calculation of Aa/a. 

In our more refined calculation of a and Aa/a, we 
employed the SPC potential described previously. The 
grid used was fine enough to guarantee an accuracy in 
the amplitude of y,; of 1 part in 10 
found to be unimportant in the 
lation were neglected. The results" are summarized in 
Table III. The electron number V; for a 
given initial wave function and boundary condition is 
obtained by using Eq. (16) together with Table I for 
the 4d and 5s bands, and Eq. (17) or (18) for the 4p 
band. With the notable exception of the 4p, ¥/=0 


The matrix elements 
earlier crude calcu- 


weighting 


#2 After the calculations were completed 


it was discovered that 
a value of 137 Rydberg=1.82 kev had been used by 


mistake for 
the transition energy instead of the intended value 147 Rydberg 
=2.0 kev. We have since found that recent measurements by 
M.S. Freedman ef al., Phys. Rev. 108, 836 (1957), give the value 
of 2.15+0.03 kev=159+2 Rydberg. We do not believe that the 
essential conclusions regarding th mparisor yur results with 
the experimental results of ge are affected by this error. 
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TABLE IV. Sensitivity of internal conversion matrix elements to the potential 


Uncorrected TF potential 


Boundary 10“%asi 
condition 7=1.0 


8.5110 
7.3097 
0.0985 


Initial 


state 9 =1.1 


3p 0 
3d 0 
4p ‘=(@ 


8.5100 
7.3081 
0.0948 


asi(9 =1.1) —asi(y = 1.0), a taken as 1.44 X10 for both cases 
case, all matrix elements increase upon compression. 
We cannot say whether the strikingly anomalous 
behavior of this matrix element reflects physical reality 
or is simply a mathematical quirk. 

The total conversion coefficient is by 
summing the contributions given in Table III. Using 
(17) for the 4p band, we obtain 


obtained 


a= 1.4408 10%, 
a= 1,4419x 10%, 


n= 1.0, 

n= 1.1. 

Using (18) for the 4p band, we obtain 
a= 1.4451 10°, 
a= 1.4471 10°, 


n= 1.0, 
ewh.t. 


The uncertainty in the 4p band calculation thus 
introduces an uncertainty of about a factor two in Aa. 

To test the sensitivity of our calculation to the 
potential, a few matrix elements were also computed 
in the uncorrected TF potential with better numerical 
accuracy than in the crude TF calculation mentioned 
before. The values of ay; and Aay;;/a are listed in 
Table IV for both the SPC and TF potentials. It is seen 
that the absolute values of a,, deviate by ~5%. The 
values of Aa,;/a differ even as to sign for the 3 and 3d 
matrix elements, but surprisingly the large negative 
value of Aa;i/a for the 4p, y’=0 matrix element is 
fairly accurately reproduced. The self-potential correc- 
tion is therefore seen to be a most essential feature of 
the calculation. 


VI. COMPRESSIBILITY OF Tc METAL 


In order to relate the results quoted in the last 
section to the pressure experiments of Bainbridge, 
we must make an estimate of the compressibility of 
technetium metal. A rough estimate can be obtained 


TABLE V. Zero-pressure compressibilities (megabars~) and crystal 
structures of elements neighboring technetium. 


44 45 
Ru Rh 


0.349 
hcp 


0.368 
hep fcc 


75 76 77 
Ke Os Ir 


0.269 


hep hep 


Self-potential correction 
107-7 


105( deay;/ar)* 2 =1.0 neil 


—0.17 
—1.1 
—2.7 


10*( Aeayy/a)* 


+0.7 
+18 
—2.9 


9.0810 
7.9140 
0.1147 


9.0820 
7.9165 
0.1106 


from the zero-pressure compressibilities of neighboring 
elements, which are listed in Table V."*-"* The analogous 
elements from the row below technetium are also listed, 
since they have similar atomic volumes and crystal 
structures. Because the elements in these groups are 
fairly incompressible, there is probably no great error 
in assuming that the compressibility of technetium is 
constant up to 7=1.1. From Table V one can infer for 
technetium a compressibility 8~0.3 megabar™". 

A semiempirical estimate of the compressibility can 
also be made by utilizing the regularity, observed by 
Waser and Pauling,” between the nearest-neighbor 
bond length Dy and the inverse cube root of the metallic 
bond force constant k, defined by 


k=9Vo/nD°?B, 


where Vo is the normal volume of the unit cell contain- 
ing m equivalent nearest-neighbor bonds. This regularity 
is indicated in Figs. 1 and 2, which correspond, respec- 
tively, to the two periods listed in Table V. In Fig. 2 
it will be seen that rhenium, the analog of technetium, 
unfortunately lies between the two linear sequences. 
Assuming a similar behavior for technetium, we estimate 
a value k-'~2.1, corresponding to 8~0.27 megabar™. 

The crude result just obtained can be used to orient 
the results of the last section with respect te Bain- 
bridge’s pressure experiment. It indicates that a 
compression of n= 1.1 corresponds to a pressure p~ 0.34 





Fic. 2. Metallic bond 
force constant & as a 
function of nearest- 
neighbor bond length De 
for some elements of the 
third transition period, 
after Pauling and 
Waser." The rhenium 
point is calculated from 
the data of Bridgman.“ 


k-/3(crn/megadyne)~!/5 











5 
Do (A) 


Except for rhenium, the compressibilities in Table V are 
taken from the compilation of J. Waser and L. Pauling, J. Chem. 
Phys. 18, 747 (1950) 

“ The rhenium datum is taken from P. W. Bridgman, Proc. Am. 
Acad. Arts Sci. 84, 111 (1955). 
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TABLE VI. Relative contributions of electron 
states to the decay rate of Tc”. 


% of Total decay rate 


Electron state Slater This work 


3p 0.60 
3d 0.27 
4d 0.03 


0.38 
0.53 
0.05 
0.01 


megabar. Thus if we assume that the internal con- 
version coefficient is linear in compression (or pressure) 
and use Eq. (17) for the 4p band, we find 


[a(p=0.1 megabar) —a(p=0) |/a=2.3XK 10", 


while if Eq. (18) is used for the 4p band, we obtain 


[a(p=0.1 megabar)—a(p 


0) /a=4.0K 10. 


These theoretical results agree with the experimental 
value of Bainbridge,’ 


[a(p —alp 


within a factor of two. The coincidental agreement of 
experiment with the first of our theoretical numbers is 
not to be taken as evidence that Eq. (17) is necessarily 
a better representation of the 4p band structure, since 
other errors in the calculation may be of the same order 
as the difference between the two theoretical results 
quoted. 


0.1 megabar) 0) /a= (2.340.5)K 10, 


VII. DISCUSSION 


The absolute value of a for technetium is of interest 
in its own right, since it is the highest ever calculated. 
Using the experimental half-life ¢; of 6.0 hours, the rate 
of gamma emission JV, is given by 


In2 
7.0X 10-8 yr“. 
(1 t-a) 


AND 
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This can be compared with the independent estimate of 
N, based on some nuclear model. For example, on a 
simplified model in which transitions are ascribed to 
a single nonrelativistic proton moving in a uniform 
central velocity-independent field, 
a transition energy of 1.82 kev,” 


one obtains, using 


V,=8.8X10~ yr 


The agreement between these two numbers for NV, is 
respectable 
involved. 
The relative contributions of the different electron 
levels have been computed by Slater" for the free atom. 
His results are compared with ours in Table VI. The 
divergence between the two sets 


considering the many approximations 


of results seems large 
even when account is taken of the difference in physical 
state (free atom vs metal) and the fact that Slater used 
1/r for the radial dependence of the electromagnetic 
field rather than the spherical Hankel function used 
here. A measurement of the spectrum has been made by 
Freedman ef al.,'° but they obtain the relative contri- 
butions M;: Mo.3:M4a.5:N::3:3:1:0.9, in violent dis- 
agreement with both Slater’s and our calculations. 
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Scattering of 43-Mev ea Particles by Nuclei* 
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The differential scattering cross sections for the elastic scattering of 43-Mev a particles by Zn, Ag, Rh, 
and Au are obtained over the angular range from 12° to 55°. The absolute errors in the cross sections are 
estimated to be less than 2% over most of the angular range. The group structure in the inelastic spectrum 
observed with protons and deuterons is also observed with a particles. In the spectra of Ag, Rh, and Zn, 
one group near 2.7 Mev was observed. In Al, V, and Ni a number of groups were observed. In Au and Ta 
no groups could be resolved. Angular distributions were obtained for the 2.5-Mev group in Rh and Ag 
and the 2.8-Mev group in Zn. In the case of the 2.8-Mev group in Zn, the angular distribution shows a 
very marked diffraction pattern. The data were fitted with Butler’s theoretical expression modified to 
eliminate the assumption that the scattering of 43-Mev a particles by nucleons is isotropic in the center-of- 
mass system. It is shown that this assumption can be easily eliminated in the formal treatment. A comparison 
with the angular distributions obtained for the 1.04-Mev 2* level in Zn with both 43-Mev a particles and 


21.6-Mev deuterons indicates that |=3 is the most plausible assignment for the 2.8-Mev group. 


I. INTRODUCTION 


HE elastic scattering of alpha particles by nuclei 

has been measured at 18 Mev,'? 22 Mev,’ 29.5 
Mev,’ 40 Mev,>? and 48 Mev.® The data have been 
analyzed in terms of an optical potential model," and 
in terms of a sharp-cutoff theory developed by Blair.” 
In the analysis of the scattering of alpha particles by 
silver, Cheston and Glassgold”® have found that if the 
data of Wall, Rees, and Ford* at 22 Mev are assumed 
to be free of systematic error, then the data of Igo, 
Wegner, and Eisberg at 40 Mev could be fitted with the 
same parameters for the optical potential only if a 25% 
correction were applied to the 40-Mev data. Further- 
more it appeared that the oscillations in the theoreti- 
cally predicted diffraction pattern at larger angles were 
more pronounced than the data seemed to indicate. 
However, at larger angles a relatively wide spacing of 
the experimental points and the larger angle subtended 
by the detector made a comparison difficult. In the 
present experiment the experimental data were obtained 
at 43 Mev, the angular range was extended to smaller 
angies, great care was taken to cbtain absolute differ- 
ential cross sections, and the angle subtended by the 
detector was substantially smaller than in the 40-Mev 


experiment. 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t Permanent Address: State University, College on 
Island, Oyster Bay, New York 
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In the process of obtaining the distributions of 
elastically scattered @ particles, the inelastic spectra 
were also obtained. Sweetman and Wall" have obtained 
inelastic spectra near 30 Mev for a number of elements. 
They found a group structure similar to the ones 
obtained with protons'® and deuterons’* near 22 Mev. 
In some instances it was feasible to obtain angular 
distributions of inelastic groups. 


Il. EXPERIMENTAL PROCEDURE 


The experiment was done with the 43-Mev alpha 
beam of the Argonne 60-in. cyclotron,” and the 60-in. 
scattering chamber.'*” The detector subtended an 
angle of 0.5 degree and consisted of two Nal(TI) 
crystals which the particle traversed in series. The 
front (dE/dX) crystal was 0.003 in. thick and the back 
(E) crystal was 0.030 in. thick. To select pulses corre- 
sponding to the desired particle, the pulses from the 
dE/dX and E crystals were multiplied and the product 
pulse was used to gate the 100-channel analyzer.” The 
pulse height from the EF crystal was transformed to an 
energy scale of scattered @ particles by use of a system 
of absorber disks™ and the range-energy relation for a 
particles in Al. In some instances it was desirable to 
obtain a better separation between the elastic peak and 
inelastically scattered a particles. This was done by 
inserting an absorber in front of the dE/dX crystal and 
making use of the curvature of the range-energy curve. 
Targets of Al, Ni, Zn, Rh, Ag, and Au were made of 
commercially available foils approximately 0.0001 in. 


‘D. R. Sweetman and N. S. Wall, Comptes Rendus 4 Congres 
International de Physique Nucléaire (Dunod, Paris, 1959), p. 547. 

*B. L. Cohen, Phys. Rev. 105, 1549 (1957). 

16 J. L. Yntema and B. Zeidman, Phys. Rev. 114, 815 (1959). 

‘7 W. Ramler and G. Parker, Argonne National Laboratory 
Report ANL-5907 (unpublished). 

1§ J. L. Yntema, Phys. Rev. 113, 261 (1959). 

* J. L. Yntema, Argonne National Laboratory Report ANL- 
5890 (unpublished). 

»” J. P. McMahon (unpublished). 

2! ()’Neill, Sundahl, and Ostrander, Nuclear Instr. and Methods 
4, 50 (1959). 
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Fic. 1. The ratio of measured differential cross sections to 
Coulomb cross sections for Ag. The errors are smaller than the 
points, unless shown. The curve was taken from the paper by 
W. B. Cheston and A. E. Glassgold, Phys. Rev. 106, 1216 (1957) 


thick. The diameter of the foils was measured on a 
Zeiss comparator and the targets were weighed on a 
microbalance. Since there is some lack of uniformity in 


the original sheets, several targets of each element were 


used at one angle. The results obtained were consistent 
to within +1%. Targets of Nb, Ta, and V were pre- 
pared from foils rolled at Argonne National Labora- 
tory.” The thickness of these targets was not deter- 
mined. 


III. ELASTIC SCATTERING DATA 


Elastic scattering data were obtained for Au, Ag, 
Rh, and Zn. The results have been tabulated both as 
Rutherford 


cross sections and are available upon request.” 


absolute cross sections and as ratios to 


1,0 


Fic. 2. The ratio 
of measured differential 
cross sections to Cou- 
lomb cross sections for 
Zn. The errors are smal 
ler than the points, 
unless shown 
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The experimental results for Ag are shown in Fig. 1. 
The curve has been taken from the paper by Cheston 
and Glassgold.” The potential used was of the form 
V(r) =V f(r) +iW g(r) +} 


{1-+¢ 


with 


f(r) =g/(r) xpl(r 


The parameters of the curve shown were V = — 50 Mev, 
W=-—20 Mev, R=7.5 f, a=0.6 f. The experimental 
errors have been indicated whenever they were larger 
than the size of the points. The absolute error for all 
points at angles smaller than 50° is less than 2%. It is 
seen that at small angles the agreement between the 
experimental points and the curve is excellent, especially 
in view of the fact that the 22-Mev data have an 
assigned error of about 10%. The experimental diffrac- 


The ratio 
of measured differential 
sections to Cou- 
lomb cross sections for 
Rh. The errors are smal- 
ler than the points. 


Fic 3 


cross 


Fic. 4. The ratio 
of measured differential 
sections to Cou- 
sections of 
Au. The errors are smal 
ler than the points. 


cross 


lomb cross 


tion pattern at large angles is less pronounced than the 
theoretical one. It might be possible that the levels 
below 1 Mev in Ag have contributed to a filling of the 
valleys. It is not believed that thes 
excited in the present 
multiple scattering and geometry 


levels were strongly 
experiment Corrections for 
have been applied 
to the data and do not appear to have any effect on 
the depth of the valleys. 

The results for Zn, Rh, 
3, and 4, respectively. TI lying levels in Au and 
Rh were not resolved. For Zn it was not possible to 
resolve the 1.04-Mev level at angles smaller than 28°. 


and Au are shown in Figs. 2, 
1 low ] 


For all angles the experimental error is less than 2% 


when no error bars are shown. The curve for Au appears 


* 7. E. Dayton and G. Schrank, P 101, 1358 (1956 





SCATTERING OF 43-MEV 
to indicate a diffraction pattern although such a pattern 
did not appear to exist in the 40-Mev work. The 
48-Mev data* show an oscillation comparable to the 
one in the present data. 

The spectra for inelastic scattering of a particles at 
30 Mev have been obtained by Sweetman and Wall" 
for a number of elements. The data obtained for Al 
show peaks at about 3.4, 5.7, and 8.0 Mev. For V, 
groups were obtained at 2.4, 4.1, and 7.5 Mev; for Ni 
at about 1.7, 4.8, 7.1, and 11 Mev; and for Rh at about 
2.5 Mev. The energies refer to the excitation of the 
final nucleus. The spectra obtained at 30° for Al, V, 
Ni, and Zn are shown in Fig. 5. At this angle the 
low-energy groups are considerably more difficult to 
separate from the elastic peak than at larger angles 


Fic. 5. The ine- 
lastic a-particle spec- 
tra from Al, V, Ni, 
and Zn. The abscissa 
is the excitation en- 
ergy of the final 
nucleus. The points 
together with repre- 
sentative statistical 
errors are shown for 
Al. For V, Ni, and 
Zn the curve has been 
drawn through the 
experimental points. 
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because of the intensity of the latter. It is seen that 
there are peaks in Al at 2.5, 5.0, and 7.2 Mev; for V 
the peaks are at 1.8 and 3.2 Mev; for Ni at 1.8 Mev, 
3.4 Mev, 5.0 Mev, and a statistically nonsignificant 
group at 13 Mev; for Zn at 2.8 Mev. The energies 
again refer to the excitation energy of the final nucleus. 
It is seen that in general there is good agreement 
between the data at 43 and 30 Mev. One has to take 
into account the possibility that some peaks may not 
appear at a given angle because of strong oscillations in 
cross section as a function of scattering angle. The 
positions of the peaks in the spectrum appear to be 
slightly different. It is doubtful whether any significance 
can be attached to the discrepancy. Note added in proof. 
Dr. Wall has informed us that corrections in the energy 
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Fic. 6. The ine- 
lastic a-particle spec- 
tra from Rh and Nb 
at 30° in the labora- 
tory system. The 
abscissa is the exci- 
tation energy of the 
final nucleus. The 
points together with 
representative errors 
are shown for Rh. 
For Nb the curve 
has been drawn 
through the experi 
mental points. 
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scale made after publication of reference 14 have lowered 
the energies by amounts varying from 0.3 to 1 Mev. 

The spectra for Rh and Nb are shown in Fig. 6 and 
for Au and Ta in Fig. 7. In Rh at an excitation of 2.5 
Mev there is a peak which was clearly resolved by 
inserting additional absorbers. A similar group was 
observed in Ag. In Nb there is a significant group at 
3 Mev. In Au and Ta, any gross structure which might 
be present could not be resolved. It is to be noted, 
however, that the qualitative similarity of the energy 
spectra indicates a similar contribution in both cases 
from a@ particles leaving the target nuclei in excited 
states between 1 and 3 Mev. 

In the case of the 2.5-Mev levels of Ag and Rh, 
angular distributions were obtained. The angular distri- 
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Fic. 7. The inelastic a-particle spectra from Ta and Au at 30° 
in the laboratory system. The abscissa is the excitation energy of 
the final nucleus. The points together with representative errors 
are shown for Ta. For Au the curve has been drawn through the 
experimental points 
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bution for the Rh group is shown in Fig. 8 and the 
results for Ag are similar. Some attempts were made to 
fit the data with analytical expressions. The curve 
drawn through the points was obtained from (Q?+ K*)~* 
<X(j2(QR)+72(OR)]|, where Q is the momentum 
transfer, R is the interaction radius, 7; and jz are 
spherical Bessel functions, and (Q?+K*)~ is a form 
factor for which K was obtained empirically. Butler” 
has obtained an expression for the differential cross 
section in which the primary angular dependence is 
contained in a function W;(QR) which will be discussed 
below. For a choice of /=1 and R=8.3 fermis, 
(°+ K*)?W ?(QR) gives maxima at approximately the 
same angles as in the sum of spherical Bessel functions, 
but the function is zero at the minima. 

For Zn, data were obtained at 1° intervals from 10° 
to about 55° for the 2.8-Mev group and from 30° to 
55° for the 1.04-Mev level. The data for the 2.8-Mev 
group are shown in Fig. 9 together with the curve 

[(@?+K*)"7,(OR) FP, l=2. (1) 

The value of K is slightly less than the one which 
would be obtained from the theoretical expression by 
inserting a reasonable value of the binding energy B 
of the struck nucleon, B=#°K?2/2m,; K=K,+K,;; 
and R was chosen to be 6.85 fermis. 

A very similar fit may be obtained by using /=3 
with R=7.6 fermis, but the first peak occurs at 13°, 
a somewhat larger angle than for /= 2. 

One would like to compare the data with the Butler 
theory of direct reactions.*® In this theory the angular 
dependence is given by 


[ (Q®+ K*)""W (OR) F, (2) 


where K is determined from the binding energy of the 
struck nucleon, R is the interaction radius, Q is the 
momentum transfer vector, and W,(QR) denotes a 


%S. T. Butler, Phys. Rev. 106, 272 (1957). 
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Wronskian which may be defined as 


7] 7) 
wi(OR)=| (On —hy(iKr) —h,(iKr)- jun) 
R 


or or 


=CLj(OR)—vOjui(QR)], (3) 


where h,(iKr) is the spherical Hankel function of order 
l, C and y; are appropriate functions of / and KR, and 
the expression is evaluated at r= R. 

For small values of Q, W:(QR) oscillates essentially 
as j:(QR) and for large values of Q as j14:(QR). In the 
present case, the second term becomes dominant at 
about 30°. The results of Eq. (2) for R=7.15 fermis 
and /=3 is shown in curve (a) of Fig. 10. It is seen that 
the general oscillation pattern of the data is reproduced, 
but the intensities at the peaks of the oscillations do 
not vary satisfactorily with angle. Attempts to fit the 
data with /=2 were unsuccessful for all radii. Butler 
has pointed out that his derivation implicitly assumes 
that the scattering of the incident nucleons is isotropic 
in the center-of-mass system. To be more spec ific, 
Butler’s theory for inelastic scattering due to direct 
reactions” includes the assumption that the primary 
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Fic. 9. The differential cross sections of the 2.8-Mev group in 
Zn. The curve is given by [(0°+K*)*j2(QR) FP, where R=6.85 f. 
The errors are smaller than the points, unless shown. 





SCATTERING OF 43-MEV 
the target nucleus consists of a contact interaction 
between the incident particle and a bound nucleon near 
the surface of the nucleus. This interaction is repre- 
sented by V(ra—r,) and is set equal to Vod(r.—r,) in 
Butler’s treatment. This choice of potential implies 
that the primary interaction is isotropic. For the 
interaction of a particles and nucleons, this is not a 
valid assumption since the experimental data for n-a 
scattering with 14-Mev neutrons** and p-a scattering 
with 10-Mev protons” are clearly not isotropic. 

The simple Butler theory using undistorted plane 
waves may easily be modified to include the effects of 
anisotropy in the alpha-nucleon interaction. As will be 
shown below, the simple Butler theory may be corrected 
to take account of this effect by multiplying it by the 
differential cross section for a-p scattering at the angle 
6, where @ is the scattering angle in the center-of-mass 
system either for the a particle and nucleus or for the 
a particle and the nucleon. 

The formula for inelastic scattering of an a particle 
by a nucleus is given by Butler as 


= - a 
o(k,,k.”) =——— — > | 1 (ka, ka’) |’, (4) 
(2rh*)? ka Av 
where M, is the mass of the a particle and k, and k,’ 
are the incident and outgoing wave vectors for the a 
particles, |k.| = (2M.E,/h*)'. Also 


I(kaoke’) = f dkdrade, v0(E,rn)0¢*(E,tn) Via. n(Fa—¥n) 


XVa(ka,TaWa, é*(Ka’ ta), (S) 
where v%» and 2, are the wave functions describing the 
target nucleus in the initial and final states, respectively, 
¥. and W., , are the wave functions that describe the alpha 
particle before and after the scattering, Va,.(ta—fn) is 
the primary two-particle potential between the a particle 
and a nucleon in the nucleus, r, aid r, are the position 
vectors of the a particle and the bound nucleon in the 
nucleus, and & represents all the variables for all the 
other nucleons in the target except the one indicated 
by fa. 

When the piane-wave approximation is used, ¥, and 
Wa, +" may be written as 


Wa (ka,fa) ~expLik, - (ra— rn) | exp(ik. *Fa), (6 
)) 
Wa, t* (Ka’ fa) ~ exp —ik,’- (ta—f,) ] exp(—ik,’ -r,). 


On changing to the variables x=r,—r, and Q=k, 
—k,’ and substituting in the formula above, one has 


T(k.,k.’) ~ fax Va. n(X) exp(iQ-x) f atae 


Pea , X vo( Er, v.*(Er,) exp(iQ-r,). 


* J. D. Seagrave, Phys. Rev. 92, 1222 (1953). 
7 T. M. Putnam, Phys. Rev. 87, 932 (1950). 
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Fic. 10. The differential cross section of the 2.8-Mev gr 
in Zn. (a) a 'W,(QR)P where R=7.15 f. (b) [( 
+K*)"W,(QR) P (do /dw)a,», where R=7.15 f and (do/dw)a» is 
the differential cross section for the scattering of 43-Mev a 
particles by hydrogen. The errors are smaller than the points, 
unless shown. 


This formula is equivalent to the Butler approxi- 
mation, Eq. (39) of reference 25, except that V» has 
been replaced by / dx V.,,(x) exp(iQ-x). This last 
term is just the Born approximation to the scattering 
amplitude for alpha-nucleon scattering. In particular 
if |k,|=|k,’|, this is just the Born approximation to 
the scattering amplitude for elastic alpha-nucleon 
scattering. This immediately leads to 


o(k.,k.’) ~ Cetastic (Ka,Ka)o Butter (Ke,Ka’), (8) 


where Gelastic(kK.,k.) is the elastic scattering cross section 
for a particles on nucleons, either in the Born appli- 
cation or better still obtained from the actual experi- 
mental results, and ogutier(k.,k.’) is the Butler expres- 
sion for the inelastic scattering of @ particles by nuclei. 

When the correction is applied to Eq. (2) on the basis 
of the p-a data of Putnam,” then curve 6 in Fig. 10 is 
obtained. Satisfactory agreement is also obtained when 
the correction ,is applied to Eq. (1) if a slightly larger 
value of K is used, i.e., if the struck nucleon is con- 
sidered to be slightly more tightly bound. The curve 
for this case is the same as the one in Fig. 9. 

From the preceding discussion it follows that it is 
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Fic. 11. The differential cross section for the scattering of 
21.6-Mev deuterons and 43-Mev a particles from the 1.04-Mev 
level of Zn. The abscissa is the momentum transfer. The solid 
curve is given by [((®+K*)'W2(QR) }?(do/dw)a,,. The dashed 
curve is given by [(0?+K?)"W2(QR) F (da/dw)a, ». R was chosen 
to be 7.1 f. The errors are smaller than the points, unless shown 


not possible to infer the spins and parities of the states 
represented in the 2.8-Mev group, since it is possible 
to fit the data with functions corresponding to a change 
in angular momentum of either 2 or 3 units. A transition 
in which the angular momentum change is known to be 
2 units is that involving the excitation of the 1-Mev 
level in the zinc isotopes. The data from inelastic 
scattering of 43-Mev alpha particles and 21.6-Mev 
deuterons are shown in Fig. 11. 


In order to make the comparison with theory more 


direct, both angular distributions are plotted in terms 
of the momentum transfer Q rather than in terms of 
the center-of-mass scattering angle. The theoretical 
curves are the Butler angular distribution formula 
[ (0?+ K*)"'W2(QR) ? modified by (a) the d-n elastic 
scattering data®* when applied to the inelastic deuteron 
results or (b) the a-p elastic scattering”? when applied 


*% J. D. Seagrave, Phys. Rev. 97, 757 (1955) 
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to the inelastic a-particle results. This results in 
formula 


de 
( IR 


dw 


where Q=k;-k, for both the elasti 
the inelastic scattering. The L value 
restricted to /=2 because of the known change of 
angular momentum in this reaction, and the radius R 
was chosen to be 7.1 fermis. The theory is very sensitive 
to changes in R and less than a 2% decrease in R 
would move the theoretical curves into almost exact 
agreement with the inelastic alpha data. The curves 
indicate the theoretical fits to the data when the 
Butler formalism is modified by the correction previ- 
ously discussed. It is not possible 


scattering and 


choice of was 


to reproduce the 
experimentally determined variation in peak intensities 
if spherical Bessel functions are used, since too strong 
a falloff is predicted even without the correction. It is 
1-Mev data, it is 
necessary to use the modified Butler formalism, with 
R=7.1 


S¢ attering of a parti les is then obtained if one considers 


therefore seen that in order to fit the 


fermis. A consistent picture of the inelastic 
the scattering as being described by the modified Butler 
formalism with R=7.1 fermis and /=2 for the 1-Mev 
states and R=7.1 and /=3 for the 2.8-Mev 
group. 
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Ytterbium oxide enriched to 92.6% in the 173 mass number 
was irradiated with 6-Mev protons. An activity with a half-life 
of 625+50 days was produced and its assignment to Lu'™ con- 
firmed by the identification of the ytterbium K x-ray, gamma rays 
corresponding to transitions among the energy levels established 
in Yb'® by Coulomb excitation of the separated isotope, and the 
activities produced by the similar proton irradiations of the other 
enriched isotopes of ytterbium. The observed activity of Lu'” 
consists of the L and K x-rays of ytterbium and gamma rays with 
energies of 79+1, 10141, 17242, 27342, 34944, ~450, 556+4, 
and 630+4 kev and two other gamma rays not resolved in the 
gamma-ray spectrum but observed in gamma-gamma coincidence 
measurements. These two gamma rays have energies of approxi 


INTRODUCTION 


N activity decaying by electron capture with a 
half-life of approximately 500 days has been 
assigned to Lu'”.! Energy levels of 78 and 181 kev were 
observed in Yb'* by Coulomb excitation of the 
separated isotope.” Spins of 7/2 and 9/2, respectively, 
were assigned to these levels. Earlier Coulomb excitation 
of natural ytterbium had resulted in the assignment of 
78- and 180-kev levels to Yb'”.* The measured ground- 
state spin of Yb'” is 5/2.4 
Recently a number of papers concerning the radio- 
activity of Lu'” produced by various reactions have 
appeared but significant discrepancies exist among the 
reported data. Conversion electron measurements on an 
approximately 450-day half-life activity produced by 
the proton irradiation of natural ytterbium oxide 
resulted in the assignment of 78.8-, 100.9-, 171.5-, and 
272.7-kev transitions to the activity of Lu'™.® 
Conversion electron measurements and gamma-ray 
studies have been made by four groups of workers on 
an activity in a lutetium fraction produced by the 
irradiation of tantalum with 660-Mev protons.** The 
half-life reported by these workers for this activity 
designated as Lu’® varies from 150 to 200 days. A 


! G. Wilkinson and H. G. Hicks, Phys. Rev. 81, 540 (1951) 

? Elbek, Nielsen, and Olesen, Phys. Rev. 108, 406 (1957). 

*G. M. Temmer and N. P. Heydenburg, Phys. Rev. 100, 150 
(1955). 

*A. H. Cooke and J. G 
A69, 282 (1956). 

5 Mihelich, Harmatz, and Handley, Phys. Rev. 108, 989 (1957) 

®* Bobrov, Gromov, Duhelepov, and Preobrazhenskii, Izvest. 
Akad. Nauk S.S.S.R. Ser. Fiz. 21, 940 (1957) [Columbia Technical 
Translation (942)] 

? Gorodinskii, Murin, Pokrovskii, and Preobrazhenskii, Izvest 
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mately 179 and 282 kev. Because no positron radiation exists in 
the activity of Lu'”, the mode of decay is solely by electron 
capture to Yb'". Gamma-gamma coincidence measurements 
have lead to the assignment of a 633-kev level with a probable 
spin of §+ and the confirmation of a 351-kev level in Yb'” in 
addition to the previously known 179.5- and 78.7-kev levels. 
The disintegrations of Lu'” to the 633-kev level are by L capture 
only. Branching ratios for the electron capture transitions of Lu'” 
to the levels of Yb'" and approximate relative probabilities for 
the transitions in Yb'" are given in a proposed energy level 
scheme for the decay of Lu'”*. The choice of 9/2- for the ground 
state spin of Lu'” is the most consistent with the proposed energy 
level scheme. 


total of six internal conversion transitions and seven 
gamma-rays were reported in the activity of Lu'® in 
these four references. Conflicting coincidence data, 
branching ratios, and energy level schemes for the 
de ay of Lu’ were presented. 

In a recent paper, gamma rays of energies 22, 79, 
113, 145, 176, 274, 335, 440, 550, and 640 kev were 
associated with the activity of Lu'”.” The half-life of 
this observed activity produced by the irradiation of 
natural lutetium oxide with 24-Mev betatron brems- 
strahlung was quoted as 1.4 years. Some gamma- 
gamma data were tabulated for these 
gamma rays. 

Discrepancies on the following points are evident in 
the available information concerning the radioactive 
decay of Lu'”: (1) the value of the half-life, (2) the 
position of the 272-kev transition, (3) the existence of 
transitions of energy greater than 351 kev and a few of 
lower energy and the position of these in the energy 
level scheme, (4) the amount of electron capture 
transitions to the levels of Yb'”, especially to the ground 
state. 


coincidence 


The enriched isotopes of ytterbium have recently 
become available. It is the purpose of the present 
investigation to resolve the discrepancies listed above 
by discussing the results of an examination of the 
activity of Lu'” produced by the proton irradiation of 
the enriched isotopes of ytterbium. 


EXPERIMENTAL RESULTS 


Ytterbium oxide enriched to 92.6% in the 173 mass 
number irradiated with 6-Mev protons. The 
composition of the remaining portion is as follows in 
percent: 0.05 Yb'**, 0.05 Yb'”, 0.44 Yb!" 2.33 Yb!”, 
4.31 Yb'™, and 0.38 Yb'”*. The atomic number of the 
resulting activity was determined by the identification 
of the ytterbium K x-ray which was compared with 
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the known K x-rays of europium, terbium, thullium, 
ytterbium, lutetium, and tantalum emitted from 
radioactive Gd!™, Dy'®, Yb'® Tm'”, Hf”®, and 
W'*!, respectively. Ion-exchange separation was deemed 
unnecessary. 

In order to the mass number of the 
activity, similar proton irradiations were performed on 
each of the other enriched stable isotopes of ytterbium 
and the resulting activities intercompared. When 
Yb'* was irradiated, the well established 165-day 
activity of Lu'™ was produced. When Yb'” was 
irradiated, the above activity was not observed but 
a longer half-life substance was found. This activity 
secured from Yb'” was not observed in any of the 
activities produced when the remaining enriched 
isotopes of ytterbium were irradiated with protons. 

The half-life of the activity resulting from the proton 


determine 


irradiation of Yb'” is 6254-50 days as determined by 
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Fic. 1. Gamma-ray spectrum of the 625-day activity of Lu'® 
measured with a 3 in.X3 in. Nal scintillation crystal employing 
a geometry which minimized summation affects. 
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following the decay of the K x-ray and the 79- and 
172-kev gamma rays for 200 days. It is certain that the 
half-life of this observed activity is not in the 170- to 
200-day range and the original assignment of the 
500-day activity to Lu'” is confirmed. 

L and K x-rays were detected with a Geiger-tube 
used with aluminum and beryllium absorbers. Figure 1 
shows the observed gamma-ray spectrum of Lu'® which 
includes 79+1-, 101+1-, 172+2-, 27342-, 349+4-, 
~450-, 556+4-, and 630+4kev gamma-rays in 
addition to the previously mentioned ytterbium K 
x-ray. Two other gamma rays not resolved in the 
gamma-ray spectrum but observed in gamma-gamma 
coincidence measurements have energies of 179 and 
282 kev. No evidence of positron activity was found in 
Lu!” by the method of plastic scintillation spectrometry, 
by the use of a Geiger-tube with aluminum and beryl- 
lium absorbers, nor by a search for annihilation radia- 
tion in the gamma-ray spectrum. Therefore, the mode 
of decay of Lu'” is solely by electron capture to Yb’. 


TABLE I. Gamma-gamma coincidence data for the activity of 
Lu’, Energies are expressed in kev 


Table I displays the coincidence 
information for the activity of Lu'” obtained by the 
use of a coincidence circuit of resolving time 27=1.5 
psec. In addition to the data shown in the table, the 
273-kev gamma ray is in coincidence with two coin- 
cident K x-rays; and the 172, 179-kev peak is in 
coincidence with a weak 450-kev gamma-ray. One of 
the two coincident K x-rays in coincidence with the 
273-kev gamma-ray originates from K capture preceding 
the 273-kev transition and the other, from K conversion 
of the 78.8-kev transition. 78.7- and 179.5-kev levels 
in Yb!” have been established by Coulomb excitation 
of the separated isotope.? A 351-kev level has been 


gamma-gamma 


assigned to Yb'” by other workers from the observation 
of a 351-kev transition and from conversion electron 
coincidences between the 78.7- 272.5-kev transi- 
is now confirmed by gamma- 
gamma coincidence measurements and the observation 
of a gamma ray of approximately 351 kev. Because the 
observed 630-kev is in coincidence with no 
other gamma ray, a 556-kev gamma ray is in coin- 
cidence with the 78.7-kev gamma ray, a 450-kev 
gamma ray is in coincidence 172, 179-kev 
gamma peak, and a 282-kev gamma ray is in coincidence 


and 


tions.’ This assignment 


gamma ray 


with the 
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with the 273-kev gamma ray, a 633-kev level is assigned 
to Yb'*. The 630-kev gamma ray and the K x-ray are 
not in coincidence. On the basis of the intensity of the 
coincidences between the 556-kev gamma ray and the 
K x-ray, it is concluded that if five percent or more of 
the electron capture transitions of Lu'® to the 633-kev 
level of Yb'* were by K capture, then coincidences 
between the 633-kev gamma-ray and the K x-ray 
could have been detected. The K x-ray in coincidence 
with the 556-kev gamma-ray is the x-ray resulting 
from K conversion of the coincident 78.7-kev transition. 

The spins of the 351.1-, 179.5-, and 78.7-kev levels 
of Yb!” have been designated as 7/2+-,7-* 9/2—, and 
7/2—, respectively, and the measured ground-state 
spin of Yb!¥ is 5/2—. An examination of the relative 
probabilities of the transitions leaving the 351-kev 
level of Yb’ shows that the most probable transition 


TaBLe II. Relative number of gamma rays, N,, corresponding 
transitions, V trans, and K converted transitions, Nx, in the activity 
of Lu'™ for energies, E,, expressed in kev. E,, are internal conver- 
sion transition energies with references. Nirans/N, and Nirans/Ne 
are derived from Rose’s tables.* 


Ny 


78.7,M, 86,5 50 
100.8, M, 8,6! 3.6 
171.6,£, 865 3.1 
179.5, E: 8,6 1.0 
272.4, EF; 86,5 17.1 
0.30 
0.47 
0.09 
0.60 
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351.1,£; 8 
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* See reference 11. 

>» Note: Internal conversion transition energies corresponding to the four 
unreferenced gamma rays have recently been reported [see Harmatz, 
Handley, and Mihelich, Phys. Rev. 114, 1082 (1959) ]. 


involves no spin change but does involve a parity 
change, and the second most probable transition 
involves a spin change of one and a parity change. 
The choice of 5/2+ for the spin of the 633-kev level 
of Yb'” leads to exactly the same set of conditions for 
the first and second most probable transitions from this 
level. Although this argument for a spin assignment to 
the 633-kev level is of questionable validity, it is the 
best which can be given with the available information. 
The choice of 9/2— for the ground-state spin of Lu'” 
is the most consistent with the proposed energy level 
scheme. 

The fourth column of Table II gives the relative 
number of counts under the spectral distribution after 
correction for crystal efficiency for the observed radia- 
tions listed in the first column. The sixth column 
gives the relative number of the corresponding transi- 
tions calculated by using the ratios listed in column 
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Fic. 2. Proposed energy level scheme for the decay of Lu’. 
The percentage associated with each transition is the percentage 
of total disintegrations proceeding through that transition. 


five which were derived from Rose’s tables." Conversion 
electron energies and multipole orders corresponding 
to the observed gamma rays are listed in the second 
column of Table II and the appropriate references in 
column three. Column eight shows the approximate 
relative number of K x-rays resulting from internal 
conversion of the transitions in Yb'”. The combined 
172, 179-kev peak was divided by using the ratio of 
172- to 179-kev transitions from reference 8. A rough 
division of the combined 273, 282-kev peak was obtained 
from analysis of gamma-gamma coincidence data. 
Internal conversion of the transitions from the 
633-kev level may be considered negligible for the 
following calculations. The approximate percentages 
of electron capture to the five energy level of Yb'” 
were obtained by accounting for the K x-rays observed 
in the activity of Lu’™. L capture to the other four 
levels was considered negligible with respect to K 
capture. One K x-ray was subtracted for every K 
capture required to balance the difference between 
the number of transitions from an excited level and 
the number of transitions to the same level. These 
differences were used as the relative number of electron 
capture transitions from Lu’” to the levels of Yb'™. 
K x-rays were then subtracted to account for K 
conversion of the transitions in Yb'*. The number of 
L capture transitions to the 633-kev level of Yb'” 
were determined from the number of transitions leaving 
this level. All the relative numbers for electron capture 
and transitions in Yb'” were then adjusted to yield.a 


uM. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958). 
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total of 100% for the electron capture transitions to the 
five levels of Yb'”. The percentages of electron capture 
to the 633-, 351.1-, 179.5-, and 78.7-kev levels and the 
ground state of Yb'” are thus approximately 4, 35, 24, 
37, and 0, respectively. 


DISCUSSION 


The discrepancies enumerated in the introduction 
are now considered. The 625-day half-life of Lu'™ is 
closest to the originally assigned value of 500 days. 
The 273-kev transition is not to the ground state of 
Yb!” but originates from 351-kev level. Transitions of 
energy greater than 351-kev do exist in the activity of 
Lu'® and their positions in the energy level scheme 
are shown in Fig. 2. The 22-, 113-, 145-, and 335-kev 
gamma rays mentioned in the introduction are not 
observed by in the gamma-ray spectrum of Lu'® nor 
have any of them been observed by conversion electron 
measurements. A 22-kev gamma ray was shown not to 
exist in an amount greater than two percent of the 
K x-ray by absorption measurements with a scintillation 
spectrometer. Peaks at about 113 and 335 kev are 
observed in the gamma-ray spectrum of Lu'”® when a 
geometry is used which allows coincidence summation 
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to occur but these two peaks disappear rapidly when 
the K x-ray is absorbed. The conclusion is that the 
113-kev peak is the coincidence sum peak of two 
K x-rays, and the 335-kev peak is that of a 273-kev 
gamma ray and a K x-ray. The results of this investiga- 
tion show that few if any electron capture transitions 
of Lu'” occur to the ground state of Yb'”. 

The gamma-gamma coincidence information obtained 
in this investigation agrees with that mentioned in the 
introduction” for the cases where the gamma rays of 
the two investigations correspond. In particular, the 
172- and 273-kev peaks were each in coincidence with 
themselves and the 556-kev gamma ray was in coin- 
cidence with the 79-kev gamma ray only. 
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Isomeric States of Nd™' and Sm*’} 


Rate A. JAmEs* AND CARLETON D. BINGHAM 
Department of Chemistry, University of California, Los Angeles, California 
(Received August 17, 1959) 


Two previously unreported nuclear isomers which belong to the series having 81 neutrons and even 
numbers of protons have been found and studied. These are Nd™™ (half-life 63.7 seconds, gamma-ray 


energy 0.76 Mev) and Sm" ™ (half-life 137 seconds, gamma-ray energy 0.68 Mev 


The observed properties 


agree with the assignment of /;/2 and dy, to the upper and lower states, respectively, as predicted by the 


single particle model. 


INTRODUCTION 


EVERAL isomers having even Z and 81 neutrons 

are known: Te!**™, Xe!" Ba'8™ and Ce, All 
of these decay by M4 transitions involving the transi- 
tion (11/2,—)—> (3,+). The energies of these transitions 
have a regular dependence on Z and their comparative 
lifetimes! (7,,A*E*) are very nearly equal. Predictions 
based on these facts indicated that Nd'*!™ and Sm" 
should also be easily observable. These predictions are 
verified by the work reported here. 


t This work was supported by the joint program of the U. S. 
Atomic Energy Commission and the Office of Naval Research. 

* Present address: Lawrence Radiation Laboratory, Livermore, 
California. 

'M. Goldhaber and A. W. Sunyar, Beta- and Gamma-Ray 
Spectroscopy, edited by Kai Siegbahn (North Holland Publishing 
Company, Amsterdam, 1955), Chap. XVI. 


EXPERIMENTAL 


Targets of praseodymium metal, Pr2O3, LazO3, Sm203, 
and Sm,!44O; were bombarded in the internal beam of 
the U.C.L.A. cy lotron. The powdered samples ranging 
in weight from 10 to 50 mg were wrapped in tantalum 
foil and bombarded for periods of 30 seconds to 5 
minutes. Protons of 16 Mev were used for (p,m) reac- 
tions and of 20.6 Mev for the (p,pm) reaction. 

The targets were removed from the cyclotron and 
placed in an aluminum container situated approxi- 
mately 2 inches from a 2-in.X2-in. NaI(T!) crystal 
coupled to a Du Mont 6292 photomultiplier tube and 
cathode follower preamplifier, followed by a linear 
amplifier (Baird-Atomic Model 215). The output from 
the amplifier was fed into a 100-channel pulse-height 
analyzer and, simultaneously, into a single-channel 
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Fic. 1. Scintillation spectrum of Sm". 


analyzer (Baird-Atomic Model 510). The multichanne! 
analyzer was biased to record the gamma-rays having 
energies greater than annihilation radiation. The in- 
tegral discriminator of the amplifier was set to pass all 
pulses above annihilation radiation and, after suitable 
scaling, these pulses were recorded on one pen of a two 
pen Sanborn Recorder. The second pen of the recorder 
was connected to the channel output of the single 
channel analyzer to record the decay of pulses having 
energies within the channel. 


RESULTS 
1. Nd» 


The gamma-ray spectrum from the praseodymium 
bombardments exhibited a relatively small “gamma 
background” extending beyond 1 Mev (probably caused 
by bremsstrahlung originating from high-energy posi- 
trons in activities formed in the oxide coating on the 
metal), and a very prominent peak at 0.76+0.01 Mev. 
A small peak at 1 Mev was attributed to an annihilation 
“sum peak.” For both the integral and channel (0.76 
Mev) decay curves the half-life obtained was 63.9 
+1.1 seconds. The similarity of the energy and half-life 
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2. Isomeric transition energies of some M4 transitions 


OF Nd'*#! AND Sm'#8 811 
to those reported? for Ce'®" led to a confirmatory 
investigation of Ce'™*". By similar methods, using 
La,O; as the target material, the energy and half-life 
of Ce'®™ were determined to be 0.74+0.01 Mev and 
54.2+1.1 seconds, respectively, in agreement with the 
reported values for Ce'™™. 


a Sm!" 


The gamma-ray spectrum for the Sm;'*4O, bombard- 
ments is shown in Fig. 1. Subtraction of the large 
bremsstrahlung background (broken line) yielded a 
peak from which the energy was determined to be 
0.68+0.01 Mev. Subtraction of the long-lived activity 
in the differential decay (channel set at 0.68 Mev) 
produced a curve which was resolved into activities of 
137+2 seconds and ca 30 seconds half-lives. A plot of 
the area under the 0.68-Mev peak as a function of time 
showed that the 0.68-Mev gamma-ray has a half-life of 
137 seconds. No other peaks which could be assigned 
to the 30-second activity were observed in the spectrum 
out to 1.4 Mev. The 30-second activity may be at- 
tributed either to Eu'* produced by a (p,2n) reaction 


fase I. Comparative lifetimes of 81-neutron isomers. 





Nuclide 


Ey (Mev) Ty (sec) y Branch i+a Ty, logTy,A% | M| 
1.199 164.2 
1.105 706 
1.091 60 
1.116 174 
1.249 1149 
247 60 400 


Sm'#= 
Ndit# 
Celtn 
Ba’?= 
Kelltm 
Telta= 


0.68 137 1.0 
0.76 63.9 1.0 
0.74 55 1.0 
0.662 156 1.6 
0.53 920 1.0 
0.334 3180 0.13 


1.021 
0.968 
1.188 
1.171 
1.254 


or to a combination of the bremsstrahlung from several 
species. No further attempt was made to identify this 
activity. 

DISCUSSION 


Goldhaber and Sunyar' define a comparative life- 
time for magnetic transitions of multipole order /, 
T.=T;,E"*'Al@-9/9 where T;, is the gamma half-life 
after correcting the observed half-life for internal con- 
version and any beta branching; Z is the energy in 
Mev. For M4 transitions, T,= 7,,E°A*. Table I presents 
the data relating to the comparative lifetimes of the 
known even-Z, 81-neutron isomers. M is the Mayer 
matrix element.’ The agreement of the values of T, (and 
the related values of M) is remarkably good. The 
existence of the two new isomers is further confirmation 
of the well-known success of the single particle model 
in this region. 

Figure 2 shows the isomeric transition energies of the 
even Z, 81-neutron family of isomers and the relation 
of these to the series having 79 and 77 neutrons. 

* Ketelle, Thomas, and #rosi, Phys. Rev. 103, 190 (1956). 

*M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
— Shell Structure (John Wiley and Sons, Inc., New York, 
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Nuclear Reactions of High-Energy C”, N“, and O** with Carbont 


Murry A. Tamers,* Department of Chemisiry, University of Texas, Austin, Texas 


AND 


RicHARD WOLFGANG, Department of Chemistry, Yale University, New Haven, Connecticut 
(Received August 25, 1959) 


The reactions of 160-Mev O'*, 140-Mev N™, and 120-Mev C” with C® to yield radioactive products have 
been studied and the results compared with those for proton induced reactions giving formally similar 
compound systems. Excitation functions for products formed at lower energies are similar in the correspond- 
ing proton and heavy ion cases, indicating that their formation involved similar low energy, low spin com- 
pound nuclei. However, no “tail” due to knock-on cascade processes was observed with heavy ions. Yields 
for higher energy products, chiefly F"*, were much higher in the heavy ion bombardments. This may be 
attributed partly to higher average energy deposition with heavy ions, due to the absence of knock-on 
processes, and partly to enhanced alpha emission from the distorted high-spin compound nuclei formed 
by heavy ions. The contribution of various stripping processes to these yields is discussed 


N experiment that has often been proposed in 
the heavy-ion reaction field is to examine and 
compare the properties of compound systems of similar 
nucleon and energy content which have been produced 
using, on the one hand heavy ions and on the other, 
protons as projectiles. Such an experiment would 
extend that of Ghoshal! who showed that similar proton 
and alpha produced compound systems decayed simi- 
larly, thus indicating the validity of the Bohr compound 
nucleus assumption that only the excitation energy of 
the system determined its modes of decay. (The term 
“compound system” here denotes any kind of inter- 
action between projectile and target; whereas “com- 
pound nucleus” carries the Bohr connotation of a long 
lived quasi-equilibrium intermediate complex.) 

Cohen, Reynolds, and Zucker? compared proton 
reactions on Mg*® with the formally equivalent reactions 
with carbon of 29-Mev N™. This paper reports on a 
study of the reactions with carbon targets of C”, N™, 
and O"* with higher energies, up to 120-160 Mev. The 
system was chosen because of its experimental simplicity 
and because data on proton-induced reactions to form 
the same compound systems, Mg**, Al?**, and Si***, 
was available.*~ In comparing systems of such rela- 
tively low mass as produced by protons and heavy ions 
at energies up to 80 Mev in the center-of-mass system 
it should be expected that the differences between them 
will be emphasized, rather than their similarities as 
would be the case with heavier compound systems.° 
With light systems direct interactions such as intra- 


t Contribution No. 1563 from Sterling Chemistry Laboratory, 
Yale University, New Haven, Connecticut. This work was 
supported by the U. S. Atomic Energy Commission. 

Assistance by the Robert A. Welch Foundation, Houston, 
Texas is acknowledged. 

1S. N. Ghoshal, Phys. Rev. 80, 939 (1950). 

* Cohen, Reynolds, and Zucker, Phys. Rev. 96, 1617 (1954). 

* J. W. Meadows and R. B. Holt, Phys. Rev. 83, 47, 1257 (1951). 

‘N. M. Hintz and N. R. Ramsey, Phys. Rev. 88, 19 (1952). 
1988 Thompson, and Ghioroso, Phys. Rev. 112, 543 


nuclear knock-on processes for protons® and stripping 
reactions for heavy ions’* may be expected to be 
prominent. Perhaps even more important are the very 
high rotational energies that are involved in the impact 
of high-energy heavy ions on a light target. At the 
bombarding energies used in this work, formation of a 
conventional spherical compound nucleus as a result of 
a peripheral collision actually becomes impossible 
simply because its rotational energy would exceed the 
available energy in the system. Thus the effect of the 
rotational energy as well as the excitation energy of the 
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Fic. 1. Distribution of products in polyethylene foil 
stack irradiated with 120-Mev C® 


lis ef al., Phys. Rev. 110, 185 (1958) 
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M. L. Halbert e¢ al/., Phys. Rev. 106, 251 (1957). 
G. Breit and M. E. Ebel, Phys. Rev. 103, 679 (1956). 
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REACTIONS OF HIGH 


compound nucleus must become significant in deter- 
mining its decay modes. 
EXPERIMENTAL 


Stacks of approximately 15 polyethylene foils each 
about 3 mg/cm? thick were used as targets. [In an 


attempt to eliminate (p,«) reactions involving hydrogen ' 


in the target, carbon foils, prepared by charring paper, 
were sometimes used. However, this led to difficulties 
caused by absorbed air on the highly activated carbon 
and for this reason results from these runs are not 
included in this paper. ] 

These targets were irradiated by C”, N™, and O° 
beams from the Yale Heavy Ion Accelerator at an 
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Fic. 2. Distribution of products in polyethylene foil 
stack irradiated with 140-Mev N™. 


average beam intensity of about 3X10~* amp. The 
beam energy was 10.0+0.2 Mev per nucleon, “satelite 
energy” components being eliminated by a simple 
deflecting magnet. Total beam current was monitored 
by a Faraday cup. 

After counting under end window proportional flow 
counters, decay curves for the individual foils were 
resolved into 10.0 minute, 20.5 minute, 112 minute, 
15 hour, and longer lived components. With corrections 
for counting efficiencies, this served to establish relative 
yields of Na™, Na™, and F"* with a relative accuracy of 
about 10% and an estimated absolute accuracy of 25%. 
Due to the similarity of half-lives, yields of C“ and N” 
were subject to somewhat larger errors. Indeed, the N™ 
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F 1G. 3. Distribution of products in polyethylene foil 
stack irradiated with 160-Mev O*. 


data are only useful in indicating general magnitudes 
and trends. This is also the case for Be’. 

Na™ was chemically separated and identified. After 
subtraction of Na™ activity another long-lived compo- 
nent remained. By comparing # and y disintegration 
rates this activity was identified as due to Be’. Although 
activity levels were very low the expected half-life of 
about 50 days was observed. The identification was 
further confirmed by chemical means (see Appendix). 


RESULTS AND DISCUSSION 
“Inverse” (p,«) Reactions 


Figures 1-3 give the distribution of activity in the 
stacked foils due to C¥(C,---), N“(C™%---) and 
O'(C®,---) reactions. (p,) reactions involving the 
hydrogen atoms in the polyethylene also occur. The 
laboratory system threshold for the H(N“,a)C" reac- 
tion is 44 Mev and that for the H(O"*.@)N™ reaction is 
88 Mev. The products of these reactions have approxi- 
mately the same velocity as the bombarding heavy ion 
and are therefore found toward the back of the foil 
stacks, as the C" peak in Fig. 2 and the N® peak in 
Fig. 3. 


Reactions Giving Heavier Products 


Table I gives the average thick target cross sections 
for the products of heavy ion reactions and the corre- 
sponding proton induced reactions, all relative to the 
yield of Na®* or Na®. The proton yields are calculated 
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Fic. 4, Excitation functions for Na® produced from the Mg*** 
compound system. Heavy ion curve constructed on the assumption 
that a compound nucleus is formed. 


from the data of Meadows and Holt*® and Hintz and 
Ramsay.‘ The lack of similarity between the proton 
and heavy ion systems is immediately apparent. Not 
only do the presumptive single nucleon stripping 
products C" and N™ appear in the heavy ion case but 
furthermore the yields of F"* are an order of magnitude 
larger than with the proton reactions. 
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Because of the recoil of the produc ts, Figs. 1-3 cannot 
be directly translated into excitation functions by a 
change in abscissa. However, excitation functions can 
be calculated if the assumption is made that the 
projectile shares its momentum with all the nucleons 
of the compound system. Such an assumption will have 
little if any error, if the observed product has most of 
the mass of the compound system. The recoil due to 
evaporation from the compound system is easily shown 
to be much smaller than the recoil due to the initial 
interaction and may be neglected as a factor influencing 
either the magnitude or 
displacement of the product 

The recoil energy of the heavier products was then 
calculated as a function of bombardment energy and 
the corresponding displacements of the products ob- 
tained using range energy curves for Na™ and Na” 
calculated using the results of Papineau.’ Correcting 
for such displacement, curves of yield vs position in 
target stack where reaction occurred were obtained. 
From these, excitation functions were calculated by 
the usual procedure 


forward direction of the 


TABLE I. Cross sections aver uged over 
millibarns 


range projectile 


Compound 
system 
Reaction 


Me™ A 126 Si%4 
0-62 Me 66 Me 0-69 Mev) 
Na*+p C4 : Mg*™+ C#+N4 1M+p C#+o1 
Product 
Na*™ 31 5.5 68 49 
Na” 7 43 26 109 
Fs 2 8.6 7 3.7 45 
N® : ~3 
cu | 17 
Be’ 5 ~3 


The excitation functions thus obtained are shown in 
Figs. 4-7. They are quite approximate, especially in 
their energy ordinate, partly because of straggling in 
the recoils but mainly because of the considerable 
uncertainty in energy and the straggling of beams 
reduced from over 100 to about 30 Mev. (In Figs. 5 
and 6 the more accurate low-energy proton and N™ 
data of Cohen ef al.? are included.) 

A considerable similarity is readily apparent between 
the excitation functions of the proton and heavy ion 
induced reactions of those produc ts formed by the loss 
of two to four nucleons from the compound system. 
The main difference f 
“tail” for the heavy ion products. In the case of proton 
induced |” is ascribed to product 
formation by a nucleon “knock-on” cascade.* Such a 
cascade would not be expected to occur in heavy ion 
bombardment as is now 
the high-energy tail.” 


is the absence of a high-energy 


reactions this ‘“‘tail”’ 


confirmed by the absence of 


*M. A. Papineau, Compt. rend. 242, 2933 (1956 

” The fact that the assumption of momentum sharing in the 
compound system, which is used in deriving the excitation 
functions, will not hold for k: reactions does not affect 


ockout 





REACTIONS OF HIGH-ENE 

Making allowance for the high-energy knockout 
products, the two sets of excitation functions are quite 
similar in shape. The double peak in the excitation 
functions of Na” from the Al’* compound system is an 
example; the peak at lower energies presumably corre- 
sponding to a emission and that at higher energies to 
2p2n emission. The displacement of the proton and 
heavy ion curves on the energy axis while perhaps real, 
is of the same magnitude as the limits of error. The 
magnitudes of the cross sections are also similar in the 
heavy ion and proton cases, except for the C®(C™,pn)- 
Na™ reaction which appears to be more probable over 
a narrow energy range than the corresponding Na®- 
(p,pn)Na®™ process. 

It thus appears that in the formation of products 
only a few nucleons removed from the compound 
system, similar compound nuclei are formed by protons 
and heavy ions. A like conclusion was reached by 
Cohen, Reynolds, and Zucker® for the N“(C”,2p)Na”™ 
reaction at low energies. This similarity is presumably 
a result of the relatively low excitation energy of these 
compound nuclei. Not only is the compound nucleus 
model expected to be a more accurate representation 
at such energies,“ but more important low-energy 
compound nuclei formed by heavy ions will still have 
a relatively low average rotational energy. 


Simple Stripping Reactions 


The C" and N® observed in the heavy ion reactions 
are evidently simple stripping products’:* produced by 
pick up or loss of a single nucleon by target or projectile 
[except in those cases, discussed previously, where they 
are formed by an inverse (p,a) reaction ]. Where such 
products are made by nucleon addition or subtraction 
from the target they should have little recoil energy. 
Thus the distribution of C™ in the target bombarded 
with O'* (Fig. 3) shows a peak in the forward foils 
indicating a steadily increasing cross section with 
energy. The slight decline in the most forward foils 
which is observed in this and similar cases probably 
indicates that some recoil energy (about 5 Mev) is 
imparted to the stripped target nucleus, since there is 
no reason to expect a decline in cross section at the 
highest energies and since no such decline is observed 
for the similar Ni**(O"*,---)Ni®” reaction.” Products 
formed by stripping from, or pickup by, the projectile 
recoil far into the foil, as is shown for the C?(N“,N™) 
reaction in Fig. 2. Where the product is formed from 
both target and projectile its distribution in the foil 
stack is approximately uniform (see C™ in Fig. 1). 


this conclusion. A knockout product, having less momentum than 
assumed wil] recoil less and thus give the appearance of having 
been formed at still higher energy. But, as shown, the excitation 
functions drop to zero above the region for compound nucleus 
formation. 

“\ Nakasami, Tanaka, and Kikuchi, Progr. 
(Kyoto) 15, 574 (1956). 

BR. W olfgang (unpublished). 
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Fic. 6. Excitation functions for Na* produced from the Al**™* 
compound system. Heavy ion curve constructed on the assumption 
that a compound aucleus is formed. 


The yield of neutron stripping reactions to form C" 
appears to be about 5-10 times that of proton stripping 
products. This is probably mainly due to the lower 
barrier for neutrons® but the absence of excited states 
in N® stable towards proton emission may also be a 
factor. 


Intermediate Mass Products 


In the heavy ion bombardments the largest yields are 


_ those represented by F'* in all three cases and Na® in 


the O'* bombardment. These represent preducts heavier 
than the simple stripping products but lighter than 
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compound system. Heavy ion curve constructed on the assumption 
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816 M FAMERS 
those discussed earlier which apparently originate in a 
relatively conventional compound nucleus. As shown 
in Table I these yields are an order of magnitude higher 
than those produced in the corresponding proton formed 
compound systems. Three possible explanations may 
be advanced for this striking difference in yields: 


(1) High excitation energies of the compound system 
will be required to form F"*, etc., by evaporation. 
However, at higher energies a bombarding proton is 
less likely to deposit its full energy in a compound 
nucleus, because of the increasing importance of knock- 
on cascades in which high-energy particles are ejected 
from the system. Metropolis ef al.* have calculated that 
the average excitation energy (and its root mean square 
deviation) imparted to an Al’ nucleus bombarded with 
82-Mev protons is 41+22 Mev. As shown earlier such 
knock-on cascades appear unimportant in heavy ion 
reactions and would not interfere with conversion of the 
full center-of-mass bombarding energy into excitation 
energy of the compound nucleus. 

(2) In a heavy ion bombardment only a part of the 
projectile may stick to the target (or vice versa). This 
has been termed the ‘“‘buckshot” effect by Chackett 
et al.* who have used it to account for yield distributions 
produced by O'* and N“ bombardments of aluminum. 
Thus in this work, F'* could be formed in the N“ 
bombardment of C” by transfer of two alphas to the 
C® followed by evaporation of two nucleons; and by 
simple alpha transfer to the N™. Stripping of alpha 
particles from C" to leave the remainder of the projectile 
as two alpha particles or Be® of essentially unchanged 
velocity was first observed by Miller“ in emulsions. 
Recent work of Knox ef al. shows a similar phenome- 
non.'® The existence of a full range of such complex 
stripping reactions and evidence on the mechanism of 
their production, is indicated by the observations of 
Kaufmann and Wolfgang’® on C", N®, O', and F'® 
produced with essentially the velocity of the original 
ion when O'* or N™ strike a target. At this time, 
however, there is still insufficient quantitative data on 
which to base an estimate on the relative importance 
of such complex stripping processes in determining the 
final yield distribution. 

(3) Heavy ion collisions are characterized by very 
high / values and at energies somewhat above the 
Coulomb threshold will result in nuclei having very 
high rotational energy. Although a compound nucleus 
may be formed under these circumstances, its shape 
will be highly distorted, thus lowering its Coulomb 
barrier. This will lead to a preferential emission of 
protons and especially alpha particles. Independent 
evidence for such processes has been obtained by Knox 


8 Chackett, Fremlin, and Walker, Phil. Mag. 45, 173 (1954). 

“4 J. F. Miller, Phys. Rev. 83, 1261 (1951). 

‘6 Knox, Quinton, and Anderson, Phys. Rev. Letters 2, 402 
(1959). 

16 R. Kaufmann and R. Wolfgang, Phys. Rev. Letters 3, 232 
(1959). 
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Fic. 8. Excitation functions for F"* produced from the AP** 
compound system. Heavy ion curve constructed on the assumption 
that a compound nucleus is formed 


et al.” This would lead to the same kine of distribution 
of products as the “buckshot” theory. 

De-excitation by fission will also be favored by a 
high spin in the compound nucleus. However, it would 
be difficult to explain on this basis, the rather different 
product distribution observed in the O' and N*™ 
bombardments of aluminum." 


Factor (1) should reduce F"* yields produced by 
proton reaction by perhaps two to fourfold compared 
to the heavy ion systems. The rest of the yield difference 
observed is presumably due to factors 2 and 3. However, 
the present work gives little indication as to the relative 
importance of these mechanisms. Thus the F"* peak 
appearing deep in the target of the C®(N™,---) system 
(Fig. 2) shows about the right recoil for formation by 
capture of an alpha by the N™, as suggested by Alkazov 
et al.1* On the other hand, if formation of a compound 
nucleus is assumed the excitation function which can 
be calculated (Fig. 8) shows a very plausible shape. 
The yield peak previously referred to is now interpreted 
as corresponding to a relatively low-energy compound 
nucleus process involving emission of two alpha parti- 
cles. The second peak on this excitation curve can be 
ascribed to a2p2n emission. The other F"* yields and 
that of Na” from the C"(O"*,---)Na®™ reaction give 
equally plausible excitation functions on the compound 
nucleus assumption. 

It thus appears that yield data of this type can be 
accounted for by both complex stripping or “buckshot” 


17 W. Knox (private communication) 

18 Alkhazov, Gangrskii, and Lemberg, J. Exptl. Theoret. Phys. 
U. S. S. R. 33, 1160 (1957) [translation: Soviet Phys., JETP 6, 
892 (1958) ]. 
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processes, or by the preferential alpha emission which 
must be expected from the high spin compound nuclei 
which are formed. It is hoped that experiments now in 
process will define the relative importance of these 
mechanisms. 


CONCLUSION 


(1) Reactions proceeding by intranuclear knock-on 
cascades such as are observed with protons are negligible 
in heavy-ion processes. On the other hand, nucleon 
stripping reactions are important with heavy ions. 

(2) Products which may be formed by emission of 
only a few nucleons from the compound system of 
projectile and target, show similar excitation functions 
whether formed by protons or heavy ions. Thus in 
relatively low energy, low angular momentum collisions, 
protons and heavy ions appear to form similar com- 
pound nuclei. 

(3) Yields of nuclides (typified by F'* in this work) 
formed by emission of a larger number of nucleons from 
the compound system are an order of magnitude higher 
for heavy ions than for protons. This must, in part, be 
the result of the absence of knockout cascades in heavy 
ion events which lead to higher average excitation 
energies of the compound system. Higher heavy ion 
yields of these products will also result from preferential 
alpha emission from high-spin compound nuclei and 
from any complex stripping “buckshot” reactions which 
may take place. 
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APPENDIX. CHEMICAL VERIFICATION OF Na* 
AND Be’ IN POLYETHYLENE TARGETS 


The foils were burned in an oxygen atmosphere in 
platinum crucibles and the long-lived activity washed 
out with 5 ml 0.001M BeCl, and 0.001M NaCl solution 
and counted at 0.49 to 0.53 Mev with a well scintillation 
crystal in a low background shield. The activity found 
(0.5 to 8 cpm) corresponded to a 90% recovery. 

The beryllium in the samples was precipitated with 
NH,OH and the supernates containing the sodium 
were again counted in the well counter. ‘The beryllium 
precipitates were dissolved with 5 ml HCl and this 
liquid was counted in the well counter. 

The supernates containing the Na™ long-lived 
activity were tagged with small amounts of Na™, 
counted in the well counter, and then put through a 
small ion exchange column and eluted with 1M NaCl 
solution. The most active sample collected in each 
elution (containing about one-third the original Na™ 
activity) was counted in the well counter. After two 
weeks, the Na™ activity had died away and the eluates 
were again counted, this time for the long-lived activity 
from the original solution. The ratios of the Na™ 
activities put into the ion exchange column to those 


obtained in the particular fractions taken (corrected 
for decay) were the same as the fractions of the long- 
lived activity recovered, within the limits of the 
accuracy of the counting statistics. It had been shown 
previously, using various tracers, that this would only 
be the case for Na”. 
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Nuclear Structure Effects in Tl’ 
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Angular correlation measurements have been made on the 404-key and 279-kev transitions following 
electron capture from 52-hour Pb™*. The following directional correlations were measured: gamma-gamma 
K conversion electron-gamma, and gamma-K conversion electron. The angular distribution of all measure 
ments were of the form W(@)=1+AP;(cos@). The following results were obtained. For the 404y —279Ke 
correlation, A = —0.052+0.015, for the 279,—404Ke~ correlation, A = —0.036+0.010, and for the 
404) — 2797 correlation, A= —0.151+0.010. No effects due to perturbations of the intermediate state wer 
found. 

Using the well measured 279-kev K-conversion coefficient, the 404-kev K-conversion coefficient was 
determined to be 0.117+0.015 while the 680-kev K-conversion coefficient was determined to be 0.011+0.004 
From the gamma-gamma angular correlation measurement result and the mixture ratio in the 279-kev 
transition determined by Stelson and McGowan, the mixture ratio in the 404-kev transition was determined 
to be 5;=+0.043+0.010. The Sliv value for the K-conversion coefficient for this mixture ratio is 0.147. 
The correlations involving conversion electrons rule out a } — } — 4 transition. They indicate that the 
M1 particle parameter in the 404-kev transition is about twice the theoretical prediction. The particle 
parameters for the 279-kev transition also do not agree with the theoretical predictions 


I, INTRODUCTION M1 transition in which structure effects can be deter 
mined by both an internal conversion coefficient 
measurement and by an angular correlation measure- 
ment in which a conversion electron is detected. In 
addition, since there is also an /-allowed M1 transition 
in the decay of TI, one can compare the structure 
effects in an /-allowed and an /-forbidden M1 transition 
in the same isotope. 

The main features of the decay scheme of Tl™ as 
shown in Fig. 1 were established by Prescott?, Varma’, 
Wapstra ef al. Both the 404-kev and the 279-kev 
transition have conversion coefficients of the order of 
10% making it feasible to measure gamma-gamma, 
electron-gamma, and gamma-electron correlations. 
Both transitions are mixtures of M1 and electric quadru- 
pole (£2) radiation. According to the single particle 
model assignments for the states, the 404-kev transition 
is l-allowed while the 279-kev transition is /-forbidden. 


T has been proposed by Church and Weneser' that 

the internal conversion process should be sensitive 
to nuclear structure in certain cases. These structure 
effects should influence the internal conversion coeffi- 
cient and angular correlations in which internal 
conversion electrons are one of the particles detected. 
The structure effects should be large in the so-called 
l-forbidden magnetic dipole (M1) transitions, i.e., 
orbital angular momentum forbidden by the single 
particle shell model which allows only spin flip M1 
transitions, e.g., py —> py but not dy— sy. The study of 
TI was made because its decay involves an /-forbidden 


“19 II. SOURCE PREPARATION AND APPARATUS 
an _fO7M10 

e oe : ; 
-_ | | Angular correlation experiments involving electrons 
— 474 | |683 kev require very thin sources to avoid attenuation of the 
a laos) correlation by scattering of the electrons. Because of 


~*~ | kew | ° . 
| this, an effort was made to keep the source material to 


eo'9 
\ 


212 kev 
\ | 
a} At 3.0x10 “sec 


| TABLE I. Gamma-gamma correlations in different 
*mical environments 
279kev | che iC € l € 


i Chemical environment 
i 
‘t —+yt- - 
61 -0.151+0.010 Average of evaporated PbCl, sources 
-v —0.139+0.015 PbCl, in HO solution 
Fic. 1. Decay scheme of T)* —0.171+0.015 PbCl, in glycerine 


Tr. — . —0.1 0.020 Molten metal. Pb and Sn 
t This work was supported in part by the National Science _0 ‘sau Solid metal , Pb aa c 


Foundation and by the Office of Ordnance Research. 

* Present address: Bartol Research Foundation, Swarthmore, —— = = — 
Pennsylvania. a aici a 

t Based in part on a thesis submitted for the Ph.D. degree at ? J. R. Prescott, Proc. Phys. Soc. (London) A67, 254 (1954). 
the University of Pennsylvania + J. Varma, J. Franklin Inst. 257, 247 (1954 

‘FE. L. Church and J. Weneser, Phys. Rev. 104, 1382 (1956). * Wapstra, Maeder, Nijgh, and Ornstein, Physica 20, 169 (1954 
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Fic. 2. Conversion electron spectrum obtained with 
lens spectrometer. 


a minimum. Spectroscopically pure thallium (listed by 
Johnson, Mathey and Company as JM400(TI) was 
bombarded with 18-Mev deuterons in the Brookhaven 
cyclotron producing Pb™ through the Tl*(d,2n)Pb*” 
reaction. Details of the chemical separation are de- 
scribed in a thesis by Deutch.® 

The carrier free Pb™ was vacuum evaporated from 
a small Pyrex oven onto a 200ug/cm? aluminum foil. 
Three sources were made in this way. The thickness of 
all sources was less than 10ug/cm’. 

The gamma-ray detectors were Nal(TI) crystals 
mounted on RCA type 6342 photomultipliers. A thin 
lens beta spectrometer was used for the electron 
measurements. The detector in the spectrometer was 
Pilot Plastic Scintillator B mounted on an E.M.I. 
type 5311 photomultiplier. The coincidence apparatus 
employed a fast-slow system with a resolving time of 
10-* sec. This equipment has been described in greater 
detail elsewhere.*® 


Ill. RESULTS 


(a) 279-kev Gamma-—404-kev Gamma 
Angular Correlation 


Since the intermediate state has a spin 3, the correla- 
tion will be of the form 1+AP:2(cos@). A number of 
runs were made at the 90°, 135°, and 180° positions to 
confirm this. The expansion coefficient A was deter- 
mined by a least square fit to this data.’ The remaining 
data was taken at the 90° and 180° positions only. 

Since Van Nooijen and Wapstra* had found that the 
gamma-gamma angular correlation was attenuated in 
a lead sulphate powder, we decided to search for 
attenuations in our sources. The results for various 
sources corrected for finite size of the 


*B. I. Deutch, 
( unpublished ). 

V. Kane, 
( (unpublished). 

7 We are indebted to the staff of the Univac at the University 
of Pennsylvania Computing Center for the use of their facilities 
and time on the computing machine. 

* B. Van Nooijen and A. H. Wapstra, Physica 23, 404 (1957). 
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source, are shown in Table I. If perturbations on the 
intermediate state were attenuating the correlation, 
one would find a smaller correlation in the glycerine 
solution than in the water solution’ and a larger 
anisotropy in the molten source than in the solid source.” 
Our results show no such affect. This results for the 
evaporated source are in good agreement with the 
measurements of Lindquist and Markland“ and Van 
Nooijen and Wapstra,* but not with Varma.’ 


(b) 404-kev K-Conversion Electron—279-kev 
Gamma Angular Correlation 


Vacuum evaporated carrier free PbCl, sources were 
used in all measurements involving conversion electrons. 
Figure 2 shows the conversion electron spectrum 
obtained with the lens spectrometer. The spectrometer 
was set to count the 404-kev K-conversion electrons 
and the gamma detector was set to accept only the 
279-kev photopeak. The average value of A determined 
from runs with three different sources was A = —0.036 
+0.010. 


(c) 404-kev Gamma-279-kev K-Conversion 
Electron Angular Correlation 


Since the weak 404-kev gamma photopeak was 
riding on the slope of the much stronger 279-kev 
photopeak (see Fig. 3), shifts in the counting rate due to 
drifts in the amplifier and/or the pulse-height analyzer 
did not necessarily represent changes in the number 


*P. B. Hemmig and R. M. Steffen, Phys. Ber. 92, 832 (1953). 
” H. Frauenfelder e al., Phys. Rev. 92, 513 (19. 53). 
“ T. Lindquist and I. Marklund, Nuclear Phys. 3, 367 (1957). 
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of 404-kev gamma rays that were being detected. 
This prevented us from using the usual method for 
correcting for such shifts and small errors in centering ; 
namely, divide the coincidence rate by the counting 
rate in the movable counter. Instead we set the window 
on the pulse height selector wide enough to count all 
the pulses in the 404-kev photopeak in spite of small 
shifts in the electronic equipment. Corrections for 
small errors in centering were made by determining 
the relative solid angle at each position. The average 
value of A for three runs was A = —0.052+0.015. 

Because the correlations involving conversion elec- 
trons were small, a check for asymmetries in the 
equipment was made by measuring the 70-kev x-ray- 
279 K-conversion electron correlation. This correlation 
should be isotropic, i.e., A=0 and was found to be so 
to within 0.5%. The errors for A reflect this possible 
asymmetry. Table II summarizes the results of our 
angular correlation measurements. 


(d) Conversion Coefficients 


The 404-kev K-conversion coefficient was determined 
by measuring the relative intensity of the 404-kev K 
electron and the 279-kev K electron. With a knowledge 
of the ratio of the gamma rays and the 279 K-conversion 
coefficient, one can calculate the 404-kev K-conversion 
coefficient from the relation 


N,(279)\ .N.(404) 
ak (404) = ax ( 279)(—— . ~)(- betas A ) 
N (404) 7 \N,(279) 


where ax (279) =0.162-+0.003," and (N,(279)/N,(404)) 


= 


ratio of 279- to 404-kev gamma rays=18.542." 
Our value of 0.117+0.015 is in excellent agreement 
with the value 0.118 of Nijgh e al.” 

In a similar manner we determined the K-conversion 
coefficient of the 683-kev transition to be 0.011+0.004. 
We have used (N,(279)/N,(683))=117. 


IV. DISCUSSION 


(a) Angular Correlation Function 


The angular correlation for all the thallium cascades 
is of the form 


W (@)=1+-A P2(cos@). (2) 


TABLE II. Summary of all angular correlation measurements. 





Particles 

detected A 
—0.151+0.010 
—0.036+0.010 
—0.052+0.015 
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% G. S. Nijgh and A. H. Wapstra, Nuclear Phys. 9, 545 (1958/9). 
8 Nijgh, Wapstra, Ornstein, Salomons-Grabben, and Euizenga, 
Nuclear Phys. 9, 528 (1958/9). 
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TABLE III. Value of 5:” and b for Z=81 for various values of \. 





» —19 +1 +5 +21 


0.114 
0.257 
—0.171 
—0.342 


by” 279 kev 
404 kev 
by 279 kev 
404 kev 
bf 279 kev 
404 kev 


0.066 

0.142 
—0.130 
-—0.277 


0.059 
0.126 
—0.125 
—0.268 


0.084 
—0.108 


—0.247 —0.260 


The coefficient ‘A’ can be expressed as a product 


1=A,Az,, (3) 


where A, depends only on the parameters of the first 
transition and A» depends only on the parameters of 
the second transition." For a mixed M1+ £2 transition 
in a gamma-gamma correlation for the ith transition 


Awy=[1/(1+62) [A"+26,4+62A"], (4) 


where the A™, A, and A* are tabulated by Beidenhorn 
and Rose“ and ® is the ratio of the Z2 gamma-ray 
transition probability to the M1 gamma-ray transition 
probability. 

For a mixed transition where the particle detected 
is a K-conversion electron we have 


Awe=(1/[1+ (a/8)52)}[b"A "+2(a/8)%,0A 
+ (a/8)52b*A*), (5) 


where a and @ are, respectively, the E2 and M1 K- 
conversion coefficients. The particles parameters b”, 6, 
and 6* have been tabulated for a point nucleus by 
Beidenharm and Rose." 


(b) Nuclear Structure Effects 


The original calculations of internal conversion 
coefficients of Rose ef al. assumed a point nucleus. 
Later calculations of Sliv'*"’ included the effect of a 
finite nucleus. The Sliv calculations differ from the 
Rose calculations mainly in the use of improved 
electron wave functions. The effect of electron penetra- 
tion of the nucleus is only included in an average way 
in their model which restricts the nuclear transition 
currents to the nuclear surface. 

More recently, Church and Weneser' have suggested 
that electron penetration of the nucleus can in certain 
cases have a large effect on the conversion coefficient. 
The effects which depend on details of the nuclear 
structure, have been characterized in their treatment 
for M1 transitions by a parameter 


A=m,/m,, (6) 


“L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1955). 
18 Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 
1951). 
16 L A. Sliv, Zhur. Eksptl i Teoret. Fiz. 21, 770 (1951). 
17 L. A. Sliv and M. Listingarten, Zhur. Ekspt!. i Theoret. Fiz. 
22, 29 (1952). 
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where the m, is a new nuclear matrix element which 
arises from the penetration of the electron into the 
nucleus and m, is the matrix element for M1 gamma 
emission. Sliv’s assumption that the currents are 
restricted to the nuclear surface corresponds to A=1. 
In terms of A, the corrected M1 conversion coefficient is 
given approximately by 


B(A)~B(1)[1— (A—1)C(Z,) P, (7) 


where the C(Z,k) can be determined from tables in 
Green and Rose.'* 

The particle parameters, 6, appearing in the angular 
correlation function for conversion electrons (5) are 
also influenced by the finite size of the nucleus. Sliv 


has calculated 6™ and 6* including finite size effects in’ 


the same approximation that he used for the conversion 
coefficients, namely for A\=1.% Church, Rose, and 
Weneser™ have described the procedure for calculating 
b™ and b as a function of A. Values of the b’s for various 
values of \ are shown in Table III. These values were 
interpolated from calculations made for Z=78 and 
Z=83. 


V. EVALUATION OF THE DATA 
(a) Excluding Spin Sequences § — } — } 


Assuming the value of 6 for the 279-kev transition 
reported by McGowan and Stelson,” 62= + 1.50+0.08, 
we have calculated A2,=—0.99+0.01 from (4). This 
is shown graphically in Fig. 4. This assumption is not 
an important restriction since A», is relatively insensi- 
tive to 52 in the region around 62= 1.5. Use of the value 
5o=1.4 of Deutch, Wilhelm, and Metzger” or even 

2= 1.2 determined by Nijgh and Wapstra” would not 
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value of 6; determined from Coulomb excitation. Horizontal 
hatched lines show our value of A2,. 
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1° T. A. Green and M. E. Rose, Phys. Rev. 110, 105 (1958). 

8 Privately circulated table via O. Nathan. 

* Church, Rose, and Weneser, Phys. Rev. 109, 1299 (1958) 
The necessary electron radial matrix elements are tabulated in 
M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958). 

1 F. K. McGowan and P. H. Stelson, Phys. Rev. 109, 901 
(1958). 

*® Deutch, Wilhelm, and Metzger (private communication). 
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Fic. 5. A;, as a function of 5, for a § — } transition. Horizontal 
lines show our determination of A,, using the results of y—7 
experiment and 5,=+1.50. Vertical hatched area shows the 
resulting value of 4). 


affect our conclusions significantly. Using this value of 
Ay and our measurement of A(y-~-y) we determine 
A;,=0.152+0.010 by using (3). Similarly A(e—y) 
yields A,,=+0.036+0.010. The sign of these results 
alone can rule out a suggestion by Nooijen and Wapstra’ 
that the spin sequence in the Pb™ cascade might be 
} — §— >}. This can be seen as follows: 

The garnma and electron angular correlation functions 
of a mixed M1+ £2 transition for a $ — § spin state are 


1 1 
A1y=——[A™ + 26,4 +6.A*]=———_[—0.4— 1.558, ], 
145; 1+6,? 
1 


A\,=—— 
1+ (a/8)6,? 


a 
G 1" + 26;(a/8)§bA +5e5ra| 
B 
1 


—[—0,0616+0.2886,]. 
1+-0.2266;? 


A positive A, requires a negative 6,, which results in a 
negative A;, contrary to our results. 


(b) Determination of 5 for 404-kev Transition 


Figure 5 is a graph of A, as a function of 6, for a 
}— } transition. Our result shown by the hatched 
area allows two different values of 6, but conversion 
coefficient and K/L measurements exclude the large 
value (about —5). The result 5,;=0.04340.010 is 
consistent with the value 6, < 0.05 determined by 
McGowan and Stelson® by Coulomb excitation. 


(c) Structure Effects in the 279-kev Transition 


The value of A;, coupled with the A(y—e) measure- 
ment determines A»,= —0.34+0.10. Figure 6 is a 
plot of A», as a function of 4, in the region of interest 
for a few values of ). In calculating A», we have assumed 
that the b,, the particle parameters appropriate to £2 
transitions, is not dependent on X. Since it has been 
found that finite size effects do not significantly affect 
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the £2 conversion coefficients, this seems to be a 
reasonable assumption. Figure 6 shows a very large 
value of d is required to fit our data. This value disagrees 
with A derived from internal conversion coefficient 
measurements and also the calculation by Kisslinger.* 
We can fit our data for the gamma-electron and the 
gamma-gamma correlation with 6;=2.5. This value is 
appreciably larger than other determinations of 6.!°:7!.” 


(d) Structure Effects in the 404-kev Transition 


Again using 6.=1.5 to determine A»,, we can use the 
measurement of A(e—y) to determine A;,=+0.036 
+0.010. Figure 7 is a graph of A;, as a function of 4; 
for a few values of \. Again a very large value of X is 
required to fit our results. Since the 404-kev transition 
is not retarded, structure effects should not be important 
in this transition. It should also be pointed out that the 
conversion coefficient measurement for this transition 
ax=0.117 is anomalously low. The Sliv value of the 
conversion coefficients coupled with our value 6;= 0.043 
predicts ax =0.147. 


*L. S. Kisslinger, Bull. Am. Phys. Soc. 2, 358 (1957). 
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e—vy correlation measurement and using 5:== +1.50. The vertical 
hatched lines show our determination of 4; 


VI. DISCUSSION 


It has not been possible to fit our angular correlation 
measurements involving conversion electrons with the 
theoretical values of the parameters. The 
required value of \ to fit our data is much larger than 
one would expect from conversion coefficient and 
lifetime measurements in both transitions. In both of 
these correlations, the anisotropy seems to be too large 
One would ordinarily expect experimental errors to 
reduce the correlation. The K-conversion coefficient 
for the 404-kev transition 20% lower than the 
theoretical value. Nijgh ef a/.""* have also reported 
conversion coefficients in disagreement with theory in 
this isotope for the 279-kev transition 
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Continuous Electron Spectrum Accompanying K Capture* 
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The continuous electron spectrum accompanying K capture has been observed, in the case of Cs™!, in 
three different ways: by measuring coincidences between one K x-ray and an electron, by measuring 
coincidences between two K x-rays and an electron, and by measuring the single electron spectrum. Further- 
more, coincidences between two K x-rays have been measured. The coincidence data were taken with 
scintillation counters while the single electron spectrum was taken with a magnetic spectrometer. The 
electron spectrum, including the absolute intensity, and the probability for a double hole in the K shell are 
both found to be in agreement with the theory of Primakoff and Porter. 





I. INTRODUCTION 


S is well known, beta decay is accompanied by a 
continuous gamma-ray spectrum. Theory and 
experiment are in good agreement.' The emission of 
atomic electrons has been observed with 8~ decay as 
well as 6* decay. X-rays following ionization of inner 
electron shells have also been found.’ In the case of 
orbital electron capture, there have been some observa- 
tions on the radiation resulting from the filling of two 
holes in the K shell.* The spectral distribution of the 
ejected electrons, however, has not been established 
experimentally.® 
The theory of the atomic excitation and ionization 
accompanying orbital electron capture has been given 
by Primakoff and Porter*; for a discussion of the 
accuracy the reader is referred to the original paper. 
According to these authors the probability per K 
capture for the production of a double hole in the K 
shell is 


Pax =3/(16Z). (1) 


Z; is the atomic number of the initial nucleus. The 
probability per K capture of ejecting a K electron is 


PrejecZ0.08/Z ?. (2) 


The difference between Eqs. (1) and (2) is due to 
processes where the electron removed from the K 
shell occupies a bound state. The momentum distribu- 


* Contribution Number 795. Work was performed in the 
Ames Laboratory of the U. S. Atomic Energy Commission. 

+ On leave from Max Planck Institute for Nuclear Physics, 
Heidelberg, Germany. 

'C. S. Wu in, Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
Chap. XX. 

*For a survey see: G. A. Renard, J. phys. radium 16, 575 
1955); A. Michalowicz and R. Bouchez, ibid. 16, 578 (1955); 
J. S. Levinger, ibid. 16, 556 (1955) ; G. Charpak, ibid. 16, 567 (1955). 

3G. Charpak, Compt. rend. 237, 243 (1953); J. phys. radium 
16, 567 (1955). 

* J. A. Miskel and M. L. Perlman, Phys. Rev. 94, 1683 (1954); 
95, 612 (1954). 

5 Miskel and Perlman‘ give a comparison between the theoretica! 
distribution, modified for experimental resolution width, etc., 
and the measured curve but this covers only the range 0-4 kev 
out of 800 kev. The distributions are not in good agreement. 

*H. Primakoff and F. T. Porter, Phys. Rev. 89, 930 (1953). 


tion of the ejected K electrons is given by 


(p= Dy-(9) [“—— (*)] 
Dajeo(P.)=Da-(P, Wan. ccs, PI 
p s~(P.) exp sate. an ar 


i3-A> 3" 
x[1+(—) +] , (3) 
Zh 
2x(Z;—1) 


Ds-(p.)= AX pel Eo— p2/ m= ~ 
1378, 


—29(Z;—-1)]\ 
x(1- exp =|) | (4) 
1378, 


p. is the electron momentum in units of me, 8, is the 
electron velocity in units of c, and Zo is the maximum 
energy of the continuous electron spectrum in units of 
mc*. The constant A in Eq. (4) can be normalized by 
integrating Eq. (3) graphically and setting the result 
equal to Eq. (2). After this normalization, Dejec(p.)dp- 
is the probability per K-capture decay that an electron 
is ejected with a momentum between p, and p.+dp.. 
The electrons whose momentum distribution is rep- 
resented by Eq. (3) are all from the K shell; the 
contribution from the L shell, in the approximation of 
Primakoff and Porter, vanishes. 

The two practically simultaneous radiations resulting 
from the filling of the two holes in the K shell will not 
have the same energy. An electron jumping into a 
completely empty K shell will liberate a larger amount 
of energy than an electron with the same initial state 
but jumping into a K shell already occupied by one 
electron. The energy difference is of the order of 


with 


AE=2sKEx/Zy, (5) 
where sxS1 is the screening constant’ for one K 
electron, Z; is the atomic number of the final nucleus, 
and Ex is the K binding energy for Z=Z,. 

Both atomic excitation and ionization as described 


7 For the effect of screening see: A. Sommerfeld, Atombau und 
Spektrallinien (Friedrich Vieweg und Sohn, Braunschweig, 1951), 
Vol. 1. 
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above can be observed by detecting the filling of the 
two holes in the K shell, either with summing in one 
counter or with coincidences between two counters. 
In principle, one can also use the energy shift as given 
by Eq. (5). These methods, however, do not give any 
information about the electron spectrum nor whether 
the K electron not captured by the nucleus is kept in 
a bound state or has been ejected into an unbound 
state. There are essentially three methods of observing 
the electron spectrum : (a) measuring the single electron 
spectrum, (b) measuring the electron spectrum in 
coincidence with the radiation resulting from the filling 
of one K hole, and (c) measuring the electron spectrum 
in coincidence with the radiations resulting from the 
filling of both K holes. The radiation resulting from the 
filling of a K-shell hole may be either an x-ray quantum 
or an Auger electron. 

Charpak’ observed, with two x-ray proportional 
counters in coincidence, the double vacancy in the 
K shell in the Fe®® decay. He obtained a value of 
Prxe=(3.940.9)X10~. Miskel and Perlman,‘ using 
a proportional counter and the summing method, 
obtained a value of Pxex= (5.341.0)10~ in the case 
of Ar*’. The theoretical values according to Eq. (1) 
are 2.8X10~* and 5.8X10~, respectively, indicating 
good agreement between experiment and theory. 

In order to observe the electron spectrum from the 
decay of Fe® Porter and Hotz® tried two different 
methods. With a magnetic spectrometer they did not 
observe any counts above background. With a cloud 
chamber they observed some electrons in the correct 
energy range. From these data they concluded that there 
are less than 6X10~" ejected electrons per decay with 
energies greater than 30 kev. The theoretical value for 
the same energy range is 36X 10~-". For a detailed discus- 
sion the reader is referred to the original paper. 

According to Eqs. (1) and (2) it seems to be advan- 
tageous to work with a low-Z isotope. This is, however, 
not completely correct. It is simpler, and therefore 
gives more accurate results, to observe higher energy 
x-rays (or Auger-electrons). Furthermore, when observ- 
ing x-rays it is advantageous to have an element with a 
high fluorescent yield. Both effects shift the optimum 
Z value to higher figures. Moreover, the intensity of 
electrons of a given energy, Eq. (3), does not show the 
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Fic. 1. Decay scheme of Cs“! and low-lying levels of Xe™ 
Energies in Mev 


*. T. Porter and H. P. Hotz, Phys. Rev. 89, 938 (1953) 
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1/Z?-dependence but is less disadvantageous for 
higher Z, values. 

Cs'*! was chosen for the present experiments. Figure 1 
shows the decay scheme and the low-lying levels® in 
Xe". No transitions to either the 80-kev level or the 
164-kev level are observed; the upper limits are 10~-7/ 
decay and 10~/decay, respectively.” The maximum 
energy of the continuous bremsstrahlung spectrum is 
0.32 Mev.* Since the K binding energy of the daughter 
is 35 kev, the maximum energy of the continuous 
electron spectrum is 0.29 Mev. The half-life of Cs™, 
9.9 days, allows one to follow the decay of the observed 
radiation, thus providing a further check. 

Because of the uncertainty involved in experiments 
on small order effects, it seemed worthwhile to use as 
many independent experimental methods as available. 
The single electron spectrum was investigated with a 
magnetic spectrometer. Coincidences between one K 
x-ray and an electron were taken with two scintillation 
counters in coincidence. Coincidences between two K 
x-rays and an electron were taken with the same 
arrangement but with the gamma channel set for the 
summing peak of the two K x-rays. Finally, coincidences 
were measured between both K x-rays, each x-ray 
being detected by one scintillation counter. In all four 
experiments the effect searched for was observed and, 
within experimental error, was found to be in agreement 
with the theory.® 


Il. EXPERIMENTAL TECHNIQUES 


For the production of Cs'*', pure BaCO; was ir- 
radiated in the Brookhaven reactor. From the Ba™, 
the daughter Cs™' was separated carrier-free." From 
the resulting solution one liquid-drop source was 
prepared for the magnetic spectrometer, with an 
intensity of 6.510’ K-capture decays per sec at the 
time the beta-spectrometer work started. Because of 
the large amount of solution and reagents involved in 
the chemical separation, the resulting source had a 
thickness of 9 mg/cm?. Later, much weaker sources of 
negligible thickness and various strengths were made 
for the scintillation spectrometer work 

The electron spectrum from the strong source was 
measured with a modified Slitis-Siegbahn beta-ray 
sepctrometer” the baffle setting of which could be 
changed from outside. The detector was an anthracene 
scintillation counter. The crystal, 14 mm in diameter 
and 1.2 mm thick, was covered with 150 yug/cm? of 
Al. The cathode of the phototube was cooled to — 55°C 
by means of a refrigerator unit. In order to further 


*Strominger, Hollander, and Seaborg, Revs. Modern Phys 
30, 585 (1958); Nuclear Data Sheets, edited by C. L. McGinnis, 
(National Academy of Science, Washington, D. C., 1958) 

” B. Saraf, Phys. Rev. 94, 642 (1954). 


u B. Finkle and W. E. Cohn, in Radiochemical Studies: The 
Fission Products (McGraw-Hill Book Company, Inc., New York, 
1951), Paper No. 287, National Nuclear Energy Series, Plutonium 
Project Record, Vol. 9, Book III, p. 1654 

To be described in a later publication 
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reduce the background the scintillation pulses were 
selected by a sliding channel that was set to correspond 
to the energy of the electrons focused by the magnetic 
spectrometer. The spectrometer was operated at 7% 
transmission and 7% resolution (these figures are not 
representative for the spectrometer because all baffles 
were opened as far as possible). Runs were taken with 
the intermediate-image baffle open and closed. This 
technique has proven to be useful for the detection of 
small electron intensities and has been described in 
more detail elsewhere.“ The decay of the electron 
spectrum was followed for 24 days. 

For the ¢~-x-ray coincidence work the same scintilla- 
tion beta-counter was used. Here the lower background, 
because of the cooled cathode, reduced the rate of ac- 
cidental coincidences. The resolution of the counter at 
25 kev was 58%. The K x-rays were detected with a 3-in. 
X3-in. Harshaw Nal crystal. The pulses in the x-ray 
branch had to pass a single channel analyzer. The elec- 
tron spectrum in coincidence with the x-rays was obtain- 
ed with a RCL 256-channel analyzer. The resolving time 
of the fast coincidence circuit was 27=2.5X10~ sec. 
The resolution of the x-ray counter was 31% at 30 kev. 
The source was placed between both counters with the 
angle between the counters being 180°. The solid angle 
was almost 50% of 4x for the x-rays and 28% of 4x 
for the electrons. An Al absorber, of 70 mg/cm’, 
could be placed between the source and the beta 
crystal to absorb all electrons below about 300 kev. 
The whole counter arrangement was shielded with 
copper against low-energy gamma radiation from 
outside. 

The detection probability of the Nal crystal for the 
K x-rays was measured with a Cs!*’ source. The detec- 
tion probability of such a crystal for Cs’ gamma 
rays is known," as are the number of K holes in Ba'*’ 
per Cs? decay,® and the fluorescent yields." 

In order to measure coincidences between one K 
x-ray and an electron the single channel analyzer in the 
x-ray branch was set on the K x-ray photopeak while 
for coincidences between the two K x-rays and an 
electron it was set on the region of the summing 
photopeak. In each case four different runs were taken: 
prompt coincidences without and with the Al absorber 
between the source and the beta crystal and delayed 
coincidences without and with the Al absorber. The 
delayed coincidence runs gave the spectra of the 
accidental coincidences while the runs with the Al 
absorber in place gave the contribution from processes 
where a photon was detected by the anthracene crystal. 
The spectrum of the true coincidences obtained with the 
Al absorber in place was subtracted from the spectrum 


* H. Daniel, Z. Physik 150, 144 (1958). 

“ Wolicki, Jastrow, and Brooks, Naval Research Laboratory, 
NRL Report 4833, 1956 (unpublished); R. L. Heath, Idaho 
Operations Office Report IDO-16408, 1957 (unpublished). 


‘Ss Wapstra, Nijgh, and van Lieshout, Nuclear Spectroscopy 
Tables (Interscience Publishers, Inc., New York, 1959). 
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of the true coincidences obtained without the Al 
absorber. An estimate showed that the Al absorber did 
not noticeably affect the K x-ray intensity and, at 
least at lower energies, there was only a negligible 
increase in the detection probability of the beta 
counter for gamma quanta. The source strength for 
these measurements was centered around 5X10 K- 
capture decays/sec. 

For measuring coincidences between the two K 
x-rays, the same setup was used except that the 
anthracene beta-counter was replaced by a second 
Nal x-ray counter identical to the first one. The source 
was held in the hole of a copper shield that was placed 
between the two crystals. Here again, the spectrum of 
the accidental coincidences was measured with a time 
delay introduced into one branch. The source strength 
was of the order of 200 K-capture decays/sec. 


Ill. RESULTS 


The decay curves taken with the magnetic spectrom- 
eter at different energies showed the presence of a 
beta-active contamination with a half-life of 25 days. 
This, of course, made the determination of the Cs'® 
electron spectrum more uncertain. With the spectrom- 
eter set at p,=0.42 mc (43 kev) the decay curve showed 
a component having a half-life of about 10 days, while 
at higher momenta (p,=0.57 mc and up) one could not 
deduce the presence of such a component. After 
correction for self-absorption in the source and counter 
efficiency a value of Dejec=9X10~* was obtained for 
p.=0.42 mc. For the accuracy of this result see Sec. IV. 

The result of the coincidence experiment with one K 
x-ray in the one branch and the electron in the other 
is shown in Fig. 2. In order to decrease the statistical 











Fic. 2. Electron spectrum in coincidence with one K x-ray. 
The experimental points are shown with their standard deviations 
and the solid line represents the theoretical curve as given by 
Eq. (3), normalized with the help of Eq. (2). Both the experimental! 
points and the theoretical curve give the absolute values of 
Dejeec- 
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lic. 3. Electron spectrum in coincidence with two K x-rays 
The experimental! points are shown with their standard deviations 
and the solid line represents the theoretical curve as given by 
Eq .(3), normalized with the help of Eq.(2). Both the experimental 
points and the theoretical curve give the absolute value of Dojec 


fluctuations, all data of the 256-channel analyzer 
falling into an energy interval corresponding to p, 
between 0.35 and 0.45 mc have been treated together. 
In the same way the other four lower energy points 
in Fig. 2 correspond to a p,-range of 0.10 mc while the 
last two points, because of the very low intensity, were 


chosen to represent a p,-range of 0.15 and 0.20 mc, 
respectively. The indicated errors are the statistical 


standard deviations. The solid line represents the 
theoretical curve as given by Eq. (3), normalized with 
the help of Eq. (2). Both the theoretical curve and the 
experimental points give the absolute value of Dajec. 
The endpoint of the expected electron spectrum is at 
pe=1.20 mc. Data below 0.35 mc were distorted by 
Auger electrons. 

Figure 3 shows the electron spectrum obtained in 
coincidence with the summing peak of the two K x-rays. 
The ranges in the electron momentum #, are taken to 
be the same as in Fig. 2. 

The measurement of coincidences between the two 
K x-rays led to a probability per K-capture decay for 
the formation of two K holes of 


Pree=(5.0+1.0)X 10-. 

The stated error is the standard deviation of counting 
statistics only. The theoretical value, according to 
Eq. (1), is Pex=6.2X10-. 

The energy of the one K x-ray in coincidence with the 
other K x-ray was also measured in the x-ray-x-ray 
coincidence runs. No indication of an energy shift was 
found when comparing prompt coincidence curves 
with accidental coincidence curves. The energy shift 
was found to be less than 1%. Because of the occurrence 
of accidental coincidences in the prompt runs this 
does not mean, however, that both K x-ray quanta (for 


we 
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identical initial energy states) have the same energy 
within 2%. 

IV. DISCUSSION 


The agreement between the experimental! and 
theoretical values for Pxx, the number of double 
holes in the K shell per K capture, is excellent. This is 
in line with previous work on other isotopes.’ The 
error given above for the experimental value of Pxx 
does not include any systematic error. Systematic 
errors are expected to be small since the most uncertain 
quantity, the detection probability of a K x-ray 
quantum, has been determined experimentally in a 
straightforward manner. Since Pxx was determined 
with the same arrangement as the K capture rate of 
the source, the detection probability enters the final 
result only once. 

From the present three measurements of the electron 
spectrum the data taken in coincidence with only one 
K x-ray quantum are the most accurate. Not only 
are the statistics better than in the other two experi- 
ments but the method does not involve any uncertainty 
for the x-ray detection probability in the Nal crystal. 
The detection probability for the electron in the 
anthracene counter, however, enters the final result. 
This value has been obtained from geometrical con- 
siderations only. There is, of course, an energy depend- 
ent backscattering out of the anthracene crystal. This 
effect, however, is small, except for very low energies, 
because of the low average atomic number of anthracene. 
The aluminum covering on the anthracene crystal is 
too thin to have an appreciable influence on either 
detection probability or linearity of the energy 
response. For the experimental points shown in Fig. 2 
it is estimated that the total systematic error does not 
exceed a factor of 1.5, maybe with the exception of 
the point at p.=0.4 m 

The electron spectrum taken in coincidence with both 
K x-ray quanta suffers not only from poorer statistics 
but there is, as an additional source of systematic 
error, the dependence on the detection efficiency of 
the Nal crystal for one K x-ray. Moreover, some 
single K x-ray pulses may have fallen into the channel 
set for the summing peak 

The least accurate measurement was that of the 
single electron spectrum done with the magnetic 
spectrometer. In this technique any beta-active 
contamination is counted.and makes the determination 
of the spectrum looked for less precise. The absolute 
electron intensity was subject to a large error due to 
the self-absorption of the electrons in the source, an 
effect which can only be roughly estimated. The 
intensity measured in this experiment is uncertain 
within a factor as large as four. 

It is easily checked that the internal bremsstrahlung 
cannot strongly distort the results of experiments like 
the present one, because of its low over-all intensity and, 
particularly, because of the low intensity at low energies 
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of the bremsstrahlung connected with K capture." 
Serious distortions would have to be expected if there 
existed an intense K-capture branch to an excited state 
of Xe™, expecially if the following gamma ray was 
highly converted. But such a distortion is excluded by 
the decay scheme of Cs™. 

According to the theory,® the contribution of L 
electrons to the total spectrum of the ejected electrons 
is negligible. The measurements of the electron spectrum 
in coincidence with one K x-ray include also L-electron 
ejection while those with the electron spectrum in 
coincidence with two K x-rays do not. The results 
shown in Figs. 2 and 3 are, of course, not nearly accurate 
enough to show such a difference. In the same way 
the contribution from JL-electron capture to the 
spectrum of ejected K electrons is included in the 
results shown in Fig. 2 but not in those of Fig. 3. 
Again the accuracy is not sufficient to show the differ- 
ence. The ratio of L capture to K capture in Cs™ 
has been calculated’? to be Az/Ax=0.14. In principle 
any contribution from L electrons could be observed by 
measuring coincidences between two L x-rays or the 
corresponding Auger-electrons (with proper corrections 
for processes involving two holes in the K shell). These 
measurements, however, seem to be difficult. 

The authors® do not claim that the theory is com- 
pletely correct. The reader is referred to the original 
paper® and reference 8 for an extended discussion. 
There is some doubt about a correction factor $1 to 
be applied to the right hand side of Eq. (1) which could 


16 Biavati, Nassiff, and Wu, Bull. Am. Phys. Soc. 4, 278 (1959). 
17 R. W. Fink and B. L. Robinson, Phys. Rev. 98, 1293 (1955). 
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reduce the theoretical value for Px by as much as 
50%.® All three experimental values (references 3, 4, 
and the present paper) for Pxx do not suggest such a 
large reduction. The experiments on the electron 
spectrum do not suggest that a reduction factor should 
be applied to the right-hand side of Eq. (3) but, on 
the other hand, the data are not accurate enough to 
exclude a small reduction. 

For Xe™ the energy shift given by Eq. (5) is cal- 
culated to be AE=1.28 kev, sx being taken as unity 
which is the upper limit. In the absence of accidental 
coincidences in the prompt coincidence runs this 
would cause a line shift in a K x-ray-K-x-ray coincidence 
experiment of about 0.64 kev or 2.17%. With an 
average ratio of true to accidental coincidences of 
(Ntrue/ Macc) = 0.1754-0.034, as in the present experi- 
ment, the upper limit of the expected line shift is too 
small to exceed the experimental limit of 1%. 

It is concluded that, within their respective errors, 
theory and present experiment are in good agreement 
on both the shape and absolute intensity of the con- 
tinuous electron spectrum as well as the probability 
for a double hole in the K shell following K capture. 
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Proposals that nuclear spin relaxation in an appropriate system could serve as a test for the existence of a 
nuclear electric dipole moment are examined with attention to the consequences of the fact that the electric 
field at. the nucleus is proportional to the nuclear acceleration. It is found that low-frequency fluctuations 
of the local electric field are suppressed. In particular, the necessarily negative correlation of the momentum 
transferred in consecutive collisions of an atom in a gas alters the spectral density of the perturbation, from 
that of uncorrelated pulses, by the factor w*r2/(1+w*r.*), where r, is the mean time between collisions. It 
follows that fairly low gas density is preferable to high. At optimum density a light gas at room temperature 
carrying electric dipole moments of magnitude eX 10~“ cm should have a spin relaxation time, in the absence 
of competing processes, of around 10 minutes. A formula is given for the electrically induced spin relaxation 
rate in a crystal. The process is hopelessly slow. In the electric coupling of the lattice vibrations to the spin 
the ordinarily dominant “two-phonon” or “‘Raman’”’ process is absent, because of the linearity of the connec- 


tion between local electric field and nuclear motion. 





T has been suggested that nuclear spin relaxation 
may afford a test for the existence of nuclear 
electric dipole moments. Most recently Franken and 
Boyne’? have discussed the possibie role of nuclear 
electric dipole coupling in nuclear relaxation in gases; 
also Bloom,? in an abstract, refers to nuclear relaxation 
by electric dipole coupling in crystals and to some other 
related effects. The general idea is that an electric field 
acting on the hypothetical nuclear electric dipole and 
modulated by thermal agitation of the environment 
would bring about spin relaxation, just as magnetic 
interactions do. Several years ago Ramsey and the 
author‘ in a search for experiments which might be 
sensitive to the presence of a nuclear electric dipole, 
canvassed a variety of processes, among them nuclear 
spin relaxation. This effect, attractive at first glance, 
was summarily dismissed when closer examination 
showed it to be hopelessly insignificant for dipoles of 
reasonable strength. The revival of the question may 
justify a short quantitative discussion with special 
attention to a peculiar feature of the interaction, a 
feature which is to blame for the extreme weakness of 
the process. Franken and Boyne, in reference 1, did 
not take this feature fully into account, and were led to 
overestimate by a large factor the relaxation rate to be 
expected with a nuclear dipole of given strength. This 
was corrected subsequently? and the source of the 
difficulty was qualitatively explained. The following 
discussion will not lead to different conclusions but it 
will provide a theoretical formula, accurate for a 
particular model, for the partial relaxation rate due to 
electric dipole coupling in a gas whose nuclei carry 
electric dipole moments. Also, stimulated by Bloom’s 
proposals, we shall look into the question of relaxation 
in crystals. Here we shall find the theory surprisingly 
'P. A. Franken and H. S. Boyne, Phys. Rev. Letters 2, 422 
(1959). 
958)" Franken and H. S. Boyne, Phys. Rev. Letters 3, 67 
3 Myer Bloom, Bull. Am. Phys. Soc. 4, 250 (1959). 
*E. M. Purcell and N. F. Ramsey, Phys. Rev. 78, 807 (1950). 


simple, and the result quite disappointing to anyone 
looking for an indicator of nuclear electric dipole 
moments. 

The coupling of the assumed nuclear electric dipole 
of strength pu, to the electric field at the nucleus is 
described by a term y- E in the Hamiltonian. The field 
E is in some sense a random function of the time; its 
fluctuations are a manifestation of the thermal agitation 
of the system. The probability of spin transitions leading 
to spin-lattice equilibrium can be determined if we 
know the spectral density, at the appropriate frequency, 
w, of the “local field” E(#). In other words we proceed 
exactly as we do in the familiar “local field” approach 
to magnetic relaxation. Indeed, for the problem at hand 
the “local field’”’ method is entirely appropriate (as it 
rarely is in the magnetic case) for the perturbation 
involves no coupling between spins of the system; we 
may properly consider the spins independent of one 
another. 

The peculiar aspect of the electrical perturbation. is 
the unique connection between the electric field at a 
nucleus and the nuclear velocity v, namely 


t 
ze f Edi= M(v.—v;), (1) 


where M is the nuclear mass. Owing to (1), the random- 
ness of E(t) is severely restricted in any ordinary 
physical system. Consider a monatomic gas, for 
example. In a collision, the nucleus of one of the 
colliding atoms feels a “‘pulse”’ of electric field, exactly 
proportional to the momentum transfer. After a 
relatively long field-free interval the next collision 
applies another pulse, and so on. Now these pulses 
cannot be independent; an atom which receives an 
eastward impulse in one collision is more than likely 
to receive a westward impulse in the next. Were this not 
so, a typical atom would execute an unrestricted 
random walk in velocity-space and the expectation 
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value of its kinetic energy would increase proportional 
to the time without limit! Actually v remains within the 
appropriate Maxwellian distribution. Remembering 
that, we can see from (1) that / Edt is essentially 
bounded, which implies that the average of E over a 
long period T must vanish more strongly with increasing 
T, than would the corresponding average over a 
random sequence of uncorrelated pulses. 

We therefore anticipate that the spectral density of 
the perturbation E(¢) will approach zero at low fre- 
quencies, in contrast to the behavior of the spectrum 
of the usual random perturbation, which is constant 
in the neighborhood of w=0. The nucleus, in other 
words, is automatically safeguarded against the 
application of low-frequency electric fields. The safe- 
guards are provided by nothing more mysterious than 
Newton’s Second Law and the fact that the atom 
can’t move with constant acceleration for a long time 
without bumping into something. 

To make these ideas precise we shall examine the 
correlation function G(r) of the perturbation E(?) 
experienced by a nucleus which moves as follows: the 
nucleus, of mass M and charge Ze, is carried within an 
atom which moves in a Maxwellian gas at temperature 
T. This atom suffers random collisions at the average 
rate 1/r.. The probability of collision, per unit time, is 
assumed independent of the atom’s speed. That is, we 
shall ignore the actual correlation between v and the 
time between collisions. The duration of a collision r,, 
is short compared to the mean time between collisions, 
ta<r,-. Immediately after each collision the velocity 
of the atom has its expectation distribution according 
to the Maxwell distribution, regardless of its velocity 
just before the collision. That is, the velocity afler a 
collision is completely uncorrelated with the velocity 
before the collision. These assumptions specify our 
model completely. 

We are interested in the impulse p acquired by the 
atom at each collision. As the three coordinates are 
independent, it will suffice to discuss a component of 
p only, say pz, which we shall write simply p. Suppose 
we observe an atom making a collision and note the 
impulse it received, po. We then note the impulse p; 
received by the atom in its next collision. Let us 
measure p in units of (MkT)', the rms x-momentum 
characteristic of the Maxwellian distribution. Then the 
distribution of po is 


¢o( pod po = Ma “ exp(— po®/4)d po. (2) 


By the joint distribution of po and p; we mean a function 
gon such that ¢goidpodp: is the probability that the 
initial collision involved momentum transfer po in dpo 
and the next collision thereafter a momentum transfer 
pi in dp;. To find go we note that under the rules 
assumed an atom with x-velocity v is associated with 
a distribution of momentum transfer in its next collision 
of the form (2x)~! exp[--4(v+ ,)"] and with a distri- 
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bution of momentum transfer in its last collision 
(2x) exp[ —4(v— po)*]. Here » is expressed in units of 
the rms x-velocity. Hence 


¢o= (an) f dv exp[ — }(0— pe)*] 


Xexp(— 4v*) exp[— 4 (0+ p.)*] 
= (2r)3-4 exp[4(por+pi2+ pop") ]. (3) 


The correlation of successive momentum transfers is 
exhibited in the quantity (op:) which, computed from 
(3), is —4. For the model we have assumed, correlation 
cannot extend beyond the next collision. That is, 
(pop) =0, v>1, so there is no need to compute further 
joint probability distributions ¢o,.' In fact we do not 
need the exact value of (fo,) in the following argument. 
It is enough to know that it is negative and of course 
we knew it had to be negative before we calculated it. 

We now inquire about the correlation function of the 
x-component of electric field, G(r)=(E,(t)E,(t+r1)). 
G(r) will have a big positive spike at the origin, of 
width about r., whose exact shape is not important. 
Outside this interval G(r) is determined by the proba- 
bility of occurrence of a collision at ¢ and a collision 
at t+r together with the correlation between the 
impulses in these collisions. Remembering that the 
probability of the next collision occurring in dt is, 
proportional to exp(—7/r,) and that the correlation of 
successive momentum transfers is negative, we see that 
G(r) must have the form, for r>7r, and r<—Ta, 


G(r)=— | constant X exp(—|1|/7.)|. (4) 


We do not need to compute the constant for the fact 
that {Edt is bounded guarantees that /_."G(r)dt=0. 
The “negative tails” given by (4) just balance the area 
of the positive spike. In Fig. 1(a) this correlation 
function is compared with the familiar correlation 
function of a random sequence of uncorrelated pulses. 
Fig. 1(b) shows the corresponding spectral densities, 
these functions being as always the Fourier cosine 
transforms of the correlation functions. If r2>7., as 
assumed, the addition of the negative tails to G(r) 
simply multiplies the ordinary spectrum by the factor 
[1—(1+«*7r2)"]. Thus for frequencies w>r," the 
spectral density is simply that of an uncorrelated 
sequence reduced by the factor w*r. 

It is easy to compute the spin relaxation rate for 
uncorrelated collisions with given mean square momen- 
tum transfer in each coordinate. Consider a nucleus with 
spin 4, initially in the state m,=-+-4, and follow the 
motion of the vector which represents the expectation 
value of the angular momentum. A pulse of electric 
field £, of duration 7, tips the vector about the x axis 
by a small angie 6=2yu,/,7./h. In our model the mean 


* { am indebted to P. A. Franken and H. S. Boyne for straighten- 
ing out this point, on which my original conclusion was wrong. 





E. M. 














Fic. 1. (a) G(r) for a random sequence of uncorrelated pulses 
(dotted curve) and for a sequence with negative correlation of 
consecutive pulses (solid curve); (b) the spectral densities corre- 
sponding to the two cases 


square x-momentum transfer in a collision is 2MkT, so 
that ®=8u2Mk T/(h?Z*e?). Also each collision con- 
tributes a pulse E,7, with the same mean square value. 
After a time Af>r,, when the large number At/r, 
collisions have occurred, the vector will have been 
carried in a random walk away from the pole by an 
angle @ (itself still small) such that (#)=2At/r,. 
Projecting the vector on to the axis we find the proba- 
bility to observe, at time Af, the spin in the state 
m,=—}. It is }(1—cos@) or, since 1, 4 approxi- 
mately. The transition probability W is therefore 
4Mk Ty ?/(h*Z*e). But this is simply related to the 
relaxation time 7, for our two-level system by 
1/7,=2W. Hence the partial relaxation rate which 
would arise from electrical perturbations if the mo- 
mentum transfers were uncorrelated, would be (in 
agreement with reference 1) 


1 S8u2MkT 
T, Zé, 
In view of the above, the actual rate is, instead, 


| Su2Mk Tor, 
~ 5 (6) 
T, PWZée(1+e*72) 


where w is the spin precession frequency determined, 
of course, by some other circumstance of the experiment, 
such as an applied magnetic field. 

Now wr, is typically 10 to 10~ in a gas under 
reasonable experimental conditions, so the reduction 
by correlation is severe. In fact a dipole moment as 
large as eX 10- cm would only allow relaxation in 


PURCELL 


days, at one atmosphere. The shortest possible relaxa- 
tion time is attained for wr.=1. Suppose, for instance, 
w=10* sec, M/Z*=proton mass, T=300°K and 
Me=eX10-" cm. Then the shortest attainable spin 
relaxation time 7; is 400 seconds. 

This looks encouraging until one examines possible 
competing relaxation processes. Under the conditions 
assumed, any intramolecular magnetic coupling to a 
nuclear magnetic moment arising from other nuclei 
in the molecule or, more generally, from molecular 
rotation, would cause very rapid relaxation. Such 
processes too are most effective when wr.~1. Indeed 
they are described by a relation much like Eq. (6) 
except that the factor in front, which now involves the 
nuclear magnetic moment and the internal magnetic 
field, is typically 10° times larger than in our electric 
example above. So it is essential to use a monatomic 
gas. Of course, we must require further that the atom 
be electronically nonmagnetic, and in view of Eq. (6) 
a low atomic number is desirable. He*® is perhaps as 
good a choice as any, @ priori. Relaxation by magnetic 
spin-spin interaction during collisions is 
relatively negligible if the electric dipole moment is as 
large as assumed above. Possibly more serious is the 
question of relaxation at the walls of the container. A 
collision rate of 10° sec implies a mean free path so 
long that the time to diffuse several centimeters would 
be less than a second. On the other hand, increasing 
the gas density will not only reduce the electric relaxa- 
tion, but will also increase the rate of relaxation by 
magnetic spin-spin interaction. Perhaps, as Franken 
and Boyne suggest,? a judicious compromise can still 
make accessible an interesting range of electric dipole 
strengths. It all depends on what range one considers 
interesting. A limit on dipole strength as low as has 
been established experimentally for the neutron® 
(ute<eX5X10- cm) is obviously far beyond reach. 

We turn now to the question of electric relaxation in 
crystals. The fact that the relaxation rate is a gas 
decreases with increasing density is already an indi- 
cation of what to expect. If we substitute into Eq. (6) 
a collision time +, appropriate to a fluid with its 
molecules nearly in contact, say 10~% second, we 
obtain for our “nominal” dipole of strength ex 10-4 
cm and the other quantities, M, Z, w, and T assumed as 
before, a relaxation time in the neighborhood of one 
year. However, the correct figure for 7), as we shall 
see, is even greater, and by a very large factor. 

In the crystal, as in the gas, the motion of the nucleus 
uniquely determines the electric field acting on the 
nucleus. The acoustic spectrum of the lattice therefore 
provides all the information needed to determine the 
intensity at any frequency in the spectrum of E(?). 


occurring 


Our problem is especially simple because we are con- 
cerned with frequencies very much lower than the 


Debye frequency, frequencies, that is, for which the 


* Smith, Purcell, and Ramsey, Phys. Rev. 108, 120 (1957). 
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lattice may be treated as an elastic continuum. To 
find the intensity in the spectrum of £,, say, in the 
neighborhood of w, we have only to write down the 
density of elastic modes in the neighborhood of w, 
assign energy kT per mode (since hw<<kT) and calculate 
the corresponding nuclear acceleration. We are thus led 
directly to a transition probability and thence to a 
formula for the spin-lattice relaxation time : 


1 22M *wk T ) 
— = ——_____.. (7 
T, wrhZ2epc 


In Eq. (7) p is the crystal density and c is the velocity 
of sound in the crystal, taken to the same for longi- 
tudinal and transverse waves. With p=1 g/cm’, 
c=10°cm/sec, and the other quantities assigned 
their earlier values, Eq. (7) gives for 7, about 10" 
years. 

The process we have considered bears some re- 
semblance to magnetic spin relaxation in crystals, a 
problem first treated in a classic paper of Waller.’ 
One is there concerned with the magnetic interaction 
between neighboring spins and its modulation by 
lattice vibrations which occurs because the dipole- 
dipole interaction depends on the distance between the 
spins. We recall that Waller identified two processes. 
In the first or “direct’’ process, lattice vibrations at the 
frequency corresponding to the nuclear spin transition 
frequency w modulate the spin-spin coupling at this 
frequency, producing transitions with consequent 


71. Waller, Z. Physik 79, 370 (1932). 
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relaxation. The second process involves lattice vibra- 
tions at two frequencies, w’ and w”, much higher than 
w but satisfying the relation w’—w”=w. Thanks to the 
nonlinear dependence of the dipole coupling on inter- 
nuclear distance, the resulting modulation of the 
interaction has a component at the difference frequency 
w which can cause the spin transition. Because the 
process can be described as the inelastic scattering of a 
lattice phonon by the spin system, it is often called the 
“Raman” process. Now this “indirect” or “Raman” 
process is under most circumstances vastly more 
effective than the “direct” process. It is the latter, 
obviously, whose electrical analog we have just been 
analyzing. One naturally wonders whether a _ two- 
phonon, or “Raman” process will dominate in the 
electrical problem. 

_ The answer is very simple: there is no Raman process 
in electric dipole relaxation. It is rigorously excluded by 
the linearity of the connection between the nuclear 
coordinates and the nuclear acceleration, which apart 
from a constant factor is the same as the local electric 
field. To put it another way, the spectral intensity of 
lattice vibrations and the spectral intensity of the 
perturbation y,.-E are directly related, frequency by 
frequency. There is no such correspondence in the case 
of magnetic dipole-dipole interactions. 
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Triton Angular Distributions from 14.8-Mev Deuterons on C’’* 
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An elemental carbon target enriched to 66% in C was bombarded with 14.8-Mev deuterons 
groups corresponding to the ground state, 4.43- and 7.65-Mev levels in C'* were magnetically 


Triton 
analyzed and 


detected with photographic plates or a scintillation counter, at laboratory angles between 3 and 80 degrees 


The angular distributions were found to be in good agreement with Butler pick-up theory 
values of the cross sections at the peak of the angular distributions are 24.3, 9.6 and 0.36 mb 


The 


sterad, re- 


for |/=1 


spectively. These values are accurate within +25%. The relative reduced widths connecting C” with the 
ground state, 4.43- and 7.65-Mev levels of C™ are 1:0.76:0.039. The results are discussed 


INTRODUCTION 


STUDY of the angular distributions of the re- 

actions C(d,t)C to the ground state (g.s.), 4.43- 
and 7.65-Mev levels was made using the 14.8-Mev 
deuteron beam from the University of Pittsburgh cyclo- 
tron. The reaction to the g.s. had been previously 
studied by Holmgren ef al.' at low incident energies, 
2.2 and 3.3 Mev. 

Each of the three angular distributions considered in 
the present work indicates clearly a value /=1 for the 
orbital angular momentum of the transferred neutron. 
This is consistent with the known? spins and parities 
of 0*, 2+, and 0*, respectively. 

The angular distributions and the ratio of the reduced 
widths for the g.s. and 4.43-Mev levels of C” are found 
to be in good agreement with the corresponding 
C4(p,d)C™ results. 

The significance of the reduced width for the 7.65- 
Mev level is discussed in connecticn with the structure 
of this low-lying 0* level. The small value, ®@=0.0013 
suggests a small component of the s‘p* configuration. 


EXPERIMENTAL PROCEDURE 


The scattering apparatus used in this work has been 
described elsewhere.** Particles emerging from the 
target were magnetically analyzed and detected with a 
30 mil thick CsI(Tl) crystal or with NTB Kodak nu- 
clear emulsions 50 to 100u thick. The scintillator was 
used when the triton tracks in the emulsion could not 
be counted due to the presence of large numbers of 
deuterons. This was the case for the 4.43-Mev level 
when detecting at angles higher than 30°, and for 


* Work done at the Sarah Mellon Scaife Radiation Laboratory 
and assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 
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the 7.65-Mev level at all the angles measured. The 
angular acceptance of the detecting system was limited 
to 1°. The target used was a self-supporting foil of 
elemental carbon, enriched to 66% in C*. It was made 
by cracking methyl iodide on a tantalum strip, from 
which a film 0.75 mg/cm? + 15% thick was peeled off.* 
The absolute values of the cross sections were found by 
comparison with the C"(d,p)C™ ground-state reaction’ 
whose absolute cross section has been measured to 
within + 20%.* In addition to this uncertainly, the sta- 
tistical error and the uncertainty in the determination 
of the enrichment ratio gi 
mately + 25%. 


ve a final error of approxi- 


RESULTS 


In Fig. 1 the observed angular distribution for the 
C43(dt)C" ground-state reaction is shown and com- 
pared with an /=1 Butler curve. The value of ro= 4.6 
fermis is the same as is used to fit the C"(d,p)C™ 
ground-state reaction at Ey=14.8 Mev.’ 


Figure 2 shows the 5 fermis, /=1 Butler 


(mb/strd) 
S 


Fic. 1. Angular dis- 
tribution of the C(d,t) 
C™ ground-state reac- 
tion. The bars indicate 
the statistical errors; 
same for Figs. 2 and 3. 


Section 


Absolute Cross 





®* We thank J. B. Meade for ing the target. The procedure 
is described by G. C. Philli J. E. Richardson, Rev. Sci. 
Instr. 21, 885 (1950) 
7 McGruer, Warburton, and Bender, PI 
8 E. W. Hamburger a S. Mayo (reference 5) remeasured the 
absolute cross section and found the value 15.5 mb/sterad +20% 
at the peak of the angular distributi J. N. McGruer et al. 
(reference 7) gave the value 26 mb/sterad +50% at that angle. 
? 


- 


1s. Rev. 100, 235 (1955). 





14.8-MEV DEU 
curve with the experimental data of the C®(d,)C” 
4.43-Mevy reaction. The same radius can be used to fit 
the corresponding (p,d) reaction.’ 

In Fig. 3 the differential cross section for the 
C4(d,t)C” 7.65-Mev level is shown to be in good agree- 
ment with an /=1 Butler curve using a cutoff radius of 
6 fermis. 

It is interesting to note that the cross sections fall by 
a factor of ten after the first maximum, and in particular 
that the transition to the 7.65-Mev level has an ex- 
tremely low “background,” ~ 0.03 mb/sterad. This has 
the consequence that a very clear stripping pattern can 
be seen although the transition is very weak. 


DISCUSSION 


Angular distributions and reduced widths were calcu- 
lated from a direct extension to (d,t) reactions of the 
usual Butler theory for (d,p) processes. The cross sec- 
tion (mb/sterad) is then given by: 


da(@) 1 3 uma hk, 36 


dQ i 8x 2 Bat ka fro 


roW i ji(gr), Au (Kr) }r =r 
x| Pa =m 


. 
hy (iKro) 

where the uw, are the reduced masses of the systems: 
triton+nucleus A, deuteron+nucleus A+1, neutron 
+nucleus A; k; and kg the triton and deuteron wave 
vectors; @ is the reduced width in units of 


3.” 
{ T 3M Tod | Toh 7M Ti ), 


° 
2 Malo 


i. e., the Wigner limit times the square of the Clebsch- 
Gordan coefficient for the isotopic spin coupling factor ; 
ro is the cutoff radius ; W, is the wronskian for the spher- 
ical Bessel and Hankel functions j;(gr) and A," (iKr) 
where q is the momentum transferred q=ky—[A/(A 
+1) }k, and K is the wave vector of the neutron with 
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Fic. 2. Angular dis- 
tribution of the C(d,t)- 
C® 4.43-Mev level. O 
points measured with 
nuclear emulsions; A 
points measured with 
scinti!lator 
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Fic, 3. Angular dis- .* 6f | 
tribution of the C*(d,t)- 
C® 7.65-Mev level. 2 
points based on data 
taken by J. N. McGruer 
in an early stage of this 
work. © points meas- 
ured recently. Both sets 
were taken with scin- 
tillator. 
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respect to the core; 
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Pa(k)= f e* "h(E bal E)drd€, 
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with k= k,—3k,, E=1r,1:—Fai and r= fqq— &/2. 
The triton wave function was taken ta be: 


B¢T 


o= dal). 


(4r)§ + 
B is the normalizing constant, 7°=4(m/f*)e, m=nu- 
cleon mass and ¢ the binding energy of the neutron in 
the triton, 6.2 Mev. 

Using Eq. (1) the fit with experiment gives the quan- 
tity B’#. Therefore, once B* is determined, (d,p) and 
(d,t) reactions involving the same transition would give 
the same value for the reduced width. Evidence that this 
is true has also been found comparing several other such 
cases.* In the present experiment the ratio #(4.43)/# 
(g.s.) is 0.76 in satisfactory agreement with the value 
0.92 extracted from C"(p,d)C™ (see Table I). 


TABLE I. Reduced widths for transitions between C™ g.s. and 
the g.s., 4.43- and 7.65-Mev levels of C%. 





Ex.4 Ei 
(Mev) (Mev 


C2(d,p\C@= 0 14.8 
8(pd)C2> OQ 17 
4.43 
a(dsCcBe 9 
™(d)C2 0 
4.43 


7.65 


v6 
1 (fermia) n 


0.033 


Oo 
(Mev) 


2.723 
—2.723 


Reaction 


0.034 


0.025 
0.0013 


3.3 
14.8 


1 

1 

1 
1.309 1 
1.309 1 
1 

1 





* From reference 7 and reference &. 

> From reference 3 

¢ From reference 1. 

4 Ex is the excitation energy in the final nucleus; Ei is the energy of the 
incident particles in the laboratory system ; 0 of the reaction; | is the angular 
momentum transferred; re is the Butler radius in units of 10-% cm; @ is the 
dimensionless reduced width; the last column gives the ratios of the re- 
duced width for the levels to the corresponding ground state reduced width. 


*A study of several (d,f) reactions compared with (¢,p) has 
been made by A. I. Hamburger and is to be published. 
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The value of B* @ for the transition to the g.s. is 
0.03110" cm. Taking #=0.033, as determined in 
the C#(d,p)C* reaction, B? is found to be 0.9410" 
cm~', This value was used to calculate the reduced 
widths of the higher levels in C”. 

Table I summarizes the values obtained for # for 
the various reactions. The reduced width of C(d,t)C” 
g.s. with deuterons of 3.3 Mev, from the data of Holm- 
gren ef al., was also calculated. The value of B? # found 
is in very good agreement with that determined in the 
present experiment ; this is surprising in view of the low 
deuteron energy. 

The reduced width for the 7.65-Mev level is found to 
be #=0.0013. This is a very small value for a transition 
involving an /=1 particle, for the 1 single particle re- 
duced width is @o;7(1p) ~ 0.06. As French points out," 
the small # is either the result of an “accidental” cancella- 
tion among various amplitudes which is not describable 
by a standard selection rule or it shows the effectiveness 
of such a rule. It is not possible to state with certainty 
which is operating. However, Inglis" and also Kurath” 
have shown that using normal interactions with an 
intermediate coupling model an excited 0* level from 
the s‘p* configuration would be much higher in excita- 
tion.” Therefore, one tends to accept that there is a 
configuration selection rule, so that the small @ indi- 
cates that the level has a small component of s‘p® 
configuration. 

Thus, the 7.65-Mev level would belong predomi- 


nantly to other configurations which cannot be reached 


” J. B. French and A. Fujii, Phys. Rev. 105, 652 (1957); also 
E. W. Hamburger, reference 5. 

“uJ. B. French, Nuclear Spectroscopy, edited by F. Ajzenberg- 
Selove [Academic Press, New York (to be published) ]. 

#D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 

“1D. Kurath, Phys. Rev. 101, 216 (1956). 

“Sydney Meshkov (private communication) has done some 
calculations showing that with a different central interaction one 
can produce an s*p* 0* level at 7.65 Mev which at the same time 
has a small reduced width. However, the interaction used would 
not give satisfactory treatment for the T=1 levels. 
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from the C™ g.s., an s*p® state. The probable configura- 
tions to contribute would be those with one particle 
doubly excited or two particles singly excited, namely, 


(1s)*(1p)7(2p)+ (15)*(1p)*(2s) 
+ (1s)*(1p)*[ (2s)?+ (2d)?+ 252d] 


This is as much as can be said from the results of the 
present experiment. However it is interesting to specu- 
late about other experiments which could give some 
further information. 

The (1s)*(1p)"(2p) component, together with the 
s‘p*, can be measured experimentally by means of the 
B'(d,n)C" reaction [or (He'*,d)]. Unfortunately, a 
complete study of this reaction is not available. A 
tentative calculation based on the work of Maslin, 
Calvert, and Jaffe'® gives an upper-limit 6,.,°<0.01. 
However, it is not clear if this is large or small, in part 
because the (2) single particle reduced width, 4o:(2p), 
has not been determined. 

Therefore, the O'*(d,p)O"’ reaction to the negative 
parity levels of O'’ would also be of interest for it would 
determine the value of @;"(2). In addition, this experi- 
ment would locate the 2 single particle level ; knowing 
the position of that level, it should be possible to calcu- 
late if the 7.65-Mev state in C” has a major 2p 
component.'® 
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By selecting bremsstrahlung produced in a 0.003-in. aluminum radiator at a small angle from the original 
electron direction, a beam of polarized bremsstrahlung has been obtained from the Stanford linear accelerator. 
The variation of the polarization and intensity with angle has been studied and compared with theoretical 
predictions. The polarized beam has been used to study +*-meson production at 90° c.m. angle and photon 
energies of 242, 296, 337, and 376 Mev. The ratio of meson production along and at right angles to the electric 
field vector has been measured and compared with the values predicted by the relativistic dispersion relation, 





INTRODUCTION 


DDITIONAL information can be obtained from 

meson photoproduction if the polarization of the 
photons is known. Terms in the cross section which 
have the same polar but different azimuthal variations 
can be separated. 

In the experiment to be described much of the effort 
was directed to solving the problems of producing the 
polarized photons and determining that the measured 
asymmetry of meson production as a function of 
azimuthal angle could be produced only by the polari- 
zation of the photons and not by some insufficiently 
understood background. 

After evidence had been obtained that a partly 
polarized beam of photons existed, the qualitative 
nature of the polarization and the bremsstrahlung 
angular distribution were checked. These measure- 
ments can be interpreted either as a check on the 
bremsstrahlung calculation or a check on our experi- 
mental ability to satisfy the conditions for producing 
polarized bremsstrahlung. We choose to consider it the 
former. 

Having checked that the bremsstrahlung is at least 
qualitatively as calculated, we used the quantitative 
calculations to estimate the polarization of the beam 
used to study pion production. We concede that the 
information obtained concerning meson production 
would be more reliable if we were able to measure the 
amount of polarization experimentally. We were unable 
to do this and argue that, however poor our calculated 
value may be, it is probably more reliable than the 
meson theory we are checking. 


PRODUCTION OF POLARIZED BREMSSTRAHLUNG 


The possibility of producing polarized brems- 
strahlung was pointed out when the bremsstrahlung 
process was first investigated. Sommerfeld' made 
estimates of considerable validity in the low-energy 
region and several investigators checked his and other 
earlier earlier predictions. 


° ~ © Support rted by the joint — of the Office of Naval 
Seueetie the U. S. Atomic nergy Commission, and the Air 
Force Office of Scientific Research. 

+ Now at Laboratoire des Hautes Energies, Orsay, France. 
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In the low-energy region, electrons easily suffer a 
longitudinal deceleration and the polarization is 
primarily in the plane containing the initial electron 
direction and the direction of emission. As the electron 
becomes relativistic, transverse acceleration dominates. 
Although again the polarization must be in the plane 
containing the acceleration and the direction of emis- 
sion, it no longer contains the initial electron direction 
but is at right angles to the plane containing it and the 
direction of emission. This polarization we shall call 
transverse while we call the former radial. 

Classically it can be shown that this polarization 
reaches a maximum at an angle mc*/E» (Ep is the initial 
electron energy) while it must be zero in the forward 
direction for symmetry reasons. Calculations by May 
and Wick,? and May,’ have derived the polarization to 
be expected in high-energy bremsstrahlung. The latter 
calculation is the more accurate, starting from the 
basic Bethe-Heitler* formula (not integrated over out- 
going electron angles) and using a relativistic small- 
angles approximation. Gluckstern, Hull, and Breit’ 
have calculated the dependence of the cross section on 
polarization to the same approximation as the usual 
Bethe-Heitler formula and have evaluated their results 
for the unscreened low-energy case. 

The following cross sections for radial and transverse 
photons are obtained by May: 
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*M. May and G. C. Wick, Phys. Rev. $1, 628 (1951). 

*M. May, Phys. Rev. 84, 265 (1951) 
: aa Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 83 
1934). 

* Gluckstern, Hull, and Breit, Phys. Rev. 90, 1026 Aa Bi 
Gluckstern, and M. H. Hull, Phys. Rev. 90, 1030 (19 53). 
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Fic. 1. Bremsstrahlung angular relations. 


where dN, is the cross section for radial and dV, is the 
cross section for transverse photons; @¢=Z%e‘/137; 
e=k/Eo; k is the photon momentum; £4 is the initial 
electron energy; ¥ is the angle between the plane of the 
initial electron and photon and some fixed plane; 
xo= Ef? sin’ag; ap is the angle between initial electron 
and the emitted photon; and f=Z*/108. (See Fig. 1.) 
All energies and momenta are in units of the rest energy 
of the electron with the velocity of light c equal to unity. 

May’s predictions of the polarization (dN,—dN,,)/ 
(dN ,+dN,,) are shown in Fig. 2. It can be seen that the 
polarization reaches a maximum at an angle mc*/E, 
and is larger the lower the photon energy. The largest 
value of 56% is obtained with zero-energy photons 
when ‘classically one would expect the transverse 
accelerations to dominate completely. 

The major problems of producing polarized brems- 
strahlung are caused by the effects of multiple scatter- 
ing. Since the maximum polarization is at an angle 
mc*/ Eo, roughly 0.05° at our energy, the foils in which 
the bremsstrahlung is produced must be so thin that 
the multiple’scattering angle is not appreciably larger 
than this. Light elements are slightly more efficient 
than heavy in producing the polarization. 

It can be shown that the effects of finite beam size 
and angular divergence are almost identical to those of 
multiple scattering at these small angles. In Fig. 3 we 
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Fic. 2. May’s calculated values of polarization (no 
multiple scattering correction). 
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trace the paths of two electrons through a foil. Electron 
1 is incident along the center line of the beam and has 
no angular divergence or displacement. It is multiply 
scattered in the foil, and in the absence of a magnetic 
clearing field would continue to the point P. Electron 2 
has some angular divergence and displacement and is 
in addition mu!tiply scattered so that it also arrives at 
the point P. If the electrons radiate just as they leave 
the foil, then the angles a; and a2 between the directions 
of electrons 1 and 2 after leaving the foil, and point R 
in the region where the polarized bremsstrahlung is 
being observed, determine the polarization and intensity 
of the radiation from electrons 1 and 2 at point R. If 
the angles involved are small, then ai;=ae, and all 
electrons which arrive at point P produce the same 
polarization and intensity at R. The angle is primarily 
determined by the distance RP and the distancz to the 
radiator, while the point at which the electron passes 
through the radiator has very little effect. 

The argument above suggests that a method of 
taking into account the effects of beam size, angular 


Fic. 3. Angular relations determining the effects of beam size, 


angular divergence, and multiple scattering. 


divergence, and multiple scattering is to refrain from 
deflecting the electrons after they have passed through 
the radiator and to measure their distribution when 
they arrive in the region where the polarized brems- 
strahlung will be observed. This measured distribution 
can then be folded into the polarization formula as if 
it were due to the multiple scattering of electrons from 
an infinitely narrow beam of zero angular divergence. 
The major approximation involved is in obtaining the 
correct value of the multiple scattering of the electrons 
at the time the radiation is produced. In this measure- 
ment we chose to use a radiator half as thick as the 
radiator used in the production of the bremsstrahlung. 
This radiator gives the correct value for the rms multiple 
scattering, but the electrons radiate uniformly as they 
pass through the foil and those which radiate as they 
enter the foil have a narrower angular distribution than 
those radiating just before they leave the foil. The 
distribution which we fold in is of the correct rms width 
but is approximately Gaussian in shape, while the real 
distribution should be the integral of a Gaussian which 
becomes wider as the electrons move through the foil. 
In a similar analysis of the production of polarized 





POSITIVE PION 
bremsstrahlung at lower energies, Miller* analyzed the 
multiple scattering in this manner, pointing out that 
this integral is the logarithmic integral tabulated in 
Jahnke and Emde.’ Such an approach would be 
necessary for bremsstrahlung from a very narrow beam 
of negligible angular divergence. The beam we used was 
of appreciable size before it entered the radiating foil, 
and this finite size reduces the difference in the distri- 
bution of the electrons as they enter and leave the foil, 
making insignificant the difference between the real 
angular distribution and that which we determine from 
a foil of one-half the real thickness. 

We have measured the effects of multiple scattering, 
beam size, and angular divergence in the manner 
described, arriving at an approximately Gaussian 
angular distribution with a half-width at 1/e of 0.546 
X (£o/me*) radians. An aluminum foil of 13.8 mg/cm? 
(0.002 in.) would produce multiple scattering of this 
amount, and hence with the approximation described 
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Fic. 4. Calculated values of polarization with multiple scattering of 
27.6 mg/cm? aluminum radiator included. 


above, this is the multiple scattering correction which 
should be folded into the polarization for a foil of twice 
this thickness if the electron beam had no 
angular divergence. 

The resulting modification of the polarization angle 
curves is shown in Fig. 4. 


size or 


EXPERIMENTAL ARRANGEMENT 


The Stanford linear accelerator is ideally suited to 
the production of a polarized bremsstrahlung beam 
since it produces an intense (0.3 wa) external electron 
beam of small angular divergence and size. The high 
intensity is necessary since the radiator must be very 
thin to avoid too much multiple scattering. Since a thin 
radiator is to be used, any radiation from collimator 


* J. Miller, Rapport C.E.A. No. 655, Centre d’Etudes Nucleaires 
de Saclay, 1957 (unpublished). 

7E. Jahnke and F. Emde, Table of Functions (Dover Publi- 
cations, New York, 1948), p. 1. 


PRODUCTION 


-REMSSTRAHLUNG 


1 Pps ot q 


* OLFLECTING 
MaAoNeT 


Fic. 5. Linear accelerator and equipment for the 
production of polarized bremsstrahlung. 


edges could easily be larger than that from the radiating 
foil. To avoid background from the collimator we 
placed our radiator at the end of the accelerator (see 
Fig. 5) while the beam was collimated 85 and 125 ft 
earlier. The radiation from the collimater was farther 
from the experimental equipment and at a lower energy 
than that from the radiator. The lower-energy radiation 
has larger bremsstrahlung and multiple-scattering 
angles which increase its inverse square attenuation, 
and in addition the lower-energy bremsstrahlung is less 
capable of producing pions than the 600-Mev peak- 
energy bremsstrahlung from the radiator. After passing 
through the collimators the electron beam was held 
together by two strong-focusing quadrupoles mounted 
over the accelerator. 

The position of the radiator was defined without 
the help of a nearby collimator by making it from a 
t-in. diameter 0.003-in. thick aluminum foil which was 
suspended in the center of the electron beam tube on 
thin wires. The whole assembly was on a motor-driven 
support which could place in the beam a zinc sulfide 
screen, the foil, or a blank holding only the equivalent 
of the suspension wires. By steering with Helmholtz 
coils just after the nearer collimator 85 ft away, the 
beam could be centered on the zinc sulfide screen 
which could subsequently be repiaced by the foil. The 
blank with wires was inserted for background runs. 

After passing through the foil the electron beam was 
deflected by a magnet while the bremsstrahlung went 
straight ahead. A collimator } in. in diameter was placed 
in the y-ray beam 40 ft from the radiator to select the 
polarization region (see Fig. 6), while an additional 
collimator was placed about 15 ft from the radiator. 
The two collimators defined a solid angle which elimi- 
nated many possible radiation sources other than the 


Fic. 6. Equipment for the production of polarized bremsstrahlung. 
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Fic. 7. Calculated values of polarization with multiple scattering 
and 0.6X mc*/E» diameter aperture included. 


radiator foil. The farther collimator was in a 5-ft steel 
and concrete wall separating the beam-deflecting area 
from the experimental area. 

The region of polarization could in principle be 
selected by moving the collimator to the appropriate 
portion of the bremsstrahlung, but it was easier to move 
the bremsstrahlung angular distribution by deflecting 
the electron beam slightly by Helmholtz coils just 
before it hit the radiator. These coils were so close to 
the radiator that they changed the beam angle but not 
its position. Polarization of either alignment could be 
selected by the proper choice of current in the coils. 
The }-in. diameter collimator aperture is then folded 
into the polarization curves (Fig. 4) to obtain the 
polarization values used in these measurements (see 
Fig. 7). After passing through the foil the beam was 
energy-analyzed by a deflecting magnet and then 
stopped inside of the well-shielded beam-deflecting area. 

To obtain data on the beam size, angular divergence, 
and multiple scattering, as mentioned above, the beam 
was allowed to hit an aluminum foil half as thick as that 
used for the radiator during the experimental runs. 
Instead of being deflected, the scattered beam was 
allowed to move straight ahead past the positions of 
both collimators, which had been removed, and allowed 
to hit a glass plate. The darkening of the glass was 
measured with a densitometer, giving a combined 
measurement of the beam size, angular divergence, 
and rms multiple scattering. The precaution taken 
to ensure that the darkening was linear was to make 
three plates with differing densities. The two less dense 
plates showed the same shape of electron distribution, 
indicating that they were in a linear region. In addition, 
the actual exposure was in a region (10 electrons/cm?) 
crudely determined to be linear by making a series of 
exposures with different total numbers of electrons as 
determined by a secondary emission monitor. 


® Mozley, Smith, and Taylor, Phys. Rev. 111, 647 (1958). 
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DETECTION OF POLARIZATION 


It would be desirable to determine the percentage 
polarization experimentally using a well-understood 
reaction such as pair production, since the calculation 
of the asymmetry of pair emission is almost identical 
to the bremsstrahlung calculation.’ The difficulty is 
that the angle of emission of the pair members is again 
mc?/E, and even a completely polarized bremsstrahiung 
beam would produce only a partial pair asymmetry. 
Since one must resolve small angles and measure a total 
asymmetry of about 5%, we decided that this method 
of calibration was not feasible. Compton scattering 
could be used but offers even greater difficulties. 

We felt that a nuclear interaction was needed with 
reaction products appearing at reasonably large angles. 
Since the ultimate purpose of the experiment was to use 
the polarized bremsstrahlung for meson production, 
it was necessary to make the polarization measurement 
at an energy of approximately 300 Mev. All nuclear 
reactions such as photodisintegration of the deuteron 
are poorly understood in this energy region due to 
virtual meson processes which take part in the inter- 
action. The photodisintegration process, however, is 
an excellent method of calibration for very low-energy 
photons near the peak of the electric-dipole interaction. 

We decided to use positive pion production as our 
method of studying polarization. Although it is a poorly 
understood detection process, it is the reaction we 
eventually wished to study. Moreover, the 
u-decay is an easily observed reaction when using the 
Mark III linear accelerator. The duty cycle of the 
accelerator is about 3X10~°* since the beam is on for at 
most 0.6 usec and off for 1/60 sec. In order to detect 
pions one counts the electrons in the decay chain 


2-usec 


x—pu—e. The half-life of the » meson is long enough 
that most uw decays take place after the beam of the 
accelerator is no longer present, thus allowing one to 
avoid the problem of trying to identify a meson during 
the period when the background from the accelerator 
is highest. 

Although meson production is not well understood, 
all calculations predict a reasonable amount of asym- 
metry in the production. Since the production of pions 
is fundamentally magnetic dipole in the region of the 
(3,3) resonance, enhancement of production at right 
angles to the electric field vector of the photons is 
expected. 

The experimental work was divided into two periods. 
During the first, the equipment was designed entirely to 
maximize the counting rate, sacrificing any ability to 
determine accurately the energy and angle of the mesons 
produced. The purpose of the experiment at this time 
was to demonstrate that a polarized y-ray beam had 
been produced. The second part sacrificed counting 
rate in order to obtain energy and angular resolution 
in studying positive pion production. 
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PRELIMINARY EXPERIMENT 


The polarized photon beam was passed through a 
liquid hydrogen target and positive pions produced 
in the hydrogen were detected by two plastic scintil- 
lation counters placed at 90° to the y-ray beam. They 
were also placed 90° apart in azimuth so that if one 
detected mesons produced along the electric field 
vector the other detected mesons produced at right 
angles to it. (See Fig. 8.) 

The target was two ft long and made of Styrofoam 
surrounded by a liquid nitrogen cooled radiation shield, 
while the plastic scintillators were 6 in. in diameter, 
5 in. thick, and located 2§ ft from the target. To 
determine the meson energy, iron absorbers were 
placed between the counters and the target. The energy 
range in the detectors was +17 Mev, the polar angle 
subtended +25° and the azimuthal angle +9°. All 
particles were detected which lost sufficient energy in 
the plastic during a period of about 6.6 wsec immediately 
after the beam pulse. That they were due to pions was 
determined by establishing that they had the charac- 
teristic 2.2-usec r—py—e decay. In addition, it could 
be shown that the threshold for their production agreed 
with that for w-mesons and that their production 
cross section ratios in hydrogen and carbon were 
characteristic of mesons rather than of neutrons. There 
was no way of ensuring that the pions had stopped in 
the plastic, but the chance that they had stopped 
elsewhere was reduced by keeping the counters as far 
from any other material as possible. They were 1 ft 
from the absorbers and 24 ft from the target, and no 
shielding was used around the counters. A telescope 
arrangement would have been necessary to remove this 
problem and this in turn would have greatly reduced 
the counting rate. Although a magnetic arialysis system 
would also have solved the problem none was available 
with sufficient solid angle to make the experiment 
feasible. Moreover, in this preliminary experiment it 
was felt that the exact location of the decaying mesons 
and even their identification as pions were not essential 
to determining that polarization was present. 

The procedure for measuring the asymmetry of 
meson production was as follows. The ratio of mesons 
detected in counters 1 and 2 was measured with the 
polarization of the bremsstrahlung chosen so that the 
majority of the photons had their electric field vector 
directed toward counter 1. The polarization was then 
rotated 90° by changing the currents in the Helmholtz 
coils immediately before the radiator, and the ratio 
was again measured. Dividing the first of these ratios 
by the second gives a value of the square of the meson 
production asymmetry, R, which is independent of 
counter characteristics. 

In describing meson production we label the number 
of photons, NV, by subscripts, » and 1, referring to the 
plane of photon emission, thus making the polarization, 
P=(Ni—Nu:)/(NitNu), greater than 0. On the other 


PRODUCTION BY 


BREMSSTRAHLUNG 


PHOTO 
MULTIPLIER 


PLASTIC 
SCINTILLATOR 


POLARIZED 
Y Ray 
BEAM 


Fic. 8. Hydrogen target and meson detection 
scintillators (preliminary experiment). 


hand, the subscripts of the meson production cross 
sections, do, and do,, refer to the relation of the plane 
of polarization of the meson producing photon to the 
plane of meson production. If we make the plane of 
photon emission coincide with the plane of meson 
emission defined by counter 2, the counting rate of 
counter 2 will be proportional to (Nydoyw+-Nidoi)C2, 
where C, contains the counter characteristics. Corre- 
spondingly the rate of counter 1 for the same brems- 
strahlung intensity will be (Nydoi4+Nido,)Ci, since 
those photons which are polarized parallel to the plane 
of meson emission of counter 2 are perpendicular to that 
of counter 1, 

We measure the ratio of the counting rates of counters 
1 and 2 with the plane of photon emission first directed 
toward counter 1 and then toward counter 2 and obtain 


the following value of the square of the meson produc- 


tion asymmetry, R. 


~ (Nudou+Nido,)C: 


(N,do\,+Ny,do,)C; (Nydo\,+Ndo,)C, 
we (Nid sat 


(Ndoy+Nydoy)C2 


Using this measurement and the calculated value of 
polarization P, we obtain the meson cross-section 
asymmetry : 

do, P(i+R)—(i—R) 


— =, (4) 
do, P(i+R)+(1—R) 


It can be seen that if one is studying the polarization 
variations caused by changing the angle of brems- 
strahlung or other parameters while holding do,,/do, 
constant 

P« (1—R)/(1+R). 


For values of R not much different from unity, (1—R) 
will be approximately proportional to the polarization. 

In the experiment we are now describing we are 
concerned only with indicating qualitatively that 
polarized bremsstrahlung was present. 

Errors associated with the drifts in the counter and 
electronics were reduced by taking the ratios in many 
short runs so that a negligible drift could take place 
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in the time required for making a complete ratio 
measurement. Problems of beam centering were 
handled by using the polarization in four quadrants 
around the beam (see Fig. 9). This allows the meson 
counting rate to be used as a check on the alignment 
and, in addition, causes a partial cancellation of the 
errors since too high a polarization in one quadrant is 
compensated for by too low a polarization in the 
opposite quadrant unless one is working at the polari- 
zation maximum where the error would be negligible. 

An asymmetry was found and measured as a function 
of radiator thickness and angle of bremsstrahlung. 
Our major effort, however, was to establish that there 
werg no poorly understood background effects which 
could cause a spurious asymmetry. 

Background runs were made (1) with no radiator 
present and the hydrogen target filled, (2) with a 
radiator and no hydrogen in the target, and (3) with 
no radiator and no hydrogen. No statistically significant 
asymmetries were obtained in any of these runs. In 
addition, a run was made with the hydrogen target 
empty, and with a radiator much thicker than usual, and 
a test was made with more steering than usual to make 
certain that no steering effect could cause a background. 

We concluded that the observed asymmetry could 
only be produced by polarized bremsstrahlung. Figure 
10 shows asymmetry ratios measured as a function of 
bremsstrahlung angle and foil thickness. These are 
qualitatively in agreement with theoretical predictions. 
Although an identification of the particles counted 
aS mesons was not necessary in order to establish that 
a polarized y-ray beam had been obtained, such an 
identification is necessary if the polarization is to be 
established as transverse in nature. Although some 
conclusions concerning meson production could be 
obtained from this work, a new experimental arrange- 
ment was needed to allow a more accurate determi- 
nation of the meson energy.and angle. 


FINAL EXPERIMENTAL ARRANGEMENT 


The target size was reduced from 2 ft to 6 in; the 
detectors were of the same area as before but only 2 
in. thick. They were located about 2$ ft from the 
hydrogen and mounted on supports which allowed them 
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to be moved in angle. The energy resolution was about 
+5 Mev and the angle +6”. 

We used no counter telescope counted ail 
particles losing over 5 Mev in the scintillator during a 
period 1-7.6 yusec after the beam pulse. A background 
gate delayed about 13 usec was used to estimate and 
allow the subtraction of any slowly decaying activity. 


and 


The particles were counted in two gates, one 2.2 usec 
long starting 1 usec after the beam and the other 4.4 
usec long starting immediately after the first. A partial 
determination of the half-life of the particles detected 
could be made since a particle 
life would have twice as many counts in gate 1 as in 
gate 2. Just as in the preliminary experiment, there is 
no way of determining that the » mesons which are 
counted actually stopped in the counters. Again no 
shielding was used and even more care was taken to 


decaying with a 2.2-psec 


keep all unnecessary mass away from the counters. 
The counters were mounted in very light-weight covers 
and suspended on light steel tubing supports. The 
target was made of Styrofoam and had no radiation 
shield. The presence of the copper absorber mass was 
unavoidable and although the effect was reduced by 
the distance of the absorber from the detectors it is 
estimated that about 11% of the mesons detected 
stopped in the absorber. The 8 rays from: u-decay 
penetrate about } of a radiation length or about 0.5 cm 
of copper. 

Similarly about 14% of the pions counted stopped 
in the Lucite light pipe between the plastic scintillator 
and the photomultiplier. 

The effect of the Lucite and absorber was measured 
by a calibration run made with a magnetic analyzer 
for the mesons. The mean energy given by this measure- 
ment was used in the energy analysis rather than the 
slightly different value (A~5 Mev) calculated from the 
absorbers. 

The range-energy measurement also confirmed that 
the 2-usec decay identified the decay particles as 
uw mesons. In addition a yield curve was obtained 
(without magnetic analysis) by varying the absorber 
thickness and comparing the yield with that calculated 
from the unpolarized bremsstrahlung spectrum and the 
known meson production cross section. The agreement 
was satisfactory at 90° c.m. angle and larger, but there 
were discrepancies in the forward angies which made 
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TABLE I. Data used in the evaluation of the meson cross-section asymmetry." 





Correction due 
to w-pairs 
O g-pair/Petnzies 


_Meson cross- 
section mmetry 
doy/de, 


Photon 
polarization 


Measured meson 


Photon energy asymmetry 








242 Mev 
296 Mev 
337 Mev 
376 Mev 


0.950-4-0.033 


0.914+0.033 
0.834+0.026 
0.909 +0.936 


0.22 
0.19 
0.17 
0.144 


0.792_» 197° 
0.618_o.13*°-4 
0.304_o 979-8 
0.503_o.:4*?-*7 


0.177+0.02 
0.122+0.04 
0.050+0.04 
0.013+0.01 


0.760-0.:440 
0.581_6.1:3*° 
0.282_0.05*? 
0.498.» ,4*847 





* Errors shown are standard deviations. 


more elaborate detection schemes desirable for measure- 
ments at small angles. 

In the second experiment, in addition to modifying 
the target and the counters, the method of steering the 
electron beam to select the polarization was made 
automatic. The switching of the currents in the Helm- 
holtz coils was synchronized with a switching of the 
storage scalers in which data was recorded, allowing the 
change of polarization to be triggered automatically by 
an integrator circuit measuring the bremsstrahlung. 
It was felt that by allowing this to cycle on the average 
once a minute during runs, the effects of drifts would be 
so reduced that they could be ignored as a source of 
systematic error. 


BACKGROUNDS AND CORRECTIONS 


There were three major sources of background in the 
experiment. The largest of these (about 15%) from 
meson sources other than hydrogen could be measured 
by a run with the target empty. Another background 
due to radiation from sources other than the radiator 
producing mesons in the hydrogen could be estimated 
by measurements with the hydrogen target filled but 
no radiator present. (Wires duplicating those on which 
the radiator was suspended were present during this 
run.) The third and smallest type was due to radiation 
which produced counts in the scintillators with neither 
the radiator nor hydrogen present. All these back- 
grounds were measured and subtracted. 

Mesons were counted which decayed during a 6.6- 
usec interval following the beam pulse. In addition, a 
gate delayed 13 usec measured the relatively constant 
background and this in turn was subtracted. 

More difficult to handle were spurious counts due to 
mesons which did not reach our counters in the planned 
manner. The worst. of these corrections was that due 
to m-pair production. We were using bremsstrahlung of 
about 300 Mev from 600-Mev electrons since it was 
necessary to use the low-energy bremsstrahlung from 
high-energy electrons in order to have appreciable 
polarization. When meson production is a two-body 
process, the energy of the meson identifies the energy 
of the bremsstrahlung producing it, but the very 
high-energy photons were able to pair-produce pions 
of the same energy as those produced singly by the 
300-Mev photons. Measurements have been made by 


Friedman and Crowe’ of the relative yield of positive 
pions from pair production and single production for 
76-Mev pions. In addition, Bloch and Sands” have 
made similar measurements at 45 and 125 Mev. It is 
assumed that there is the same ratio of #-pair to single 
pion yield at our 73° laboratory angle as at 60° where 
the x-pair data have been obtained. From these relative 
yields we can make a correction for the presence of the 
pairs if we assume that (in the pion pair production) 
there is no basic asymmetry due to polarization. 
(See Table I.) Since the much higher-energy brems- 
strahlung producing the x-pairs has a relatively smaller 
polarization than that producing the pions singly, this 
assumption is valid for the two higher-energy points but 
is increasingly poor at lower energies. It is impossible 
to estimate accurately how much asymmetry would be 
expected in r-pair production with completely polarized 
y rays, but one would expect the asymmetry to be 
opposite that for single meson production since the 
presence of the second meson would change the parity 
rules and probably cause an increase of P-wave produc- 
tion along the electric field vector rather than at right 
angles to it. Since we are unable to estimate the asym- 
metry accurately we have not corrected for it. If it were 
taken into account it would probably increase slightly 
the corrected meson cross-section asymmetry (reduce 
the value of do;,/do,). 

Another correction is due to pions which undergo 
u-decay as they pass the absorbers separating the 
scintillators from the target. A few of the muons from 
very low-energy pions are given sufficient transverse 
momentum to allow them to penetrate the scintillator 
without passing through the absorber. In addition we 
detect electrons from the r—y—e decay of low-energy 
pions which stop in the air near the scintillators. These 
two effects introduce a very low-energy component 
varying from 6% of the low-energy pions to 20% of the 
highest. 

The third correction we have taken into account is 
that due to mesons which are incident on the absorber 
but stop in places other than the scintillator. This 
results in a slight shift of the mean energy and small 
tails on the resolution function. A similar small effect 
is due to pions which decay in flight into muons with a 


* R. Friedman and K. Crowe, Phys. Rev. 105, 1369 (1957). 
” M. L. Bloch and M. Sands, Phys. Rev. 113, 305 (1959). 
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different range. These spread out the energy resolution 
primarily by giving a high-energy tail. Approximately 
5% of the mesons undergo such decays, but the total 
shift involved is small and is partially taken into 
account by the magnetic energy calibration. Figure 11 
shows an estimate of the shape of the product of yield 
and energy resolution functions as compared with that 
from the idealized range energy relation in the scintil- 
lator. This function has been folded into the theoretical 
predictions (Fig. 14) to take into account the effects of 
the appreciable low-energy component. 


ERRORS 


The errors shown on the curves are entirely statistical 
counting errors. X? tests do not indicate the presence of 
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Fic. 12. Comparison of asymmetry ratios with calculated value. 
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systematic errors although the data fluctuations are 
somewhat larger than desirable. Errors due to the angle 
and energy resolution are trivial compared with the 
statistical errors. 

The principal errors are due to the fundamental 
philosophy of the experiment. A primary source of 
error is our method of identification of the meson which 
is based almost entirely on the meson mean life. If 
there is an appreciable contamination of other particles 
such as neutrons which are not properly subtracted by 
the delayed gate measurement, this can cause an error, 
probably by reducing the asymmetry measured. 

Another major source of error is in our estimate of the 
polarization. The measurement on which we based our 
multiple scattering calculation was made only once. 
Although the beam spot was of approximately the 
same size and location each time data were taken, there 
undoubtedly were fluctuations. Moreover, our fold of 
multiple scattering used approximations causing errors 
of about 3%. The polarization estimate is possibly 
accurate to about 10% of the quoted value if we assume 
that the theoretical predictions are correct. These errors 
could cause as much as 7% in the final 
do\,/do, value but since they are by no means random 


variation 


they have not been combined with those quoted in 
Table I and Fig. 14 

These comments do not apply to our data on the 
polarization angular distribution, which are arbitrarily 
normalized; nor do they apply to our measurement of 
the bremsstrahlung intensity distribution, which has an 
error due primarily to an inadequate method of 
measuring the number of electrons hitting the foil. 
This type of normalization does not enter into the 
polarization measurements which are entirely ratio 
determinations using measurements of beam current 
merely to estimate the time required for background 
runs. 





POSITIVE PION PRODUCTION BY BREMSSTRAHLUNG 


RESULTS 


Using the final experimental arrangement with 
reasonable energy and angle resolution, we obtained 
additional confirmation that the polarization varied 
with angle of bremsstrahlung qualitatively as predicted 
by theory. Figure 12 shows a plot of the measured ratio 
compared with the theoretically predicted value. The 
good fit is due to the arbitrary normalization since only 
the curve shapes are being compared. The data are poor 
statistically but cannot be said to disagree with the 
theory. 

Figure 13 is a plot of meson production as a function 
of bremsstrahlung angle and compares the brems- 
strahlung intensity with the angle variation predicted 
by theory. The data used are the same as those used 
above in studying the polarization angular distribution, 
and are obtained from the study of meson production 
by 300-Mev bremsstrahlung from 600-Mev electrons. 
In this case, however, instead of plotting ratios the 
total number of mesons produced was recorded and 
normalized against the number of electrons hitting the 
radiator. The electrons were measured in a secondary 
emitter just after the deflecting magnet which followed 
the radiating foil. The major error in the plot is due to 
the normalization since electrons which missed the 
radiator would still be counted by the secondary 
emitter. We feel that the fluctuations in the electron 
beam steering are so large that the data cannot be 
considered as being in substantial disagreement with 
theoretical predictions. The theory with which the 
data are compared is that of the May calculations 
result for unpolarized brems- 
strahlung as the Schiff" approximate calculations. 


which give the same 


We choose to regard the measurements as evidence 
that the polarization is as calculated, and we then use 
the calculated value of polarization and our measured 
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Fic. 13. Angular distribution of 300-Mev bremsstrahlung from 


600-Mev electrons (3-mil aluminum radiator). 


"1 L. Schiff, Phys. Rev. 83, 252 (1951). 
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Fic. 14. Comparison of meson production asymmetry with 
theoretical predictions. The resolution function (Fig. 11) has 
been folded into the theoretical predictions causing a maximum 
change for the high-energy dispersion theory curves by raising 
them about 0.04-0.07. 


meson production asymmetries to give the ratio of 
production of pions along and perpendicular to the 
electric field vector. The measurements which were 
made at 90° c.m. angle are listed in Table I along with 
the calculated polarization and corrections. In Fig. 14 
they are compared with the predictions of the phe- 
nomenological theory” and the relativistic dispersion 
relations." 

The phenomenological analysis is based on the 
assumption of the presence of only S and P waves 
while the dispersion relation includes a retardation, 
meson current term. It can be seen that our data 
disagree with the phenomenological theory and are in 
good agreement with the dispersion theory. It is 
pointed out by Watson ef al."* that additional terms are 
required to make a good fit to the experimental data, 
and our disagreement with the predictions of the theory 
is in part an additional confirmation of this. 

There is considerable latitude in one’s choice of the 
S-wave and smal! P-wave phase shifts to put into the 
dispersion theory. It can be shown that the meson 
production asymmetry is relatively insensitive to the 
value of S-wave phase shift used."* The values used 
were 6,=0.173¢ 53= —0.110g."* Rather than 


and 


2M. Gell-Mann and K. Watson, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Palo Alto, 1954), Vol. 4, fs 219. 
0 


3 Watson, Keck, Tollestrup, and Walker, Phys. Rev. 101, 1159 
(1956). 

4 Chew, Goldberger, Low, and Nambu, Phys. Rev. 106, 1337, 
1345 (1957). 

16 A. Lazarus and F. Tangherlini (private communication). 

°C. Puppi, 1958 Annual International Conference on High- 
Energy Physics at CERN, edited by B. Ferretti: (CERN Scientific 
Information Service, Geneva, 1958). 
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choose the four P-wave phase shifts, we reduced the 
number of parameters to two by using the dispersion 
relation connection between the phase shifts given by 


i. A Pee 


MOZLEY 


Chew ef al.“ The phase shifts 511, 513, 531, and 533 are 
obtained from the value of the coupling constant /? 
and w,*, the c.m. energy at resonance. 


total energy at resonance (c.m.)—nucleon rest mass 
Ww," —_—— - ——________— ; see Appendix 


pion rest mass. 


Since both S-wave phase shifts appear together in a 
term 25;+46;, this reduces the 6 parameters to 3, viz. 
26,+43, f*, and resonant energy. The values we quote 
are based on calculations performed by Lazarus and 
Tangherlini.” The value of S-wave phase shift used 
remained fixed and the value of f* and the resonant 
energy were varied; /* values of 0.071, 0.081, and 0.091 
were used and w,* values 2.0, 2.1, and 2.2 were used. 
Figure 14 shows three of the nine curves so obtained. 
A larger value of resonant energy or coupling constant 
produced a larger value of do,,/do,. The variation with 
resonant energy was about twice as large as that with 
the coupling constant. The data does seem to be in 
somewhat better accord with the larger values, but the 
experimental accuracy would have to be considerably 
improved to make any real conclusion possible. The 
approximations inherent in the use of the dispersion 
relations may lead to large inaccuracies in the higher 
energies and thus reduce the value of a more accurate 
investigation. 
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APPENDIX 


The cross section for photomeson production is 
given by Chew e/ al." as 


where 
2e- (k 
U =aoe-2+)— 
(k—q 


q)q-e 
+wiq: (kX e) 
+ve-kq-e+we-eq-k. (6) 
Moravesik.)'? We are 


(The notation used is that of 


17M. Moravesik, Phys. Rev. 104, 1451 (1956). 


informed by Chew'* that two changes should be made 
in the formulas given. 1/[1+(w*/M)] should precede 
each term which does not include a phase shift and 
w* should be substituted for w. Then 


i 


b= , 
1+ (w*/M) 


= —ihh{-*) — | 2, Q) etss sind; F ap, 


= irk‘ =) om 


} eibas sind;;(F 9 { 4F ys) 
’ Spt Sn 
7 magi , 
1+(w*/M) 2Ma* 


w=—tarh\-——- betas sind; (Fg- iF u) 


i Lpt2n 
1+(w*/M) 2Mw*’ 


where (all in c.m. system) A=c=y=1, yu is the pion 
rest mass, and c is the velocity of light; ¢ is the nucleon 
spin, @ is the photon polarization, & is the photon 
momentum, g is the meson momentum, w= meson total 
energy (including rest mass), y=meson total energy/ 
photon energy=w/k B=v/c=v=velocity of meson, 
qg=w, w*=total energy of the reaction minus the 
nucleon rest mass, M=nucleon rest mass, and 


i—~p 3 
F=1+—— In 
9 


Sind, 


18 G. Chew (private communicatior 





POSITIVE PION 
6.» are P-wave phase shifts of meson nucleon scattering, 
a=2Xisotopic spin, 6=2Xangular momentum, 4; and 
6; are the S-wave shifts of isotopic spin 4 and 3, A 
=(gp—gn)/4Mf*, g,=2.79, the proton g-factor; ga 
=-—1.91, the neutron g-factor; f? is the coupling 
constant, and“V“ is an unknown real number as- 
sociated with the electric dipole amplitude. It is 
considered small and set equal to zero. 

If one squares the matrix element without averaging 
over polarization, one obtains 


; (1+ 6*y*?— 287 cos@)6* sin’6 cos’ 
itis Lal Wh 2 ese eee 
(1—8 cosé6)? 
+ | «| *6*yk* sin’é sin’ 
+ | v|26*y7k* sin’é cos’ 
+ | w|*6*y*k* cos’é 
sin’é cosp 
— 2 Re(a*b) sy 
1— 8 cos@ 
+2 Re(a*w)Byk* cosé 
(1—By cos6)p* yk? sin’ cos*o 
+2 Re(6*7)———___—_ anette 
1— 8 cosé 
B*y*k? sin? cos@ cos’¢ 
—2 Re(b*w) mmmennem, 
1—8 cosé 


(10) 
The relation connecting the phase shifts is given by 
Chew et al." (We again change w to w*.) 


fume hag?/w* 
yas — Taid* — Nal g?/w*) 





where 


fa=exp(idq) sind./q, 


(11) 
_ | 13) 
at? 


. 33) 


for 


We use r values given by Chew"; these values differ 
from those given earlier since they contain 1/M 


~ 9G. Chew, University of California Radiation Laboratory Re 
port UCRL-Misc. 1957-45 (unpublished). 
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corrections. 
i 9 
+ ’ 
. w* resonan e 10M 


4 1 9 


5 w* resonance 4 \M 
The expression for f, reduces to the simpler 
—4 
g ~f 
— cots, (1-ras*) / , 
w* - =} 
L492 


from which the small P-wave phase shifts may be 
calculated if f? and w* resonance are known. 
Phenomenological Theory 
The matrix element is of the same form as that given 
in the dispersion relation above except that b=0. To 
reduce it to the form used by Gell-Mann and Watson," 
M/S=ik,-e—M,(4)[kXe-q—ie- (kXe)Xq kg 
— M,(3)[2kx e-q+io- (kxXe)xXq]k'g 
+4E.o-ke-q+o-ek-qlk"g". (15) 
iF,S, 
0, 
iL M,(4)+2M,(%) Sk", 
=i M1(4)+4E.— M,(4) Skog", 
w= iM (4) —Mi(4) +422 ]Sk-q, 
where £; is the electric dipole moment, M,(4) is the 
magnetic dipole moment with j=4, M,(§) is the 


magnetic dipole moment with j=4, Zz is the electric 
quadrupole moment, and 


2r* 
( 


(Qhew/ef?), 
1+(k/Mc) 


The multipole moment values used are those from the 
analysis of Watson et al.” In this M,(4)=0, M,(#%) is 
about the same size as F2, and F; is approximately 
2M ,(#) at resonance. 
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Approximately 65 meters of K*-meson track was scanned in the energy inte 
neutron charge exchange scattering 
corresponding to a pure J = 1 interaction and at energies 2 150 Mev appears to be larger than the K* 


of the data shows that the K* 


rval 100-250 Mev 


ypreciaDly 


Analysis 


rises aj above the value 


neutron 


direct scattering. Analysis of the angular distribution of the inelastic events for K* incident energies greater 
than 150 Mev indicates a nonisotropic center-of-mass angular distribution, peaked towards @¢.m.= 180°. 


I. INTRODUCTION 


HE experimental elucidation of the interaction 

of K+ mesons with nucleons is clearly of interest 
in order to obtain a basis with which theoretical pre- 
dictions may be compared. Presumably the program 
outlined by the x-meson school will be followed and a 
detailed elucidation of the scattering phase shifts, their 
variation with energy and isotopic spin dependence will 
emerge. It appears that as yet we are not in a position 
to do this with any precision. On the other hand, there 
does appear to be some fairly striking statements one 
can make about the scattering. These refer principally 
to the approximate independence with energy of the 
K+*-proton scattering cross section’? and the energy 
variation of the K+-neutron charge exchange and elastic 
scattering cross sections.’ It is with the latter aspect 
that this paper is concerned. 

Qualitatively speaking we have the observation that 
the inelastic scattering cross section of K+ with emulsion 
nuclei (corrected) increases slowly with energy from 
about 60 to 250 Mev.’ Coupled with the constancy 
of the K+t—FP scattering and an observed increase of 
inelastic interactions with nuclei in which no Kt 
emerges (K*+-neutron charge exchange) we have inferred 
an approximately constant At-neutron cross section 
but with the charge exchange to noncharge exchange 
ratio varying appreciably with energy. 


Il. EXPERIMENTAL 


A stack of 80 4 in. X 10 in. & 400 uw Ilford G-5 emulsions 
was exposed to a “separated” K+-meson beam of the 
Berkeley bevatron.® The momentum of the entering 
beam was centered at 570 Mev/c corresponding to a 
range in emulsion of 22 cm; the stack dimensions were 
such that a noninteracting K+ would come to rest in 
the emulsion. The method of “on track”’ scanning was 
used and the tracks were picked up 1 cm from the 


* This research was supported in part by the U. S. Atomic 
Energy Commission and the Office of Scientific Research, U. S 
Air Force 

'H. C. Burrowes ef al., Phys. Rev. Letters 2, 117 (1959). 

2 T. F. Kycia ef al., Bull. Am. Phys. Soc. 4, 25 (1959). 

*M. F. Kaplon, 1958 Annual International Conference on High- 
Energy Physics at CERN, edited by B. Ferretti (CERN Scientific 
Information Service, Geneva, 1958). 

4 J. Lanutti et al., Phys. Rev. 109, 2121 (1958). 

’W. H. Barkas ef al., University of California 
Laboratory Report UCRL-3627, 1956 (unpublished 


Radiation 


leading edge; the K* mesons at this point had an 
ionization corresponding to 1.2 times minimum. 
Ending K+ mesons were identified by their character- 
istic decays; if the decay products were not visible 
(because of a slight underdevelopment of the stack) a 
10% grain count vs measurement served to 
distinguish them from protons. Tracks due to particles 
that interacted in flight, decayed in flight, or left the 
stack (via the narrow dimensions 


range 


were identified by 
their ionization and the multiple Coulomb scattering. 
Secondaries from interactions that came to rest in the 
emulsion stack wert 
when visible and in lieu of this, by grain count versus 
range measurements. For that left the 
stack, the change in ionization with range was used for 


identified by their decay modes 
secondaries 


discrimination if the tracks were not toosteeply dipping ; 
some were too steeply dipping to aliow reliable measure- 
ments to be made 

The range histogram of the ending (noninteracting) 
K+ mesons showed that most of the tracks had ranges 


these are discussed later. 


between 20 and 24 cm with an average of 22 cm. The 
energy of a A+ at the poin 
mined from 
observed range distribution thus yields an uncertainty 
of +2 cm in expected range. This is reflected in a 5% 
error in energy at 250 Mev and a 25‘ 100 
Mev; the significance of the latter is somewhat di- 
minished since we divided our data into three energy 
intervals of 50 Mev each from 100 to 250 Mev. 


t of interaction was deter- 


its expected range at this position; the 


error at 


inelastic 
interval 


Tas.e I, Tabulation of the number and types 


of 
scatterings of A* mesons in in the energy 


100-250 Mev. 


(Charge 

Energy exchange)» 

interval t tic eve eve . Noncharge 
Mev nt s ‘ event exchange) 


200-250 0.64+0.2 


150-200 0.47+0.17 


100-150 0.27+0.17 





K*+ SCATTERING 


IN ENERGY 


RANGE 100-250 MEV 


TABLE IT, Tabulation of corrections applied to obtain K*-nucleon cross sections from observed K*-nuclear interactions. 





Cn 

Uncorrected on 

total Corrected 

nucleon for 

cross Coulomb 
interval scanned uncorrected section repulsion 
(Mev) (meters) (mb) (mb) (mb) 

i 2 3 4 5 6 


200-250 


Total 
nuclear 
cross 
section 


Track 


Energy length for 


27.5 
(41 events) 





319+ 50 521.2 7.90 


150-200 22.3 


(28 events) 


269+ 50 341.2 


100-150 14.8 


(21 events) 


303 +65 7.141.5 11.1 


100-250 64.6 


(90 events) 


297+31 6.9+0.7 





* The Pauli correction as applied here assumes an isotropic center-of-mass 


forward directions would tend to increase en. 


» Obtained from on = (Zer+(A —Z)on)]/A assuming op =15 mb. Reference 


The interactions were classified as inelastic if (i) 
recoil (s) or other tracks in addition to a K+ emerged 
from the interaction, (ii) a K+ did not emerge from the 
interaction, (iii) if the total range of the A* (i.e., range 
before interaction + range after interaction) was less 
than 20 cm, and (iv) for tracks identified as K* from 
an interaction but leaving the stack—if there was a 
detectable change in ionization. The use of criterion 
(iti) results in a sliding discrimination from elastic 

vents corresponding to 25% at 100 Mev and decreasing 
to 5% at 250 Mev; (iv) was limited to energy losses 
> 20%. 

We shall refer to the inelastic scatterings as charge 
exchange (X) if a K* did not emerge [criterion (ii) } 
and otherwise as scattering (noncharge exchange) 
events which we denote by (S). Events with non- 
identifiable secondaries were not susceptible to direct 
classification. The number of events according to energy 
interval and classification (X) or (.S) as well as unclassi- 
fiable events and the ratio of charge exchange to 
noncharge events (corrected) is listed in Table I. 


Ill. REDUCTION OF DATA 
The total of 90 inelastic events in the energy interval 
100 to 250 Mev were observed in 64.6 meters of K*t- 
meson track. These interactions are presumably due to 
the following three basic reactions: 
K++P — Kt+P 
K++N— Kt+N 


(a) denoted by ap, 


(b) denoted by owns; 


on=onstonx, 


(c) K*t+N-—+>K°+P denoted by ovx. 

(a) can occur both with free hydrogen atoms of the 
emulsion and bound protons of emulsion nuclei while 
(b) and (c) can occur only with bound neutrons. 


The total interaction cross section (uncorrected) for 


Cn 
Corrected 


shading 
(mb) 


11.15 


94 





on* onx* 
Corrected Neutron 
for Pauli charge 
principle exchange 
and (corrections 
potential 4,5,6,7 
well applied) section OnE ONS 
(mb) mb) (mb) (mb) (mb) 
7 8 9 10 il 


on 
Total 
neutron 
scattering 
cross 


9.844 


12.542 24 0 +43 


10.2+2.! 


10.942 54 1,944.3 


14.243 13.54+3.6 244 2.3444 


2.14+1.2 9441.9 742.2 1.742.5 


angular distribution. Any deviation from this in the direction of favoring 


1 above is relevant here and could result in an increased ey. 

nuclei other than hydrogen is shown for the three 
energy intervals as well as the total interval in Column 
3 of Table II. This cross section divided by the average 
nucleon number for emulsion nuclei (taken as 43) gives 
the uncorrected average nucleon cross section of Column 
4. The observed nuclear cross section must however be 
corrected for several effects.‘ It is decreased due to the 
Coulomb repulsion between the nucleus and the K*. 
The correction used® for this is 


o[1—Ze/(R+A)T], 


Cobs 


where oops 1s the observed cross section, « the corrected 
one, Z the average atomic number, R the nuclear 
radius, A the De Broglie wavelength of the K+ with 
kinetic energy 7. The resultant ¢ is listed in Column 5. 

Another correction must be applied to take into 
account the fact that the nucleons shade one another; 
this is made using the curve of Rossi’ and the result 
given in Column 6. The Pauli principle inhibits low- 
energy transfers to bound nucleons; the correction 
factor given by Sternheimer*® for K+ mesons and whose 
angular distribution is isotropic in the center-of-mass 
system is 


n=1—0.78(T p/7)), 


where Ty=25 Mev is the Fermi energy and 7, the 
energy of the K* in the repulsive nuclear plus Coulomb 
well, Vw+Vc=29 Mev.’ The resultant nucleon cross 
section, ¢,, is given in Column 7. It should be stressed 
that this correction is sensitive to the assumption of an 
isotropic center-of-mass K*-nucleon angular distribu- 
tion since the effect of the Pauli principle is most 


*J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
John Wiley and Sons, New York, 1952), p. 350. 

7B. Rossi, High-Energy Particles (Prentice-Hall Inc., Engle- 
wood Cliffs, New Jersey, 1952), p. 363. 

*R. M, Sternheimer, Phys. Rev. 106, 1027 (1957). 

*G. Igo a al., Phys. Rev. 109, 2133 (1958); they give Vy = 27 
Mev; (Vc)=2 Mev for Z=21. 
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Laboratory Angle of K* Scattering 


Fic. 1. Observed and derived laboratory angular distributions 
for K*-nuclei inelastic scatterings in the range 150-250 Mev. 
Solid histogram is the observation; the dot-dash, dashed, and 
dotted histograms result from the assumption of different c.m. 
angular distributions and have folded in the Fermi motion and 
Pauli principle. They correspond to (i) isotropy (dot-dash) ; 
(ii) &e.m.~1.25— 1.44 cos@+-1.93 cos*@ (dashed); and (iii) oom 
~1—1.5 cos@+-3 cos? (dotted). 


pronounced on forward scatterings. In Column 8 we 
give the corrected neutron-charge exchange cross section 
following the procedures above and using the data of 
Table I. 

The corrected the 
weighted average of the proton and neutron cross 
sections. Ideally it is obtained from 


nucleon cross section, on, is 


Zn po p+(A—Z)nnon 
A 


where np and ny are the Pauli correction factors for the 
neutron and proton separately. Since op is known to be 
essentially constant with energy (~15 mb) over this 
interval and its angular distribution isotropic,'* oy 
can be inferred if we know o,. The zeroth-order approxi- 
mation to this is to assume ny=7p; we have done this, 
with ¢p=15 mb to obtain the values of oy listed in 
Column 9. Since the evidence (to be discussed later) 
indicates an appreciable P-wave contribution in the 
c.m., angular distribution, these values should probably 
be viewed as lower limits to ow (a similar comment 
may also be applicable to the ovx of Column’8). 

The charge exchange cross section, ovx, may be 
obtained in a somewhat different matter which is not 
as sensitive to the unclassified events. We can write 


OnX 


opt+ton—Onx 


- OnxX 


optons 


and take advantage of the apparent constancy of oy 


\K, 


AND KAPLON 
over our total energy interval to obtain owx and thus 
9.4 mb, we obtain the 


Columns 10 and 11, 


ons. Using the value of a, 
values of oyx and ows listed in 
respectively. 

In order to obtain some idea as to the center of 
mass (c.m.) angular distribution of the K*+-nucleon 
scattering we attempted a Monte Carlo calculation” 
using the 38 events in the energy interval 150-250 Mev 
for comparison. An angular distribution in the c.m. 
system was transformed to the laboratory system 
folding in the Fermi motion of the nucleons and the 
Pauli exclusion principle in order to obtain a laboratory 
angular distribution. First an isotropic c.m. distribution 
was assumed; the resultant laboratory distribution is 
shown in Fig. 1 as the dot-dash histogram—the ob- 
served distribution is the solid histogram. Clearly this 
is not a very good fit. Next the observed laboratory 
distribution was transformed to the c.m. assuming the 
target nucleons at rest. This yielded the histogram of 
Fig. 2; the solid curve is a least squares fit and is of the 
form de¢.m.(@)~1.25—1.44 cosé+ 1.93 cos?#. The result 
of transforming this back to the laboratory is shown in 
Fig. 1 as the dashed histogram. A second attempt at a 
better fit to the laboratory distribution was made 
using a distribution o¢.m.(0)~1—1.5 cosé+3 cos; this 
is shown as the dotted histogram in Fig. 1. It seems 
clear that an appreciable P-wave contribution exists in 
the c.m. and that our Pauli principle corrections used 
in Table II represent only an approximation. 


IV. DISCUSSION AND CONCLUSIONS 
he accuracy of the data is such 
as to warrant only a qualitative discussion of Kt- 
nucleon scattering. The fact that the K*+-P scattering 
appears to be isotropic, coupled with the observation 
that our data is not consistent with an isotropic Kt- 
nucleon scattering leads to the conclusion that the 
K+-neutron scattering involves P waves. In the frame- 
work of charge independence, the K*tP scattering 
involves a pure J=1 state and the above observation 


It seems clear that t 


bution of K* 


50 to 250 Mev 


C.M. Angulor Distr 


in the intervoa 


No. of Events 
wo 





Fic. 2. Derived c.m *-nucleon scattering 
obtained from observed distribution of r. 1 assuming the 
target nucleons at rest he squares fit, om 
~1.25— 1.44 cosé+ 1.93 cos" 


” B. Bhowmik e al., Nuov 1957 
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then implies that the P-wave amplitude for J=1 is 
quite small. 

The K+-neutron scattering proceeds through both 
I=1 and J=0 states; if only the 7=1 state were 
involved onx/(enst+op)=X/S=}: It is clear from 
Table I that while this may be satisfied at lower 
energies, it is certainly not at higher. Thus both the 
observation of X/S>% and a nonisotropic c.m. distri- 
bution yield the existence of J=0 state with a finite 
P-wave amplitude. In addition the data indicate that 
onx becomes greater than ows with increasing energy, 
the transition occurring probably somewhat above 150 
Mev. This seems to imply that the S-wave T=1 and 
T=0 amplitudes interfere destructively at higher 
energies for if the amplitudes are denoted by az(T) we 
have® 


ons=X*{[ao(1)+a0(0) P+3a;*(0)}, 
onx=7X*{[ao(1)—a0(0) P+3a;*(0)}. 


IN ENERGY RANGE 


100-250 MEV 849 
This conclusion seems however somewhat difficult to 
reconcile quantitatively with the angular distribution 
for the coefficient of cos# in ows(@) is 6wX*[ao(1) 
+-ao(0) Ja, (0). It seems clear that more direct observa- 
tion of K*-nucleon scattering, free of the uncertainties 
arising from the large corrections involved here are called 
for. 
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Data on elastic nuclear scattering of K 


mesons in emulsion have been obtained. 


The differential cross 


section has been calculated by the WKB approximation in the method of partial waves. It is concluded that 


the real and imaginary potentials necessary to give the correct K 


fit to the elastic nuclear scattering data. 


nucleon cross section also give a good 





I. INTRODUCTION 


NE of the fundamental problems in strange par- 
ticle physics is that of determining the parity of 
K mesons in strong interactions. A procedure suggested 
in this problem is the use of dispersion theory’ to relate 
the sign of the parity to the zero-energy forward scat- 
tering amplitudes of K* mesons on protons. The magni- 
tude of the amplitudes are known from the low-energy 
scattering cross sections. Obviously the best way to 
determine their sign is by observing the interference 
with Coulomb scattering at low energies for both Kt 
and K~ on protons. Instead of this, one may attempt 
(as has been done for the K* case)?" to infer the sign 
by the interference effects of elastic scattering with 
nuclei utilizing the optical model. In that case the sign 
of the real part of the nuclear potential was unfor- 
tunately ambiguous at low energies because of the 
presence of an imaginary part even though it is small. 
However, the ambiguity in sign disappears at high 
energies.’ Reasons of continuity lead to the conclusion 
of a repulsive potential and negative scattering ampli- 
tude at zero energy. This conclusion is also borne out 
by arguments based on inelastic nuclear scatters. 
This work was originally undertaken with the same 
philosophy underlying that of the K* case, i.e., to ob- 


tain information on the K~ meson forward scattering 
amplitude from the elastic nuclear scattering. This un- 
fortunately turned out to also suffer from the same 
ambiguity but to a greater extent than for the K+ case 
because of the largeness of the imaginary part of the 
nuclear potential. There still exists however, (as in the 
K* case), arguments based on the inelastic scattering 
which tend to relieve the ambiguity. In essence the 
elastic scattering is shown to be in agreement with the 
potential indicated by the known K--nucleon cross 


sections. 


* Supported in part by the U. S. Atomic Energy Commission 
and the Office of Scientific Research of the U. S. Air Force. 

1P. T. Matthews and A. Salam, Phys. Rev. 110, 565, 569 
(1958); C. Goebel, Phys. Rev. 110, 572 (1958); D. Amati and 
B. Vitale, Nuovo cimento 7, 190 (1958); K. Igi, Progr. Theoret. 
Phys. (Kyoto) 19, 238 (1958). 

2D. Fournet Davis, Phys. Rev. 106, 816 (1957); Hoang, 
Kaplon, and Cester, Phys. Rev. 107, 1698 (1957). 

? Igo, Ravenhall, Tiemann, Chupp, Goldhaber, Lannutti, and 
Thaler, Phys. Rev. 109, 2133 (1958). 


Il. EXPERIMENTAL DETAILS 


The 300 Mev/c “separated” K~ beam of the Berkeley 
bevatron‘ was incident on the emulsion stack and 
brought to rest. The stack consisting of 120 stripped 
pellicles of G-5 emulsion was processed in the usual way. 
The “on track” method of scanning was employed. 
The K~- mesons were distinguished from background by 
a grain count 0.5 cm in from the incident edge and were 
followed until they interacted or came to rest. A total 
track length of 50.4 meters was followed in the energy 
interval 8027217 Mev. For the elastic scattering 
data only ending K~-meson tracks were included since 
it made identification more certain. Tracks ending in 


stars not containing hyperons, hyperfragments, or 
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Fic. 1(a). Range histogram of K 
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4 Barkas, Dudziak, Giles, Heckman, Inman, Mason, Nickols, 
and Smith, University of California Radiation Laboratory Report 


UCRL-3627, December, 1956 (unpublished). 
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mesons as reaction products were distinguished from 
~-meson produced stars by their range and a rough 
estimate of the grain density 3.5 cm from the end of the 
track. Tracks ending in zero prong stars were identified 
by a 10% grain count versus range curve. In the follow- 
ing of tracks, all angles whose projection in the plane of 
the emulsion were 25° were recorded; this requires a 
correction to obtain the true angular differential cross 
section. 

Events were classified as elastic scatters from nuclei 
other than hydrogen if (i) there were no visible prongs 
or recoils at the scatter,® (ii) there were no visible 
changes in ionization before and after the scatter, and 
(iii) they fell in the range histogram defined by tracks 
which did not scatter. Figure 1(a) shows the range histo- 
gram of tracks without scatters and 1(b) shows the 
range histogram of those satisfying the criteria (i to iii) 
above. The corrected differential elastic scattering 
cross-section data is shown in Fig. 4. 


Angle @ 


mm 
-) 
o 
a 
= 
= 
° 
ss 
” 
= 
ro) 
. 
a 
2 
E 
> 
z 





as Maes 


60 100 140 
Scattering Angie in Center of Moss 





J 
gO @ 
Fic. 2. Angular distribution of inelastic K~-meson scatters 


Ill. ANALYSIS OF DATA 


The differential elastic cross section was calculated 
using the optical model. The imaginary part of the 
nuclear potential V was obtained from the relation 


ImV = —éprmh/2. (1) 


Here @ is the average total K~-nuclear cross section, 
p is the nuclear density, assumed constant, » is the 
velocity of the K~ meson inside the nucleus, and 7 is 
the correction factor for the Pauli exclusion principle.* 
The value of ¢ is the average of the K~ proton and K-- 
neutron total cross sections evaluated at the average 
energy of the K~ meson inside the nucleus. The total 
cross section includes elastic scattering, charge ex- 
change, and hyperon-r associated production on a 
nucleon but the Pauli correction factor is applied only 
to scattering and charge exchange events. The basic 


‘It is ible for an elastic collision of a K~ on carbon to 
leave a visible nuclear recoil. There was only one such ibility 
among 245 elastic scatters. Its omission in the elastic nuclear 
differential cross section was consequently negligible. 

*R. M. Sternheimer, Phys. Rev. 106, 1027 (1957). 
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of Events 


No 








(4%) 


Fic. 3. Number of inelastic events with fractional 
energy loss AT /T. 


K--nucleon cross sections were obtained from the 
Berkeley hydrogen and deuterium bubble chamber 
results.’ 

Inside the nucleus the K~ meson has the velocity » 
associated with the kinetic energy Tin=Tou—ReV; 
Tout is the kinetic energy outside the nucleus taken as 
50 Mev for our data. This is certainly an oversimplifica- 
tion since the optical mode! potential is velocity de- 
pendent. However, @ increases with decreasing » over 
the energy interval under consideration so that some 
smoothing results from this. In fact, over the energy 
range 50-70 Mev for Tou, név of Eq. (1) is approxi- 
mately constant; a variation of ReV from zero to —20 
Mev corresponds to this interval. 

Thus, to determine ImV from Eq. (1), ReV should 
be known. The available evidence to date indicates 
that this is negative. The original argument was ad- 
vanced by Ceccarelli* and is supported by our data on 
the inelastic scattering. The angular distribution of the 
inelastic scatterings is shown in Fig. 2; there are more 
forward than backward scatters. In Fig. 3 is plotted 
the distribution of fractional energy loss; the average 
is about 47%. These together constitute evidence for 
an attractive potential since the observed fractional 


energy loss is ‘i — 
out ANC 


Tout 


(four) ” { finside)s 


where 


(Tis—T in’) 
(finside) = 


f ) (Tou Tout’) 
an gn eee, 
T in ? Tout 


where T is the value of the K~ kinetic energy before 
the scatter and 7” is its value after the scatter. If one 
considers the average value of (finside) Over an isotropic 
angular distribution in the center-of-raass system 
(which is consistent with the available data® for the 
energy range under consideration) one calculates that 
(finside) = 9.45. If the potential is attractive, the back 
scattered events which are favored by the Pauli prin- 

7 Ascoli, Hill, and Yoon (to be published). 

*M. Ceccarelli, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuc Physics, 1957 (Interscience 
Publishers, New York, 1957). 

*M. F. Kaplon, 1958 Annual International Conference on High- 
Energy Physics at CERN, edited by B. Ferretti (CERN Scientific 
Information Service, Geneva, i958) 
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ciple result in K~ mesons of sufficiently low energy that 
they are dropped within the potential and do not emerge 
from the nucleus. Those that do have sufficient energy 
to get out then correspond to relatively small energy 
transfers (preferentially forward scatters) so that the 
observed distribution favors forward angles and 
(fin) Tw’ >|Rev|) <0.45. This requires ReV<0O to ob- 
tain ( four)»~0.47. 

The magnitude of ReV is estimated from the dis- 
persion relation 


ReV = (— 2xph?/m) Re/(0), 
and the optical theorem 


@= (4x/k) Imf(0), 


2nd the relation 
6,(0)=[Ref(0) P+[Im/(0) FP, 


where @ is the total cross section defined previously 
and @,(0) and /(0) are the average nucleon cross section 
and amplitude for elastic scattering in the forward 
direction. This gives 


|ReV|~10 Mev. 


As stated above, it is reasonable to assume that név is 
constant in the energy region around 60 Mev (E=50 
Mev; ReV=—10 Mev). Using the value of ¢ and » in 
this region gives 

ImV~—20 Mev. 


The first attempt in calculating the differential 
elastic nuclear scattering amplitude was by using the 
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Fic. 4. K~-meson-nuclear elastic scattering cross section 
for ReV = —10 Mev, ImV = —20 Mev. 


AND KAPLON 


modified Born approximation” 
f(O) = (—2m/h*)[ (2Ze?/qe?) + 4 Ro(ReV +i ImV) JF (go). 


Here go=2ko sin(@/2), ko= p/h, p is the momentum 
outside of the potential well, m= mass of the K~ meson, 
and z= —1 for the charge of the K~ meson. The cross 
section ¢(0) = | {(@) |? was calculated for both the heavy 
elements where Z=41, Ro=1.234'X10- cm, and for 
the light elements where Z=7, Ro=1.36A!X10-" cm 
and the results weighted proportionately by the number 
of atoms/cm’ in emulsion to give the average cross sec- 
tion. The form factor F(go) for a uniform, Gaussian, 
and exponential distribution were tried. With the 
values ReV = — 10 Mev (constructive interference with 
the Coulomb potential) and ImV = —20 Mev, the cal- 
culated cross section was too large to fit the data. 
However, a good fit was obtained using the partial 
wave method to calculate the nuclear elastic scattering 
amplitude. The WKB approximation" was used to 
determine the nuclear phase shifts 6;=a;+ i; in 


»]+-1 


{(@)=f-(A)+> nse - 
l=—0 


sind, P;(cos@), 
where 
n 
fe(0) =— 
2k sin?(0/2) 


exp{in In[sin?(@/2) ]+-ix+ 2ino}, 


m—n-1=tan(n/l) nm -Ze/hv). 


The value of a; is determined by ReV and {; is deter- 


2 
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Fic. 5. K~-meson-nuclear elastic scattering cross 
: section ImV = —10 Mev. 
A. Pevsner and J. Rainwater, Phys. Rev. 100, 1431 (1955). 
UL. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949 





K--MESON 


mined by ImV. If 8; is large, the nuclear part becomes 


« 21+1 =f 
» ean 100 (—) Pr(cos), 
im k 2i 


so that the cross section becomes independent of a; 
and ;. This is the case when |ImV | > 20 Mev. 

The calculated elastic nuclear cross section for 
|ImV | >20 Mev is shown in Fig. 4. The calculation is 
independent of the value of ReV. As a special case it 
gives the cross section for ReV = — 10 Mev, ImV = —20 
Mev. The curve shown is the weighted average with 
the summation extending to /=5 for the heavy ele- 
ments and to /=3 for the light elements. The experi- 


mental values are seen to agree well with the calculated | 


curve. The low experimental value at 6° is probably due 
to inefficiency in detecting small angles and the rapid 
variation of the correction in the vicinity of the cutoff. 
However, in this case the K~-nuclear elastic scattering 
data cannot in itself determine either the sign or the 
magnitude of the real potential. 

If a smaller value is used for ImV, say —10 Mev, a 
good fit to the data can also be obtained. The curves 
for ImV = —10 Mev are plotted for the four values of 
ReV = —20 Mev, +20 Mev, —10 Mev, and +10 Mev 
in Fig. 5. In this case the elastic scattering tends to fit 
the curves where ReV is attractive (negative potential) 
but is insensitive to the magnitude of ReV. 


ELASTIC SCATTERING 


BY EMULSION NUCLEI 


IV. CONCLUSIONS 


Arguments are presented from a qualitative analysis 
of the X~-nuclear inelastic scattering that the real part 
of the nuclear potential is attractive. The imaginary 
part of the potential is determined from the known 
K--nucleon data to be ImV=—20 Mev. The elastic 
nuclear scattering is calculated by the method of 
partial waves. Agreement with the experimental data 
is obtained for |ImV| 220 Mev but the results are 
insensitive to the magnitude or sign of ReV. Calcula- 
tions with smaller absolute values of ImV are sensitive 
to the sign but not the absolute magnitude of ReV, 
indicating here that ReV <0. It is concluded that the 
real and imaginary potential necessary to give the 
correct K~-nucleon cross section also gives a good fit 
to the elastic nuclear scattering data. 
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é 


The inclusion of the single-pion intermediate state significantly improves the agreement between theory 
and experiment for proton Compton scattering. Excitation functions and angular distributions for various 
assumed values of the 7° lifetime are presented. On this basis one may definitely exclude r° lifetimes 


>10~"* sec or <5XK10°™ sec. 





ECENTLY several proposals have been made to 

study the singularities in matrix elements pro- 
duced by single-particle intermediate states.' Such in- 
termediate states are associated with poles in the overall 
matrix element, the denominator having the form g’—y? 
with q the four-momentum transferred by the inter- 
mediate particle (of mass yu). The residue is the product 
of the matrix elements associated with the two “pieces” 
into which the process is divided by “cutting” the 
single-particle line. In general, the pole will be located 
at an unphysical scattering angle for the overall process, 
but in favorable cases the pole may be sufficiently 
“near” the physical region that an extrapolation pro- 
cedure will determine the residue at the pole. 

In this paper we are concerned with the existence of 
such a one-particle state in certain matrix elements for 
proton Compton scattering. Namely, in matrix elements 
of the form indicated in Fig. 1, the process y+ p — y+p 
may be decomposed into the two simpler processes 
x — 2y and p— p+rn”. The residue of the pole will be 
the product of the (renormalized) pion-nucleon coupling 
constant and the matrix element for the two-photon 
decay of the #°.? More specifically, the center-of-mass 
(c.m.) differential cross section will be of the form 


(=) = 2 ()(E\-)C) (i-—y)’ 
e dQ yprvté dr E u (y— yo)? 
F(k,y) 
+——,, (1) 


y-Yo 


where F(k,y) is finite at y= yo= 1+ (u?/2k?). In our nota- 
tion » is the neutral pion mass, M is the proton mass, e 
is the rationalized electronic charge (e?/44~ 1/137), g is 
the rationalized pion-nucleon coupling constant, & is 
the c.m. photon energy, £ is the total c.m. energy, y is 
the cosine of the c.m. scattering angle, and r is the life- 
time of the neutral pion. We use units such that # and 
c are one; (e*/44M)’ is then a natural unit for Compton 
cross sections, equal to 2.36 10-* cm?. 

In principle, we could determine 7 from an experi- 


tOn a 
Fellowship. 

1G. F. Chew, Phys. Rev. 112, 1380 (1958); G. F. Chew, Bulli. 
Am. Phys. Soc. 3, 417 (1958); Taylor, Moravesik, and Uretsky, 
Phys. Rev. 113, 689 (1959). 

2 We shall neglect modes of x° decay other than x® — 27. 


French “Commissariat & I’Energie Atomique” 


mental angular distribution at a fixed c.m. energy, by 
fitting the observed data to a function such as* 
A(i—y)? 

— = ———_+ (B4+Cy+Dy*)(y—y)", 
dQ (y—yo)? 
where A, B, C, D are constants. The value of A would 
then, by comparison with (1), yield the pion lifetime r. 
In fact, however, present experimental data on Compton 
angular distributions is very crude, and cannot be used 
to determine the parameter A of (2). 

It seems clear that experiments of quite high accuracy 
will have to be done if this method is to yield a useful 
result. At low energies the residue of the pole is small 
because of the factor k* in (1). At high energies the pole 
is very near y=1, while the effect vanishes at y=1, 
because of the factor (1—~y)* in (1). However, there 
seems to be no reason in principle why this extrapolation 
technique could not be applied to a precise angular 
distribution at a c.m. energy k~u, to yield a value for r. 

In this note we have adopted a different procedure, 
less regorous than the one outlined above but quite 
capable, we believe, of yielding useful information on 
on the x° lifetime when applied to presently existing 
experimental data.*-* We have simply added the matrix 
element of Fig. 1 to dispersion-theoretic estimates of 
proton Compton amplitudes’ which neglected such con- 
tributions, and compared the resulting predictions with 


Fic. 1. Intermediate neutral pion 
in proton Compton scattering. 





i7r? 


3 We are ignoring another pole, arising from the single nucleon 
intermediate state in the crossed Born approximation diagram 
(as in Fig. 2). This pole occurs at y= —2E;/k, which is far re- 
moved from the physical region at the energies considered in this 
paper. If the precision of the calculations warranted it, a term 
representing this pole (with residue e*) could easily be added to 
the right-hand side of Eq. (2). 

* Pugh, Gomez, Frisch, and Janes, Phys. Rev. 105, 982 (1957). 

5'T. Yamagata, Ph.D. thesis, University of Illinois, 1956 
(unpublished); Yamagata, Auerbach, Bernardini, Filosofo, 
Hanson, and Odian, Bull. Am. Phys. Soc. 1, 383 (1956) 

* A. Odian, private communication to R. Gomez, 1959. 

7 J. Mathews, Ph.D. thesis, California Institute of Technology, 
1957 (unpublished); J. Mathews and M. Gell-Mann, Bull. Am. 
Phys. Soc. 2, 392 (1957). 
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Fic, 2, Intermediate states considered in dispersion theory of 
reference 7. 


PION DECAY 





the experimental data. We have assumed g°/4x 
=().082(2M/u,)*, where uw, is the mass of the charged 
pion. Some of the details are outlined in the Appendix. 

There are three principal assumptions involved in 
this program. In the first place, we are now considering 
the x° decay “black box” of Fig. 1 with the x° off the 
mass shell, so that the matrix element need not have 
the same value as it does for 2° decay. We do not feel 
that the dependence of this form factor on the mass of 
the virtual pion is important at the low energies at 
which we are working, however, since the pion decay 
presumably involves nucleon pair formation and the 
characteristic energies tend to be of the order of the 
nucleon rest mass, rather than the pion rest mass. 

In the second place, the other black box of Fig. 1 is 
also being evaluated for virtual pions with the wrong 
mass, so that we should include the form factor asso- 
ciated with the pion-nucleon coupling constant g. Here 
we are on very uncertain ground, since there is no 
experimental information on the momentum-depend- 
ence of this form factor. We shall simply assume that 
the interaction does not vary significantly for mo- 
mentum transfers of the order of one or two pion 
masses. This result may be “deduced” from the work 
of Goldberger and Treiman,’ but these authors essen- 
tially forced their result by considering only the nucleon- 
antinucleon intermediate state in their dispersion- 
theoretic calculations. 

Finally, there is the possibility that other inter- 
mediate states, besides the one-pion state, may make 
important contributions. Most of these contributions 
have certainly been included in the dispersion-theoretic 
amplitudes,’ which consider the nucleon and nucleon- 
plus-pion intermediate states of Fig. 2. However, 
certain points are confusing ; for example, the Feynman 
diagram of Fig. 3 does not appear to be included in 
Fig. 2.° We shall simply assume that the extra contribu- 


Fic. 3. “Seagull” diagram in 
Compton scattering 





5M. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1178 
(1958). 
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Zachariasen, Phys. Rev. 110, 253 (1958), and our dispersion 
theory predictions. A significant fraction of their amplitude 
[their A;(&) ] results from the static analogy of our Fig. 3. 
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SCATTERING 855 
tion (if any) from such terms are not important at 
energies k< 2y. 

In this connection, it is of some interest to consider 
the location of the branch line singularity nearest to the 
pole at y=yo. This branch line is given by y>ys 
=1+2y?/k*. If we use Chew’s criterion' for extrapola- 
tion, namely that only those values of y for which 


(3) 


are acceptable for extrapolation, then the “useful 
region” (3) consists of —0.21<y<1 at k= 140 Mev and 
0.29<y<1 at k= 190 Mev. 

The principal experimental results on proton Comp- 
ton scattering consists of excitation functions at 


| ~ | 
ly—yol <| yo-yo], 
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Fic. 4. Theoretical excitation functions at 0..m.=90°, 
for various x° lifetimes, and experimental data. 


9o.m.=90° and @..m,.=135°, at lab photon energies up 
to about 300 Mev. In Figs. 4 and 5 we have plotted 
theoretical excitation functions for various assumed 
pion lifetimes. It seems clear that omission of the pion- 
decay matrix element of Fig. 1 (r= in Figs. 4 and 5) 
causes significant disagreement with experiment. In 
fact, both Fig. 4 and Fig. 5 clearly indicate that 
7>10-"* sec and r<5X10-™ sec are excluded. At all 
energies and angles which we considered, the effect of 
gradually “turning on” the x° decay was to lower 
slowly, and then, for r<3X10~"* sec to raise rapidly 
the predicted differential cross sections. This behavior 
is illustrated in Fig. 6, where do/dQ at lab photon 
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Fic. 5. Theoretical excitation functions at @ m.= 135°, 
for various r° lifetimes, and experimental data 


energies of 140 Mev and 190 Mev, and c.m. angles of 
90° and 135°, is plotted against the assumed 7° life- 
times. The shaded regions indicate approximately the 
uncertainties in the experimental cross sections. 

We feel that the data at energies in the 150-200 Mev 
range are the most useful. At lower energies the data 
are too insensitive to 7 and at higher energies theoretical 
uncertainties arise. Angular distributions for various 
energies and 7° lifetimes are given in Figs. 7 and 8. We 
have also computed the polarization P of the recoil 
proton. The product Pde/dQ turns out not to depend 
on 7; at 190 Mev and with r=10~" sec (say) P~ 45% 
at 90° and P~ 30% at 135°, the positive direction being 
along kXk’, where k and k’ are unit vectors along the 
photon initial and final momenta. 

Since the result depends explicitly on the value of 
the pion nucleon coupling constant we compare the 
results of assuming g?/4r=0.078(2M/y,)* in many of 


rase I. Effect of the value of g*/49 on do/dQ 


Incident photon energies 
(Mev) 100 140 190 
(4rM /é)*da/dQ 
with 
g? ty =().078(2M Me 2 
(4M /e*)*do/dQ 
with 
¢ de =0.082(2M sy 2 


230 


0.461 0.504 0.947 2.67 6.32 


0.464 0.517 0.974 2.72 642 
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our calculations. The difference was almost negligible 
for the purposes of this paper. In Table I we indicate 
the effect on da/dQ at 8, 90° for r= 10~"* sec. 

The dispersion-theoretic Compton amplitudes were 
based on experimental single-pion photoproduction 
300 Mev) pion photo- 
production may fairly accurately be assumed to result 
from two amplitudes alone; a charged £1(4) amplitude 
and an M1(%) amplitude in the 7=# state. Since there 


are then only two energy dependent amplitudes they 


cross sections. At low energies 


may be expressed as functions of the total cross sections 
for #° and x* photoproduction.” In the original calcula- 
tions,’ this multipole analysis was assumed to remain 
valid for all photon energies; since the dispersion 


140 Mev, 90° CM 140 Mev, 135°CM 











190Mev, 90°CM 190 Mev, I35°CM 
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integrals converge rapidly and contributions from 
beyond 350 Mev are quite small, it was felt that a 
negligible error was involved in this approximation. 
In order to test the sensitivity of the results of our 
present paper to this assumption, which we shall call 
(a), we have considered a second assumption (b), which 
considers photoproduction below 500 Mev to proceed 
through the above-mentioned amplitudes, while above 
500 Mev the only contributing amplitudes are inde- 
pendent charged and neutral £1(}) amplitudes." Again 


magnitudes of the 
iter, not their phases. 


Letters 1, 174 (1958 


“In the dispersion calculation, only the 
photoproduction matrix elements er 


"R. F. Peierls, Phys. Rev 
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Fic. 7. Theoretical angular distributions at 140 Mev. 


the total photomeson cross sections suffice as input data, 
and, as expected, the results differ only slightly from 
those arrived at by assumption (a). In all of the graphs 
we have used assumption (0d); in Table II we compare 
the Compton scattering cross section at ¢.m,.=90°, 
7=10~"* sec, resulting from the two assumptions. It is 
felt that the difference shown is a reasonable estimate 
of the error introduced by our approximate photo- 
production analysis. 

Dispersion-theoretic results for the Compton scatter- 
ing amplitude, based on assumptions (a) and (6) are 
given in the Appendix. 

In conclusion, we see that the existence of the 2y 
electromagnetic decay mode of the neutral pion can 
certainly be observed in existing proton Compton 
scattering data. Furthermore, certain extreme values 
for the lifetime, such as 10~"* sec on the upper side and 
5 10-" sec on the lower side, can be excluded. It would 
appear a priori that one should be able to establish 
limits which differ by a factor of less than 200. The 
setting of more precise limits by considerations of this 
type is difficult because of the insensitivity of de/dQ to 
the variations in 7 (Fig. 6). It seemed of some interest, 
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Fic, 8. Theoretical angular distributions at 190 Mev. 
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however, to point out that existing experimental data 
on proton Compton scattering suggest as definite a 
value for the x° lifetime as any other current approach, 
theoretical or experimental.” 

Since the completion of this work, our attention has 
been called to a preprint on this subject by F. E. Low, 
and also the work of L. G. Hyman ef al." Their conclu- 
sions in general agree with the results of this paper. 


TaBLe II. The value of do/dQ for assumptions (a) and (b). 





Incident photon 
energies (Mev) 50 100 
(4nM /e*)*da/dQ 
with 
assumption (a) 
(4eM /e*)*da/dQ 
with 0.467 
assumption (b 


140 


0.470 0.473 0.528 0.981 2.67 6.16 


0.464 0.517 6.974 2.72 6,42 





APPENDIX 


In the c.m. system the R matrix for Compton scatter- 
ing may be written in the form: 
R=g,(k,y)é-é+go(k,y)e- ke -k+-gs(k,y)ie-&Xe 

+ga(k,yé-eio- kx k’ +g5(k,y) 
Kio(é-k't’xk—# -héexk’) 
+go(k,y)io- (é-k'e’ xk’ —é -héexk), 
é and @ are the initial and final polarization unit vectors; 
k and k’ are unit vectors along the initial and final 
photon momenta. The differential cross section is 


da /d2= (kE,/2eE) {4 | g1|2(1-+y2) +4 | g2|2(1—y?)? 
+ (—Regi*go+ Regs*gst+6 Regs*ge—2 Regs*gs 
—2 Rega*gs)y(1—y*) —2 Rega*gsy?(1—4*) 
+ | g5|?(1—y*)(14+2y*) +4] g3|2(3—9*) 
+4 | ga|?(1—y4) + (3| ge]? —4 Regs*ge)(1—y*) ], 


Ey is the proton c.m. energy; E=k+ Ey. 
If the variation of form factors with momentum 
transfer is neglected, the contributions from Fig. 1 are 


Regs=—2A(1—y) gs=A go=—A, 


1 1 g\! 46 we 
= ( : ) —; yrult+—. 
2uEy\ur 4a yoy 2k? 


With assumption (a), discussed in the main body of 
this paper, and omitting 2° decay effects, the real parts 
of the g,; may be found from Table III. The correspond- 


where 


2 It is interesting to observe that the effect on neutron Compton 
scattering should be even more pronounced, since the Klein- 
Nishina amplitude is absent. However, neutron scattering can 
only be inferred from deuteron experimental data, and present 
theoretical uncertainties in the prediction of deuteron cross 
section from neutron and proton amplitudes appear to nullify 
whatever advantage the increased neutron effect might bring. 
See R. H. Capps, Phys. Rev. 106, 1031 (1957). 

3 L. G. Hyman et al., Phys. Rev. Letters 3, 93 (1959). 
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Taste III. Real parts of amplitudes with assumption (a 


Re fi Re fa 





0 
50 
100 
140 
190 
230 


Ki (Mev) 


190 
230 
270 


ing quantities based on assumption ()) are given in 
Table IV. The imaginary parts of the g; (with either 
assumption) may be found from Table V. In all these 


1.000 0 
0.984 —0.030y 0.021 0.120—0.199y 
0.922 —0.128y +-0.031 0.252 —0.397y 
0.796 —0.286y 0.155 0.418—0.571y 
0.582 —0.704y 0.533 0.669 —0.884y 
0.756 —1.238y 1.037 0.518—1.222y 
1.106—1.630y 1.401 0.179—1.475y 


TABLE IV. Real parts of amplitudes with assumption (b). 


Re f Re fs 


0 0 0 
0.980 —0.026y —0.025 0.118—0.199y —0.199 0.071 
0.906 —0.112y +0.015 0.244 —0.396y 0.396 0.136 
0.764—0.254y 0.123 0.398 —0.569y 0.183 
0.522—0.642y 0.471 0.613 —0.878y 7 0,239 
0.662 —1.144y 0.943 0.410—1.210y 0.281 
0.972 —1.496y 1.267 — 0.003 0.321 


TABLE V. Imaginary parts of amplitud 


Im gi Im fs Im fs Im fe Im fs 


— 0.366 —0.078y 0.078 0.366 —0.039y 0.039 0.039 
—0.716—0.441y 0.441 0.716—0.221y 0.221 0.221 
0.748 —1.719y 1.719 0.748 —0.860y 0.860 0.860 


tables, the functions whose real or imaginary parts are 
given actually /;=(2kM/e*)g;. The left-hand column 
gives the laboratory photon energy in Mev. 
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Recoil Proton Polarization from 225-Mev =x~-p Scattering*} 
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x~ mesons of energy 225 Mev were scattered from liquid hydrogen. The polarization of the recoil proton 
has been measured at two angles. For analyzing the polarization, a counter controlled cloud chamber was 
used. Recoil protons, which experienced scatterings in a carbon plate of the cloud chamber, were photo- 
graphed stereoscopically. The pictures were later projected, and the necessary measurements of the scattering 


were made directly in three dimensions. 


The computed polarizations are 


0.1340.16 at a laboratory 


recoil angle of 15°, and +0.36+0.29 at 31°. The positive sign is for polarization in the direction of the 


vector cross product of the incident pion momentum and the recoil proton momentum. 


A comparison of 


the data is made with various sets of scattering phase shifts which represent the differential cross-section 
data equally well. The results favor the Orear type of Fermi set in which the S-wave a phase shift is positive. 


I. INTRODUCTION 


T has been known for a long time that the problem 

of extracting a set of scattering phase shifts from 
the experimental data on cross sections for pion-proton 
scattering does not, in general, have a unique solution. 
Of the several possibilities in the energy range below 
250 Mev, there are strong theoretical reasons for pre- 
ferring solutions of the Fermi type which are charac- 
terized by a resonance in the p state of total angular 
momentum 3 and isotopic spin 3. Above 200 Mev, 
however, it was noticed by Orear' that the differential 
cross sections could be equally well represented by two 
solutions of the Fermi type: type (i) characterized by a 
positive phase shift a, (for the s-state of isotopic 
spin 4) varying approximately linearly with the pion 
momentum; and type (ii) in which a; is negative, 
having changed in sign at about 170 Mev. The measure- 
ments of Ashkin et al.? at 220-Mev pion kinetic energy 
confirm such possibilities. If in addition we allow solu- 
tions of the type first discovered by Yang,’ the am- 
biguity is doubled. However, these solutions have a 
much less plausible energy dependence for the large 
phase shifts.‘ 

As a means of distinguishing one phase-shift solution 
from another, Fermi® proposed supplementing the 


* This work was supported by the U. S. Atomic Energy Com- 
mission. 

tA thesis based on this work has been submitted by J. F 
Kunze in partial fulfillment of the requirements for the degree of 
Doctor of Philosophy at the Carnegie Institute of Technology. 

t Now at General Electric Company, Idaho Falls, Idaho. 

§ Present address: CERN, Geneva, Switzerland. 

1 J. Orear, Phys. Rev. 100, 288 (1955). 

? Ashkin, Blaser, Feiner, and Stern, Phys. Rev. 105, 724 (1957). 

*C. Yang (private communication to E. Fermi); and H. A. 
Bethe and F. de Hoffmann, Mesons and Fields (Row, Peterson 
and Company, Evanston, 1955), Vol. 2, p. 72. 

* A further complication comes from the observation of Minami 
that it is sible to exchange the phase shifts for /=j+ 4 with 
those for see 4 without changing the cross section. Solutions 
of this type are very unlikely since they introduce abnormally 
large d-wave phase shifts in an energy range where only s waves 
and p waves are expected to be appreciably scattered. Further- 
more a set does not satisfy the dispersion relations (see refer- 
ence 8 

5S. Minami, Progr. Theoret. 0 ey oto) 11, 213 (1954). 

* E. Fermi, Phys. Rev. 91, 947 (1953). 


measurements of the angular distribution in the scat- 
tering with a measurement of the polarization of the 
nucleon which recoils. A nonvanishing polarization can 
in general be expected because of the strong spin- 
dependence in the scattering. For illustration, consider 
the elastic scattering of negative pions by protons at 
220 Mev. Figure 1 shows the (theoretical) polarization 
as a function of proton laboratory angle, calculated 
according to Appendix II, for the pair of Fermi type 
phase-shift solutions (i) and (ii) and the associated 
solutions of the Yang type. 

In the meantime, development of the dispersion 
relations for pion-nucleon scattering provided a power- 
ful argument against the Yang phase shifts.’* The 
ambiguity with respect to the Fermi solutions (i) and 
(ii) still persisted, however.’ For this reason it was 
considered useful to continue with the measurement of 
the proton polarization. 


(PER CENT) 














2c ae 
PROTON LAB ANGLE (DEGREES) 

FG. 1. Theoretical polarization for the recoil proton in x~-p 
scattering for four different phase shift sets, and the experimental 
results. 


*W. C. —— and M. L. Goldberger, Phys. Rev. 104, 1119 
(1956); also W. Gilbert and G. Screaton, Phys. Rev. 104, 1758 
(1956). 

*S. J. Lindenbaum and R. Sternheimer, Phys. Rev. 110, 1174 
(1958). 

* An argument favoring positive a, has recently been given by 
A. Stanghellini, Nuovo cimento 10, 398 (1958). 
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The measurements to be considered below have been 
performed at 224+ 10 Mev, corresponding very nearly 


to the energy of the differential cross-section measure- 
ments of Ashkin ef al. To distinguish between the two 
Fermi type solutions it is necessary to observe the 7 
scattering since it involves the state of isotopic spin 4 
as well as 3. The corresponding measurement of polar- 
ization in the #* scattering (pure = }) was not possible 
with the weak #* beam available. 

Figure 1 shows that at angles up to 40° there is a 
large polarization difference between all but the Fermi 
(i) and Yang (ii) phase-shift sets. A significant differ- 
ence does exist between these two sets at a proton 
angle of 50°. At this angle, the proton energy is so low 
that a convenient polarization analyzing material is 
difficult to find. It was decided to restrict the measure- 
ments to protons recoiling at angles of not more than 
about 30° in the laboratory, so that the proton energy 
would be sufficiently large to permit the use of carbon 
as an analyzing material. In practice the measurements 
were made for protons recoiling at 15° and 31° in the 
laboratory. 


Il. EXPERIMENTAL ARRANGEMENT 


A measurement of the polarization of the recoil 
proton requires looking for an azimuthal asymmetry in 
a subsequent scattering of the proton by a suitable 
polarization analyzer. The essential steps are indicated 
in Fig. 2, showing the incident and scattered pion, the 
recoil proton with its direction of polarization, and the 
subsequent scattering of the proton by the analyzer, 
which in this case is a carbon target. Assuming the 
conservation of parity in the pion-nucleon interaction, 
the axial vector representing the polarization of the 
recoil proton must necessarily be parallel to the only 
axial vector which is defined by the primary collision, 
namely the vector cross product of the initial and final 
momentum for either pion or proton. The proton 
polarization is therefore perpendicular to the plane 
defined by the scattered pion and the recoil proton 
momenta. The magnitude of the polarization, P, is to 
be determined from the angular distribution in the 
collision with the carbon analyzer according to the 
cross section 


o(0,6,E)=00(0,E)[1+PP.(6,E) sing). (1) 


™ scart. 
Fic. 2. Method of measuring recoil proton polarization. 
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In this expression, P.(0,F 
carbon for collisions in which protons of energy E are 
deflected through an angle @ (see Fig. 2), @ is the 
azimuthal angle of the scattered proton measured from 
the incident polarization direction, and o9(6,£) is the 
scattering cross section for unpolarized protons. 


is the analyzing power of 


The conventional polarization experiments, where 
proton beams of high intensity are available, use 
counters to compare the counting rates for scattering 
at siné=+1 and siné= —1 (left-right asymmetry) for 
various scattering angles @. Unfortunately, for this 
recoil nucleon experiment, the limited intensity of the 
pion beam (about 100 cm~? sec) makes it prohibitively 
difficult to use counters to detect the asymmetry in the 
proton scattering. With this intensity, and a reasonable 
geometry, one could only expect a number of recoil 
protons of the order of a thousand per hour incident on 
the carbon target. It was therefore necessary to find a 
method of detection having a large available solid angle 
and at the same time giving good accuracy in the 
determination of the angles of the proton scattering, 
6 and ¢. Because of the strong variation of P,(0,E) with 
proton energy in the range of interest from 130 Mev to 
60 Mev, it would be useful if the proton energy could 
also be estimated for each scattering event. For these 
reasons, we have chosen a visual technique employing 
a counter-controlled expansion cloud chamber in which 
the protons are scattered by a carbon analyzer. The 
scatterings are photographed stereoscopically. 


1. Pion Beam 


The negative pions were produced in a target inside 
the Carnegie Tech cyclotron. The meson beam was 
focused by two quadrupole magnets mounted on the 
cyclotron coil can. After passing through the 12-ft 
shielding wall, mesons of the proper momentum were 
chosen by bending the beam 40° with a selecting magnet. 
The resultant beam had an intensity of 100 pions cm~ 
sec-!, and a mean energy of 224+ 10 Mev at the center 
of the liquid hydrogen target. The hydrogen was con- 
fined to a 2-in.X4-in. x 4{-in. channel inclined to the 
meson beam at approximately the same angle as the 
cloud chamber (Fig. 3). The target was constructed of 
styrofoam and had a loss rate of approximately 0.4 liter 
per hour. 


2. Counter System 


The counter arrangement consisted of six plastic 
scintillators (Fig. 3). 
by two 23-in. x 23-in. counters, 1 and 2, before entering 
the hydrogen target. The back scattered meson was 
counted by counter number 3 which was 8 in.X9 in. 
The recoil proton entered a counter telescope consisting 
of two counters, number 4 and 5, each 4 in. X 1} in. and 
3 in. thick. Counter number 5 was imbedded in a 
carbon plate located inside the cloud chamber. A large 
16-in.X6}-in. anticoincidence counter was placed be- 


The meson beam was monitored 





RECOIL PROTON 
hind the cloud chamber to assure that the proton 
entering the cloud chamber would not be photographed 
unless it missed the anticoincidence counter, hereafter 
called the AC counter. 

The target, serving as the polarization analyzer, is 
located in the center of the cloud chamber and consists 
of § in. of carbon (density 1.55 g/cm*), followed by 
i’s inch of scintillant [(CH),, density 1.0 g/cm*]. The 
scintillant area is 4 in.X 1} in. A Lucite light pipe leads 
through an airtight seal to a photomultiplier tube out- 
side the cloud chamber. Initially, the scintillant was 
placed at the entrance side of the carbon, but was later 
reversed so that it came after the carbon scatterer. 
This change was made to reduce the number of events 
containing protons that stopped in the carbon after 
counting in the scintillant. Counter 4 was placed just 
outside of the cloud-chamber wall and the distance 
between counter 4 and 5 was about 6 in. The AC 
counter was 21 in. behind the back cloud-chamber wall. 
Efficiency of all of the counters was checked in the 
meson and proton beams and was determined to be 
about 100% in each case. 

Because of the intense beam necessary, the genera! 
room background flooded the cloud chamber with 
electron tracks. To minimize this effect, 4-ft thick 
concrete shielding was placed near and around the 
cloud chamber. The recoil meson counter was also 
carefully shielded from any direct scattering from the 
incident beam. 


3. Cloud Chamber 


The cloud chamber is constructed of stainless steel 
with the walls reduced to a thickness of #5 in. where 
the beam enters and leaves the chamber. The top and 
two sides are 4-inch thick glass windows. The entire 
bottom of the chamber is a rubber diaphragm. The 
inside chamber dimensions are 9 in.X9 in. by 44 in. 
high. The atmosphere was argon, saturated with a 
60/40 ethyl alcohol-water mixture. A pool of about 
15 cm? was allowed to remain on top of the diaphragm. 
To prevent moisture accumulation on the glass windows, 
a nickel plated grid of copper tubes was placed just 








“— COUNTER «5 











«1 (seat?) - STYROFOAM SPACERS 


Fic. 3. Genera! experimental arrangement for measuring 
recoil proton polarization. 


POLARIZATION 
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above the diaphragm and covered with black velvet, 
which served as a photographic background. Water, 
a few degrees cooler than the cloud-chamber walls, 
flowed through the grid, thus keeping the atmosphere 
slightly below saturation and preventing condensation 
on the walls. 

A clearing field, averaging 80 v/cm, was applied to 
the cloud chamber. The walls and carbon plate were 
grounded, and the voltage was carried by two wire 
grids spaced midway between the carbon plate and 
cloud-chamber walls. The field was sufficient to clear 
the chamber of ions in the 5-milliseconds interval 
between cyclotron beam pulses. 

Initially the cloud chamber was operated with a fast 
overcompression immediately following the expansion.” 
This operation cycle proved to be unsuccessful. How- 
ever, when the diaphragm was allowed to remain in 
the expanded position long enough for the fog droplets 
to precipitate, the overcompression then served the 
purpose of quickly returning the chamber to thermal 
equilibrium. The chamber was expanded rapidly and 
allowed to remain in the expanded condition for 15 
seconds. The overcompression and after-expansion re- 
quired about 2 seconds. The chamber could be recycled 
every 25 seconds and still maintain satisfactory track 
conditions. In practice, the usual triggering rate was 
approximately once every 2} minutes, depending on 
the beam. The overcompression cycle seemed to have 
the desirable effect of hastening the time required to 
clear a fogged chamber, resulting from an overexpan- 
sion, or an expansion while the chamber was flooded 
with ions. Such a cleaning operation was completed in 
about 5 cycles, but would require at least 10 minutes by 
ordinary slow expansion methods. 

The chamber was usually operated with an ambient 
temperature of 68°F, maintained by an air conditioning 
system. However, a satisfactory operating range was 
found to be 60° to 75°F. The tracks seemed to suffer 
no degeneration throughout this range if the expansion 
ratio was properly adjusted. 

The sequence of operations necessary to record an 
event is outlined as follows: The scintillation counter 
coincidence circuit triggered a discriminator which 
immediately turned off the chamber clearing field and 
the cyclotron, and released the pressure under the 
cloud-chambher diaphragm, aliowing the cloud chamber 
to expand. A phantastron delay circuit, with adjustable 
delay actuated the shutter which fired the flash between 
20 and 200 milliseconds after the event. The cloud 
chamber remained expanded for 15 seconds, then air 
pressure was again introduced under the diaphragm. 
When the desired degree of overcompression was 
attained, the pressure under the diaphragm was auto- 


”E. R. Gaertner and M. L. Veater, Rev. Sci. Instr. 20, 588 
(1949); also Walker, Bower, and Hadley, Proceedings of CERN 
Symposium on High-Energy Accelerators and Pion Physics, 1956 
(European Organization of Nuclear Research, Geneva, 1956), 
Vol. IL, p. 40; and N. C. Barford, ibid., p. 35. 
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Taste I. Solid angles, 


Nominal recoil proton angle 
Target to counter 5 distance 
Solid angle of counter 5 


Expected number of protons 
scattered into counter 5 per 


10* incident pions 
Actual average recoil angle 


Average energy of proton at 
collision with carbon 


Estimated elastic cross section 
for p-C scattering to miss 
the AC counter 


Number of protons neces- 
sary to enter counter 5 for 
one acceptable proton-car 
bon scattering 


Expected rate of obtaining the 
required events 


Actual triggering rate 


Total useful events 
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cross sections, and counting rates. 





15° 
100 cm 
45 X10~ sterad 


15 
15.1°+1.0° 


102 Mev 


105 mb 


69 


1 per 4.6 X10* pions 
1 per 0.6 X10* 
344 


30° 
67 cm 


102 X10~* sterad 


16 


30.8° +1,.4° 


68 Mev 


224 mb 


328 


1 per 2.0 X10* pions 
1 per 0.25 K10# 
439 
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* The width of the AC counter for the 30° arrangement was 4} inches. 


matically regulated to allow the cloud chamber to 
return to equilibrium. The cyclotron beam was then 
turned on and the chamber was ready for the next 
expansion. 

The scattering events were viewed by a prism-mirror 
arrangement that produced two views side by side on 
35-mm film with the use of one lens and shutter. The 
two stereoscopic views make an effective angle of 11° 
with the center vertical line to the cloud chamber. The 
illumination was provided by a 2400 watt-sec discharge 
through a half-silvered 12-inch long flash tube. The 
light was focused by two cylindrical Lucite lenses 
creating a parallel light beam at 90° to the camera 
direction. 

The alignment of the counters 4 and 5 with respect 
to the hydrogen target was accomplished by optical 
means. Once pic.ure taking commenced, the cloud- 
chamber conditions were monitored in the experi- 
mentalists’ area. The cloud chamber was enclosed in an 
air-conditioned room which maintained constant tem- 
perature to within +2 F°. It was necessary to check 
the track conditions about twice each hour and adjust 
the expansion ratio accordingly. Preliminary scanning 
of the pictures was done while data was being accumu- 
lated so as to detect and quickly correct any ab- 
normalities which might occur in the chamber operation. 


4. Counting Rates 


A total of 15000 cloud chamber photographs was 
taken containing about 1000 useful events. The primary 
contributions to the triggering rate of the chamber 
came from protons inelastically scattered in carbon and 
from protons which stopped in the back wall of the 
chamber, in counter number 5 or in the carbon. The 
number of pictures taken because of accidental trigger- 
ings of the chamber was negligible. Solid angles and 
counting rates are summarized in Table I. 


AND BURGER 

The meson beam intensity was 5000 pions per second. 
Thus, for the 15° recoil angle, one would expect a 
required double scattering event to occur every 15 
minutes. Of the obtained, 
approximately two out of every three had to be dis- 
carded during the projection and measurement for 
failure to satisfy certain criteria explained in the follow- 
ing section. The counter 3 was quite effective in reducing 
the number of photographs triggered by mesons scat- 
tering in the hydrogen. With an empty no 
triggers occurred for 50 10° incident pions. 


scatterings which were 


target, 


Ill. MEASUREMENT OF CLOUD-CHAMBER 
PHOTOGRAPHS 


The analysis of the pictures was performed by means 
of stereoscopic projection of the tracks on a suitable 
arrangement of movable planes. Attached to these 
planes were the necessary scales and other devices 
needed to perform the measurements. A detailed de- 
scription of the apparatus is given by Ashkin et al.” 
With this apparatus the following measurements were 
made: (1) Recoil with respect to the 
incident pion beam (the proton energy is a steep func- 
tion of this angle). (2) Position of the proton scattering 
in the carbon plate. This measurement determines the 
proton energy loss in the carbon and hence the energy 
of the proton-carbon scattering. (3) The polar and 
azimuthal angles of the proton scattered by the carbon, 
where the azimuth is measured from the direction of 
\ judgment of 
the degree of elasticity of the proton-carbon scattering. 
Experimental polarization data exists only for scatter- 
ings that are no more than 10-Mev inelastic. An attempt 
was made to select events in this region. (5) A determi- 
nation that th could be accepted without bias. 
The event was essentially reflected about the plane of 
polarization, thus creating the same event for a polar- 
ization of opposite sign. Details of this procedure are 
given below. 

The incident proton track was checked for straight- 
ness and origin. Models of the hydrogen container and 
of counter number 5 were used to ascertain if the track 
passed through the counter and originated from the 
hydrogen target. The position of the scattering was 
noted for the purpose of determining the energy of 
scattering. 

The direction of polarization of the recoil proton is 
perpendicular to the plane containing the incident pion 
ard recoil proton. For each event this plane was 
determined during projection with the help of the recoil 
proton track and a beam of light arranged to have the 


proton angle 


polarization of the incident proton. (4 


event 


same direction relative to the apparatus as the incident 


meson beam. The planes containing the incident and 


the scattered proton tracks were arranged to bring the 


tracks in best focus. Then the polar and azimuthal 
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Fic. 4. Typical cloud-chamber photograph of a scattered recoil 
proton. The band across the center of the photograph is the 
carbon plate scatterer. 


scattering angles and proton recoil angle were measured. 
To the measured values of angles analytical corrections 
were applied for the downward displacement of the gas 
in the cloud chamber caused by its expansion between 
the time the proton passed through the chamber and 
the time the track was photographed. 

After focusing a scattering event it was necessary to 
determine if the scattering in carbon was elastic or 
inelastic. The carbon polarization data” includes the 
elastic scattering or inelastic scattering leading to the 
4.4-Mev and the 9.6-Mev excited states of carbon. 
Beyond the 9.6-Mev level the cross section dips sharply 
rising again for inelastic scattering with energy loss 
greater than 20 Mev. 

In order to learn about the track densities as a func- 
tion of energy, protons degraded in energy to 105 Mev, 
75 Mev, and 60 Mev were photographed in the chamber 
for various expansion ratios. There were no visible 
differences in tracks obtained from the 105-Mev and 
75-Mev protons. However tracks produced by 105-Mev 
and 60-Mev protons differed noticeably in density. 

For the 15° recoil protons the average energies of the 
incident and scattered protons were 114 Mev and 
92 Mev, respectively. It is therefore possible that we 
have included in the 15° measurement some protons 
which originate in inelastic scatterings leaving the 
carbon nucleus with an excitation energy greater than 
20 Mev. The proton polarization for such scatterings 
has not been measured. However, we expect only a 
small error on this account since the scattering cross 
section for such events": is small for the angular range 
below 25° where most of our scatterings lie. 

For the 31° recoil protons the average energies of the 
incident and scattered protons were 86 Mev and 50 
Mev, respectively. In this case it was easier to rule out 
the inelastic events. 

Since the carbon analyzer operates by having a 
propensity to scatter polarized protons more in one 
direction than into the opposite direction, it is important 
that the equipment does not discriminate between 
either direction. If the geometry permitted an event 


2 J. M. Dickson and D. C. Salter, Nuovo cimento 6, 235 (1957); 
also Dickson, Rose, and Salter, Proc. Phys. Soc. (London) A68, 
361 (1955). 

4K. Strauch and F. Titus, Phys. Rev. 103, 200 (1956). 
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(6, +) to be recorded, but rejected the opposite event 
(@, —@), a bias would be introduced. In the experiment 
the direction of the proton polarization varied with 
respect to a fixed AC counter causing it to have different 
geometrical efficiencies for rejection of up and down 
scatterings, therefore creating a bias. To eliminate such 
a bias, the scattered track was extended on to the 
plane of the AC counter and then reflected in the 
azimuthal angle. If either track passed through the 
counter the event was discarded. A photograph of a 
typical scattering event is shown in Fig. 4. 


IV. ANALYSIS OF DATA 


For a proton beam of polarization P scattered from 
carbon, the probability of a scattering occurring at a 
given polar angle @ and azimuthal angle $ (¢ is measured 
from the plane of polarization) is, according to Eq. (1): 


P(6,6,E)d2= A~( de (0,E)/ dQ) 


x[1+PP,(0,E) sing\¥a. (2) 


To obtain normalized probability, the factor A is 
obtained by integrating Eq. (2) over all solid angles 
not excluded by the AC counter. By the reflection 
criterion used to prevent any bias (Sec. III), the ex- 
cluded region is made to include the “reflection” of 
the AC counter (around ¢=0) as well. As a result the 
integration becomes symmetrical about. ¢=0, and the 
(unknown) polarization, P, is no longer contained in 
the normalization factor. 

Each measured event will have a probability of 
occurrence which will be a function of the initial recoil 
proton polarization, P. The total probability L of 
obtaining all the events that were measured will be the 
product of the individual probabilities for these events. 
One would expect that the actual recoil proton polar- 
ization would be close to the value of P making this 
probability a maximum. We have accordingly maxi- 
mized the expression 


L=TI [1+PP.(0,E), sing; J, (3) 


omitting a normalization factor independent of P. The 
curves of L as a function of P shown in Fig. 5 were 
calculated with an IBM-650 computer. See Appendix I 
for further discussion of the maximum likelihood 
method as applied to this problem. 

We have adopted a sign convention which makes the 
polarization of the recoil proton positive in the direction 
of the vector cross product between the incident pion 
momentum and the recoil proton momentum. In ac- 
cordance with the experiments“ which determine the 
sign of P.(6,£), protons with positive polarization will 
be preferentially scattered upward as shown in Fig. 2. 


41. Marshall and J. Marshall, Phys. Rev. 98, 1398 (1955); 
also M. T. Brinkworth and B. Rose, Nuovo cimento 3, 195 (1956). 
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Fic. 5. Maximum likelihood graphs for proton recoil 
angles of 15° and 31° 


Taking P.(0,E£) positive requires that upward scatter- 
ings correspond to positive values of sing. 

P.(0,E) has been measured for laboratory angles 
from 5° to 30° and at several different energies between 
56 and 135 Mev at Harwell by Dickson and Salter.” 
They used a Nal counter to separate the elastic and 
inelastic scattering to the 4.4-Mev and 9.6-Mev levels. 
Since the protons corresponding to these levels are not 
distinguishable in the cloud-chamber pictures, the 
Harwell data was combined to obtain an effective 
polarization given by the curves in Fig. 6. For each 
scattering event, P.(0,£) was obtained by interpolation. 
Besides using curves drawn through the centers of the 
experimental points, a set was drawn through the top 
of the error, and another set through the bottom. Each 
of these sets was used for the 15° recoil data, and the 
final polarization results differed by less than 0.04. 
Though the Harwell data extended only to 30°, the 
curves were extrapolated to 35° for those energies 
around 100 Mev, and to 40° for those near 70 Mev 
(these curves are relatively flat). The maxima were 
scaled ac cording to a 1/E law. 

For those events in which the scattering appears to 
occur in the scintillant, the possibility of a p-p scattering 
must be considered. The polarization effects in p-p 
scattering have been measured by various investi- 
gators'® and this data and the carbon data were used 
to calculate the relative efficiency of the scintillant as 
a polarization analyzer compared to pure carbon. 


V. ERRORS 


The polarization measurement is done essentially by 
determining the number of up scatterings vs the 
number of similar type down, and weighing these events 
according to the effective analyzing power of each. 
Of the systematic errors that might be present, those 
which would add or subtract equally to the up and 


‘©, Chamberlain ef al., Phys. Rev. 83, 923 (1951); Baskir, 
Hafner, Roberts, and Tinlot, Phys. Rev. 106, 564 (1957); also 
J. M. Dickson and D. C. Salter, Nature 173, 946 (1954). 
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down events would be of far less concern than those 
that would affect the up events differently from the 
down. The former type are not to be ignored completely, 
for they will affect the statistical error and slightly alter 
the magnitude of the result. The latter type of errors 
will greatly affect the magnitude and, in extreme cases, 
even the sign of the result. In the following discussion 
these errors will be classified as symmetrical and asym- 
metrical, respectively, with particular attention given 
to the latter. 


(A) Errors During Accumulation of Data 


(1) Misalignment of the AC counter (asymmetrical) .— 
Such a misalignment would cause more small angle up 
events to be recorded than the similar type down 
events, or conversely. The AC counter position was 
reproduced to within a fraction of a degree for the 
projection arrangement. Reflected events which hit the 
AC were rejec ted. 

(2) Misalignmeni of the cloud-chamber effective recoil 
angle (symmetrical).—With the optical aligning system 
used, it is believed that the correct mean recoil angle 
was known and reproduced to within }° 

(3) Cloud-chamber illumination or sensitivity asym- 
metries (asymmetrical).—The cloud chamber was found 
to produce tracks of equivalent photographic density 
over a range from } in. below to } in. above the cloud- 
chamber counter. Steep scattered tracks that went 
beyond these limits began to fade on the photographs. 
The sensitivity was checked by photographing a col- 
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limated beam at various positions in the chamber. 
It is believed that no events were missed because of 
illumination or sensitivity asymmetries. All the film was 
scanned at least once in a viewer, and a second time 
during projection and measurement. Failing to detect 
an event would be extremely unlikely. 


(B) Errors During Projection 


(1) Examination of tracks to determine if scattered.— 
All of the pictures were projected except those that, 
on the rough examination in the viewer, definitely 
contained no proton or a proton which stopped in the 
carbon. Some small angle scatterings would appear 
straight in one dimension. However, there was no 
uncertainty in identifying these as scatterings during 
projection. 

(2) Error in the high cutoff angle (asymmetrical).— 
Scatterings greater than 35}° for the 15° recoil and 
403° for the 31° recoil arrangements were arbitrarily 
eliminated from consideration. Only a few events 
occurred near these large angles. A }° asymmetrical 
error in these cutoff angles between the up and down 
events would have little effect on the final result. 

(3) Error in the incident pion direction (asymmetrical). 
—The pictures of the direct meson beam did not show 
any obvious departures from a parallel beam. The two 
monitor counters and the target were spaced sufficiently 
so that a meson could not pass through all three unless 
it made an angle of 2° or less with the center line. It is 
thought that departures from the center line of the 
beam would be random. 

(4) Errors in the angle measurements.—The errors in 
the measurement of the angles of the scatterings intro- 
duce a complex error into the result. All of the data was 
measured at least twice and the results are given in 
Table II. The differences between the two sets of 
measurements would be caused primarily by differences 
in the judgment of the observers performing the meas- 
urements. The finite thickness of the tracks and the 
slight distortions, due to the motion of the gas of the 
cloud chamber, make a completely unambiguous deter- 
mination of the scattering angles and position of the 
scattering in the carbon practically impossible. Most 
systematic error in judgment would be expected to be 
symmetrical, such as measuring the angles too large. 
The same error would be made on the down scatterings 
as on the up scatterings. A systematic asymmetrical 
error would be introduced by a projection apparatus 
that had misaligned planes. The planes appeared to be 
aligned and accurate to within }°. It is believed that 
they could not contribute a significant error. The 
average deviation of the polar angle measurements due 
to judgment was 4°. 

The track displacement was symmetrical, so as to 
always move the observed track nearer to the hori- 
zontal. Any small error in these displacement correc- 
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TABLE II. Proton polarizations from two scannings 
of acceptable events. 





Initial measurement 


Remeasurement 


15° recoil angle results 
Number of events 
accepted 
Mean recoil angle 
(P, SIN average 
Polarization 


346 

15.2° 

0.318 
—0.15+0.16 


343 

15.1° 

0.324 
—0,12+0.16 


31° recoil angle results 
Number of events 
accepted 
Mean recoil angle 
(P, sing Javerage 
Polarization 


446 431 

30.7° 30.9° 

0.136 0.138 
+0.35+0.29 +0.39+0.29 





tions would, therefore, not alter the magnitude of the 
result appreciably. 

Rejection or acceptance of the events in which the 
direct or reflected scattering came close to the AC was 
a delicate task. All of these events were very carefully 
remeasured. 

In general, the same observer did not perform more 
than one of the measurements of any particular event 
(there was overlapping, but on less than 50% of the 
events). The results of the two measurements is quoted 
for the final result. Because of this uncertainty due to 
the angle measurements, an additional error of 0.02 
should be added to the statistical spread. 


VI. MEASUREMENT OF A KNOWN POLARIZATION 


Asymmetries in the experimental arrangement may 
be undetectable by ordinary visual inspection. Either 
the apparatus used for obtaining the pictures or the 
projection system could be at fault. It was thought 
desirable to measure the known polarization of a beam 
of protons of equivalent energy, using a similar experi- 
menta! arrangement as that encountered in the main 
experiment. The result of such a measurement, if 
consistent with the known polarization value, cannot 
necessarily serve as a calibration for the cloud chamber, 
unless the statistical errors of the measurement are very 
small. The result could, however, enhance the faith in 
the validity of the main experimental results, and 
indicate that no serious asymmetries exist. 

The identical experimental arrangement, as used in 
the pion beam, was placed in the unpolarized proton 
beam of the cyclotron. Lithium hydride absorber re- 
duced the proton energy from 440 to 140 Mev. The 
selecting magnet bent the 140-Mev protons about 24° 
into the monitor counter telescope. The protons were 
scattered by a 1-cm thick carbon target instead of 
liquid hydrogen. A counter was placed at the target to 
better define the recoil proton beam entering the cloud 
chamber and thus increase the efficiency of obtaining 
useful scattering events. Half of the data were accumu- 
lated with the protons scattering up into the cloud 
chamber, the other half with downward scattered 
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TABLE III. Polarization measurements of protons 


with known polarization. 
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TABLE V. Mean proton polarization for 15° proton recoil for 
chamber in the lowered and raised position. 





Chamber level Chamber up Chamber down 








15° recoil angle Chamber up Chamber down 





First scattering 
mean angle 0° 20.6° 

Number of events 159 86 

(Pe sing evernee 0.406 0.393 

Polarization +0.1340.18 +0.84+0.25 


20.2° 

119 

0.387 
+0.38+0.20 


Combined result of chamber up and chamber down: 
Polarization = +0.55+0.16 





protons, the up and down angles of the cloud chamber 
being the same in both cases. The polarization of the 
protons entering the cloud chamber was known from 
the average energy and angle of the first scatterings. 
A mean angle of 20° was chosen, and the mean energy 
of the first scattering was (13347) Mev. The average 
polarization under these conditions, including the scat- 
tering to the 4.4-Mev and 9.6-Mev levels as measured 
at Harwell,” is +0.80+0.05. The mean energy of the 
second scatterings in the cloud-chamber carbon plate 
was 115 Mev. 

The incident proton beam was reduced to several 
thousand per second over 7 in.2 The pictures with 
double scattering events were carefully measured, and 
later remeasured. 

The chamber was then leveled into the direct proton 
beam which was assumed to be unpolarized. The beam 
intensity was again reduced and about 30% of the 
cloud-chamber pictures were good events. The results 
of these three measurements are given in Table III. 
The chamber down result does not agree with the 
Harwell result. The cause of the discrepancy can be 
attributed partially to the fact that many of the 
scatterings into the cloud chamber may have been 
inelastic beyond the 9.6-Mev level. Because of the 
high incident energy (133 Mev), 20- to 40-Mev inelastic 
scatterings wouid be impossible to distinguish visually 
from elastic scatterings. Therefore, the measured polar- 
ization may have included lower polarization contribu- 
tions from the more inelastic levels. A result of some- 
what less than 80% would be expected. 

We prefer to interpret the results as indicating that 
the cloud chamber and measuring procedure do not 
suffer from any serious asymmetry. It was not con- 
sidered feasible to continue the proton beam measure- 


TABLE IV. Mean proton polarization obtained from 
the measured and remeasured values. 





15° recoil angle 31° recoil angle 


30.8°+1.4° 
438 


68 Mev 
+0.37+0.29 





Average recoil angle 
Number of events 
Mean energy of carbon 
scattering 
Polarization 


15.1°+1.0° 
344 


102 Mev 
—0.13+0.16 





Number of events 
Mean recoil angle 
Polarization 


200 
14.9° 
—0.25+0.21 


144 
15.4° 
+-0.03+0.23 





ments. The efficiency of obtaining events was poor 
because a recoil counter could not be used as an aid to 
recording only good events. 


VII. RESULTS 


The polarization measurements were made at two 
recoil proton angles with mean values of 15.1°+1.0° 
and 30.8°+1.4°. The angular spreads are standard 
deviations computed from the measured recoil angles 
for all of the events. The results are listed in Table IV, 
and represent the mean values of the initial measure- 
ments and the remeasurements. The larger error for 
the 31° result is caused by the poorer analyzing power 
of the carbon at the lower scattering energy. The errors 
are the statistical error of the maximum likelihood 
solution and do not include an uncertainty resulting 
from the inaccuracies of the scattering angle measure- 
ments. This additional uncertainty amounts to about 
+0.02. 

The 15° data were obtained with the cloud chamber 
both in the raised and lowered positions so as to com- 
pensate for any bias inserted by the cloud chamber 
and associated apparatus. Because of space limitations 
similar procedure could not be followed for the case of 
31° recoil protons. These results, listed in Table V, 
were in agreement within the experimental errors. The 
values listed are the mean of the initial measurement 
and the remeasurement. 

The sensitivity of the data to the carbon polarization 
curves was tested by changing these curves with respect 
to the Harwell experimental points. The “mean” curves 
are those used for the results in Table IV and are shown 
plotted approximately through the centers of the experi- 
mental points in Fig. 6. “High” and “low” curves 
were drawn through the tops and bottoms of the experi- 
mental errors, respectively. The results, using altered 
curves, are shown in Table VI for the initial measure- 
ment only. The value for Mean P, will not necessarily 
be between the values for High and Low P, because of 
the complicated shapes of these three sets of curves. 


TABLE VI. Proton polarization at 15° recoil for different 
values of carbon polarization. 





15° recoil 


angle High Pe Mean Pe Low Ps 


0.359 0.318 
—0.105+0.140 —0.145+0.160 








(P. SIN average 
Polarization 
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Taste VII. Phase-shift sets used in calculation of 
proton polarization and M values. 








Fermi (i) Fermi (ii) Yang (i) Vang (ii) 





Phase shifts 
as —14.5° —18° 
aa3 112 
ay 0 
ay — 85 11.6 — 9.5 
as 11.5 — 35 9.6 
a1 3 1.6 8.2 


M values for 
scattering 
processes 
M (x* x*) 
M (x~ x) 
M (x x°) 


— 16.5° 
139.6 
253 257.4 


—17.8° 
142.3 


4.92 
8.76 
6.13 


19.81 





Sum 
M for 
polarization 


0.58 15.47 


38.60 





Total M 


20.39 





VIII. CONCLUSIONS 


The results listed in Table IV are plotted in Fig. 1. 
The phase-shift sets corresponding to each curve of 
that figure are listed in Table VII along with the values 
of a quantity M measuring the quality of the over-all fit 
to the two elastic cross sections, the charge exchange 
cross section, and the polarizations. M represents the 
sum of the squared deviations between the measured 
values and the values computed from the phase shifts, 
in units of the experimental error. The cross-section 
data are from the paper by Ashkin et al.” 

The phase-shift analysis performed in reference 2 was 
preliminary and did not necessarily represent the best 
fit to the existing experimental data. A more extensive 





pdQd (loc) i= 


[do(0,E)/d2;](1+PP, sing) G,(0,6,loc)dQ,d (loc); 
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phase-shift analysis was recently performed by Chiu 
and Lomon.'* 

Without the inclusion of the polarization results, the 
M values are about the same for each of the four sets 
of phase shifts. It appears that the polarization results 
have definitely excluded the two phase shift sets 
Fermi (ii) and Yang (i). Of the other two sets, the 
Fermi (i) seems to be favored, though preference for it 
over the Yang (ii) cannot be established conclusively 
on the basis of the present experimental information 
alone. 

Experimental elimination of the Fermi (i)-Yang (ii) 
ambiguity is possible through a sufficiently accurate 
measurement of the polarization at appropriate angles. 
However, further reduction of the experimental error 
of the 31° point is practically not feasible with our 
present beam intensity. A measurement at a recoil 
angle of 50° could not be made with the present experi- 
mental equipment because of the very low energy 
(53 Mev) of the recoil proton. 
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APPENDIX I. NORMALIZATION OF THE 
MAXIMUM LIKELIHOOD METHOD 
FOR THE MEASUREMENT 
OF POLARIZATION 


The probability of occurrence of an event, i, is given 
by Eq. (1’) 


(1’) 


f [do (0,E)/d2](1+ PP.(0,E) sing)G,(0,¢,loc)d0d (loc) 


all admissible angles and locations 


G,(0,o,loc) is a geometrical factor, determined by the 
location of the event in the carbon plate, the size of the 


REFLECTED 
AC COUNTER _ 


Ac 


Fic. 7. Diagram showing the reflection criterion for selecting or 
rejecting appropriate events for the final analysis. 


cloud chamber and AC counters, the carbon thickness, 
and other variables, all of which we shall denote as 
“location” variables. 

The denominator must be independent of P for the 
maximum likelihood method to be easily employed. 
Thus, the integration over @ must be symmetrical about 
¢=0. The integration is not performed over the region 
of the AC counter [inadmissible region G(6,6,loc)=0], 
and therefore must not be performed over the region 
of an AC counter reflected about the line ¢=0 (direction 
of polarization, P). Events which would occur in the 
region of the reflected AC counter must be excluded 
from consideration (Fig. 7). In practice, it is easier and 





1H. Y. Chiu and E. L. Lomon, Ann. Phys. 6, 50 (1959). 
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equivalent to exclude the events which, upon reflection, 
would hit the unreflected AC counter. If the above 
conditions are met, each event will have a different 
normalizing factor, but these factors will be independent 
of P. The true likelihood of all of the events will then 
be expressed by (2°) 


n 
L= (constant) [J (1+ PP.(0,E), sing). 
t=1 


About 30% of the scatterings were discarded because 
they did not satisfy this reflection criterion. 


APPENDIX Il. x —p POLARIZATION FORMULA 


The derivation of the polarization formula for pion- 
proton scattering, in which only s and p orbital angular 
momentum states contribute, is given in reference 6. 
The resulting formula is given below. 

If a normal right-hand set of axes, x, y, z, are defined, 
with the incident pion momentum along the +z axis, 
and the recoil proton momentum in the (x,z) plane 
with a component in the +. direction, the polarization 
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will be given by Eq. (1”), 

p(+y direction) — p(—y direction 
s . . ; . . , 1” 
p(+y direction)+ p(—y direction) 


where the p’s are probabilities of the spin being along 
the direction specified. 

For the case of x mesons scattered from protons, 
there are two isotopic spin states, T ; and T i, and 
j=}, 4 for p 
} for s waves. There are thus six phase 
shifts. The probability of spin-flip scattering will, in 
general, be different than for non-spin flip scattering, 
thus giving rise to a polarization, 


three total angular momentum states, 
waves, and j 


sin@(X*Z— XZ*)+-siné cos6(¥*Z 
i 


YZ" 


X+Y |Z sin@ 


( osf 24 


where X=a;+2a;, Y 2433+ 431) +2 
a= (@31— 33) +2(ay, —@;3). The 
scattering amplitudes, the a, 
In terms of the phase shifts, a 


2413+ 431), and 
the p-wave 
the s-wave amplitudes. 


are 


a 
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rhe Thirring model is solved with a variable coupling constant, \ =o f(x, 


divergence 


It is found that the infrared 


is eliminated if f tends to zero along the past light cone. The S matrix is no longer diagonal in 


he physical particle representation and is generally not well-defined in the sense of Haag’s theorem. The 


ordered 
by examining matrix elements. 


1. INTRODUCTION 


HE two-dimensional relativistic model introduced 
by Thirring' has served as a valuable tool for 
the exploration of the structure of quantum field theory. 
There are, however, two aspects of the original model 
that limit its usefulness. Because of the small number of 
dimensions, an infrared divergence is present in the 
wave function renormalization constant, and therefore 
some renormalized products of a finite number of field 
operators do not exist. Furthermore, the S matrix is 
diagonal in the physical particle representation so that 
creation of matter does not occur. 
In this paper we discuss a modified, but still soluble, 
version of the Thirring model with variable coupling, 


* U. S. National Science Foundation Fellow on leave from the 
University of Washington, Seattle, Washington. 
1W. E. Thirring, Ann. Phys. 9, 91 (1958). 


renormalized Heisenberg operators for ¥, y ¥* 


are computed and production processes are analyzed 


A\=of(x,t). In general, the S matrix is not diagonal 
and for a large class of functions -/(x,/) no infrared di- 
vergence appears. Consequences of adiabatic variations 
or discontinuous changes in \ may also be examined 
with the extended model. 

Section 2 contains a discussion of the equations of 
motion, their operator solutions and the construction 
of state vectors. Although energy and momentum are 
not conserved, the particle-number operators remain 
diagonal. It is shown that the S matrix is identical to 
the U matrix for certain forms of f, suggesting that the 
former is ill-defined in the sense of Haag’s theorem. 

In Sec. 3, the Heisenberg operators for y and yy* 
are ordered and renormalized by using configuration 
space techniques which are related to Glaser’s methods 
for the original model. Matrix elements of these opera- 
tors are employed to discuss the elementary production 
processes in Sec. 4, and the conclusions are summarized 
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in the last section. The integral equations encountered 
in the ordering of y and yy* are solved in the appendix. 


2. EQUATION OF MOTION 


The field operators for the Thirring model satisfy 
iy*0,+2d(¥y)y=0. In the representation with y“? 
=io,, y =8=a2, the equations of motion are 


OY, /du=ip Pa, pb2/dv= ihpi*Pywo, 


where u=/+x,0=t—x, and the operator relation 
[y-(x) P=0 has been assumed. For A=dof(x,/), the 
general solutions to these equations are 


(1) 


vi (x,t) = ¢ (2) exp| do f du’ fw’ s)6s*(w'yo(w) | 


(2) 


W2(x,l) = b2(u) exo an f dv’ flag! os*(o)ou(e) |, 


and $1, ¢2 are completely arbitrary. The stress-energy 
tensor, 7,“= Py"(dW) — (0.))y*y—¢,*2, no longer satis- 
fies 0,7,*=0, reflecting the role of f(x,t) as an external 
field which supplies energy and momentum to the 
system. However, the equations of motion still yield 
conservation laws, 0,(py"~)=0, 0,(py*7y) =0, 
=, and these lead to two constants of motion, 


Mia f dx Yr,2*(x,2Wr2(x,!) 


-f dy $1,2*(y)s,2(y). (3) 


—2 


The theory is quantized by treating ¢,(=y,') as 
free spinor operators, as in Glaser’s treatment? for 
f(x,)=1. Then ¢ has the properties 


¢12= (on) f dp Ci,2(p) expip(u,»), 
is (4) 
{C,(p),Ce(p’)} =0, {C,(p),Cy*(p’)} =5,75(p— p’), 


and the C, may be decomposed into particle [a(p) ] 
and antiparticle [6(p) ] operators as follows 


Ci,2(p) =[O(+p)a(p)+0(+ p)d* (— p) ]. 


With the definition p,=¢,*¢,=y,"¥,, Eq. (4) yields 
[p-(a),per(b) |=: p-(a):,:p-(b): ]=0.2 Since [pie] 
=[:p1:,@2]=90, etc., Eqs. (2), (3) may be interpreted 
as operator equations as they stand, or with the re- 
placement p,— :p,:. We choose to make the latter 
identification so that Eq. (3) becomes 


(5) 


Mam f dp 6(+p)[a*(p)a(p)—b*(p)b(p) ]. (6) 


2 V. Glaser, Nuovo cimento 9, 990 (1958). 
*F. L. Scarf, Nuclear Phys. i1, 475 (1959). 
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In the representation with a|0)=6|0)=0, |a,8) 
= (a*)*(b*)*|0), the operators NV, are clearly diagonal 
and correspond to the net number of particles travelling 
to the right and left, respectively. The state vectors of 
the system are simply the eigenstates of N,. 

The relations ¥,(x,1)=U*(dy,""(4)U(, U*U=1, 
define a unitary matrix which yields Eq. (1) if 


U()=exp| ~iro f ar f dx’ f(x’ ,t’) 


X :pi(’—2’): im(e+e):], (7) 


and the § matrix, S=U(t=+ ©), is not diagonal in 
the representation discussed above, although [S,V,] 
=. The reason for this becomes apparent if one sets 
N=N(a)—N(b). Then, in a state with [1,0)=a*|0), 
N(a)|1,0)=|1,0), N(6)|1,0)=0. However, the same 
eigenvalue of N occurs for a state |1-++m,m) with 
N(a)|14+-m, m)=(1+m)\1+-m, m), N(b)!1+m, m) 
=m|1+m,m). Thus, |1,0)'=$|1,0) is a state con- 
taining |1,0) plus an infinite number of real parti- 
cle-antiparticle pairs (when f=1, such production is 
forbidden by energy-momentum conservation‘). In 
principle, it is possible to diagonalize S and NV, simultane- 
ously, but it is more interesting to consider |a,8) as a 
physical particle state and to allow production of real 
pairs. 

Finally, we note that for many discontinuous changes 
in \ [for example, f=0(7—2) ] the S matrix is identical 
to the U matrix of a problem with f=1. Since Haag’s 
theorem® applies to the latter, it may be inferred that 
the S matrix is not a well-defined quantity when \ 
varies with space and time. 


3. ORDERING AND RENORMALIZATION 


In a representation with ¢|0)=0, the above expres- 
sions for y, and U [ Eqs. (2), (7) ], or those for products 
such as ¥,(a)y,*(b), are well-defined, but in the physical 
representation, a|0)=5|0)=0, they are not. To obtain 
well-defined operators, the exponentials must be re- 
written as ordered products so that, for example 


¥i(a)Wi*(b) = G1 (0a)b1* (04) 61 (tH a,0a)e1*(y,%), (Ba) 


c(t) exp do f dw’ f(u's):oa) | (8b) 


becomes 


Vi (a)hi*(b) = Gi (4)b1* (04) (€1(a)ey-"() )o 


x:[ex fas fay Gil2z,y; o)6:*(2¥al9) |. (9) 


‘W. E. Thirring, Nuovo cimento 9, 1007 (1958). 
*R. Haag, Kg!. Danske Videnskab. Selskab, Mat.-fys. Medd. 
29, 12 (1955 
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An analysis equivalent to that already made for the 
Thirring model with f= 1 * shows that G; is given by 


[ bo(z ),e:(a)ey*(6) |= Gi; b2(z Jeyey es 


= fay Gi(z,y; a,b) 


X Loe (yever+erer "2 (y) J. (10) 


When Eq. (8) is differentiated with respect to Ao, and 
the expectation value is taken, one finds [using Eq. (9) ] 


dere Io 1(€1€) l\ 5 


Oro 


1)? 


Ua ub 
| f du’ fi w'0)— f du’ f(w's)| 


x fa ‘ff dy Gi(z,y; a,b) 

(ua —2—ie)(u !—y—ie) 
The ordering of ¥:(a) is carried out by setting 
in Eqs. (8)-(11) [for this calculation, the 
second integral over «’ must be omitted from Eq. (11) 
before the integration is performed ]. Equation (11) shows 
that the renormalization “constant,” Z,'=(e:(@))o, 


formally depends on x, t, if f#1. 
The kernel §; is computed by using 


€:2(z)e1-' = exp[_ — dof (z,0)0(u—z) k2(2), 


which leads to 


(11) 


ma=— =< 


(12) 


[b2(z),e1(a)ex-'(b) |= {1 —expirof (2,02) 0(ua—z) 
+expirof(z,v.)1—exp—irof (z,v») 0(us—2)} 


Xoo(z)er(a)er*(b). (13) 


[ Equation (12) is derived by noting that both sides obey 
the same first order differential equation in \» and have 
the same initial value. ] The transition from Eq. (13) to 
Eq. (10) is effected by applying positive and‘negative 
frequency projection operators to (13) and by rearrang- 
ing,terms. The algebraic details are identical to those 
already encountered in the calculation with f=1,° and 
we merely quote the results: the integral operator G; 
equals G;~)—G,* where G,* are defined by the 
solutions g=[1+G,~ Jk to the following integral 
equations 


ua [1—expt Nof(y,0a) Jg(y) 
g(z) ef dy— 


2ri(y—2-F te) 


f 


*F. L. Scarf, Phys. Re 


[1—exp+ in if ( (y,0») LexpFirof(y, Ve ) Ie) 


dy— 


=k(z). (14) 


v. 115, 463 (1959). 
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These equations are solved in the appendix and the 
kernels of G,‘* are 


(LO(+)/ O(y.) ]—[O(s, 


VO y 
Gi (z, y) Diditeemens 


3 


2ri(y—z—te) 


(z,y) }*, (15) 


where 


U(2,) = exp 


LVl2 ag (16) 


When u_> us, Si 
calculation of v1 and YW." 


=O if (z,y) >, etc. At this point, the 
as explic it ordered and re- 
normalized functionals of the in« oming field operators, 
¢,, has been reduced to a sequence of quadratures. The 
corresponding expressions for We, ¥ 
reflection; Yiv2 and WW." are 


are. 


¥2"* follow by space 


already ordered if V1, Yr 


Z-1Z* 


there 


In general (ee~')9*| 4) does not exist, 
but if f—0 is no infrared di- 


vergence and the renormalized matrix element is finite. 


as uv > — %, 
In order to proceed, the func 
The 
to particularly simple expressions for (ee~') 
[see reference 6 ] 


tional form of f(#,v) must 


6(u+L)6(v+L) leads 
and Z} 


be specified. choice f(u,v) 
; this value yields 


S12’ (a| b) i({y, a wi" b } 


L 
16(0,.— ( 


where m= odo /8ar*, » 
other causa! 


Ua 


o =X 
functions have 


and |Xo’/2r| <1. All 
same o-dependent 


+-29n 
the 
singular factor. Inspection of the renormalized operator 
{¥iwi"}* shows that it can be written as c+O (c is a 
singular c-number, O is a bounded operator) near w.= 
but that it has the form c-O for vc». 
composition {p,V*}*=c+-O is not valid on the entire 
light cone. It also follows from Eq. (17) that an ex- 


} 


pansion in «/Z or Xo is not meaningful as 


Thus, the de- 


These 
results are insensitive to the precise form of f(u,v) as 
long as f — 0, u, o- 


L—o, 
>— cd. 


4. MATRIX ELEMENTS 


In order to understand how real pairs of physical 
particles are created, we examine the temporal de- 
velopment of the bare particle operators. 
(O|¥."(x,4)|%), the amplitude for finding one bare 
particle in a state of m physical particles. If | 1)=c,(p)|0) 
=6(—p)b*(—p)|0), then (O|¥:"|1)=(]¢:(%)|1), and 


Consider 
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a bare particle in state r=1 “contains” a physical par- 
ticle going to the left at all times. 

For n=3, the only nonvanishing matrix element has 


|3)=c1(p)c2* (g)c2(k) | 0); this gives 


6(k)0(—q) 


(0|¥.*|3)= (0|¢1(») | 1) 


LT 


u u 
xf asf dyGi(y,2) expi(qy—ks), (18) 


showing that ¥:* also develops into pairs of physical 
particles going to the right. The amplitudes for n=5, 7, 
etc., simply represent iterations of the fundamental 
radiation process and no pairs going to the left appear; 
the diagram which changes a right-pair into a left-pair 
is not prohibited by energy-momentum conservation in 
this model, but it is still ruled out by the differential 
conservation laws, 0p;/0u=0, dp2/dv=0. Thus, at a 
finite time a bare particle going to the left is a physical 
particle going to the left plus radiated pairs of bare or 
physical (W2*f2=¢2"¢2) particles going to the right. 
The limit of (O|¥,"|3) as u—->+—© is zero since 
yi*=@. For the out-fields, O(2,)=exp[+idof™ (z,r) ] 
(Eq. (16) with u.=+, t6=0, u%=— 2 | where /‘* 
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are the positive and negative frequency parts of f, and 


6(k)0(- of asf dy 
(O}yi*| 1)” 0 =< 


expi{AoLf + (s,0) — f * (y,0) ]+qy— kz} 
x - —= snemems 


(O|y."| 3) 


- (19) 
(2r)*i(y—s+ie) 


[the matrix element for ¥2 depends on f~]. In the 
interaction representation, |t)=U(é)|in) has virtual 
pairs for any /, but if f=1, they are all reabsorbed as 
t—»+ + so that |ou)=|in) to within a phase factor. 
If fis not constant, the reabsurption is incomplete ; | ou/) 
contains real pairs and Eq. (19) is a measure of the 
pair population. In the high-energy limit, k— ~, 
(k+q)<@, the distribution tends to zero since 
(O|yr®|3) > 0. 

The behavior of the wave function Xj2"(a,b) 
= (2|¥,(a)¥2(b)|0) illustrates the effect of matter 
creation on the two-body interaction. Equation (12) 
enables one to factor X,2" as 


X12” (a,b) =X yo!" exp[— irof (u,0)0(ha— te) | 
< F (a,b) F 2(6,a), 


F (x,y) = (1|b+(x)er(y) |0)/(1 r(x) |0). 


For (2|=6(—p)0(q)(0|b(—g)b(—p) the matrix ele- 
ments can be evaluated with the ordered expressions 
for e,, giving 


(20) 


where 


6(— p) * » O(s.y;—« , 5) expip(y- Va) 
F (a,b) ( -— f asf dy Aa Bios ), 
2mi y z (ta—2-+1e) 


6(q) f™ “a ¢ 
F.(b,a)= (14 f as dy 
2riY_» 5 


The in-operators are defined by u.=%»= — ©, and x*** 
has %.=%=-+ ©. The phase shift [Eq. (20) ] contains 
dof (u,v) at “=u, V=_, Which is the point of collision. 


2n1 ie 


r 


21 


Thus, |X12°"*/X:9"| is not unity and real particles are 
radiated during the two-body scattering. For high- 
energy collisions, the matter production is again negli- 
gible and the above ratio tends to its value for constant /. 


5. CONCLUSIONS 


When A=Aof(x,/), the Thirring model has several 
new features of interest. For instance, the wave func- 


7™F.L Scarf, Phys. Rev. 111, 1433 (1958). 


‘a 
j1(2,9; @, — & eer) 


(u4,—2—ite) 

When f is constant, Ft=1, |%19**/X"*| =1, and 
the phase shift is the only effect of the scattering.” How- 
ever, when / is variable the final state has 


me's expi[ p(y—ta)—Aof + (y,ts)+rof + som 
. dy— - ———— —- —-- ——}, 


(ta— y—te) 


A( q) expi[_g(y - Uy) +Aof (¥,Ua)— Aof (p,0q) } 
dy . . ‘ 
1 (uy— y—te) 


tion renormalization constant depends on ~,t, although 
Z~ is still represented by a divergent integral. For a 
large class of couplings the divergence is merely of the 
ultraviolet variety, so that renormalized propagators, 
such as S‘*’, are well-defined and contain no infinite 
constants. With a particular choice of f, it has been 
shown that the anticommutator does not have the form 
predicted by Heisenberg? [i.e., {¥,y*}*c+O near the 


* W. E. Heisenberg, Revs. Modern Phys. 29, 269 (1957). 





light cone ]. Moreover, arguments previously advanced 
for the ill-defined {= 1 case* now can be applied rigor- 
ously to show that perturbation theory and expansion 
over intermediate states give poor approximations to 
the exact causal functions. 

When f is not constant, production of real physical 
particle pairs occurs. This creation can be attributed 
directly to the variation of \ as a source of energy and 
momentum. Although the S matrix is ill-defined, ex- 
amination of the matrix elements of ¥(x,/) shows how 
the production occurs and yields the energy spectrum. 

We conclude that the Thirring model with variable 
interaction provides a soluble relativistic quantum field 
theory which contains production processes, and for 
which all renormalized quantities exist if \—> 0 along 
the past light cone. 
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APPENDIX 


Let p(z)=g(z)—k(z), A(y)=expl—frof(y,va) ], B(y) 
=exp[trof(y,0) ]. Then the first of the equations given 
by (14) is (ua> tm») 


“e dy[1 
p(z) -f 


1(y) |Lp(y)+k(y) ] 
2ri(y—z—te) 


A(y)L1—B(y) JLp(y) +k(y) J 


2xi(y—2—1e) 


SCARF 


We assume that f(z), as given by (A.1), is the limit- 
ing value of a function, p(z,), analytic in the entire 
complex plane except for branch cuts between — © and 
Ua, —*© and uy». We define a function p(z_) by letting 
i(y—z—te) go to its complex conjugate in (A.1). Then, 
using [ (y—z—i ; 2rid(y—z), Eq. 
(A 1) becomes 

p\2 
A (2) p(s,)— p(z 
A (2) B(z) p(z,)— p(z_) t) B(z) jk(z), 


and p(z 
ples) below the branch cults. 
We now wish to construct 


(A.2) 
Up> Z, 


may be interpreted as the continuation of 


z), which is 
analytic everywhere except for the above branch cuts 
and has 


a function, 0 


tor 


[t> a; Ug>Z> Uy; Hy>2 | 
If f(y,v) is sufficiently well-behaved, the function given 
in Eq. (16) has all of these properties. [I am indebted 
to Professor V. Glaser for suggesting the form of Q. 
With this definition, the relation p(z)=Q 
one to rewrite Eq. (A.2 
—[1/0(z,) }ye(2), 


z)s(z) allows 
c r + 
z {| 1/O(z_) 
and contour integration gives 


S15 


Equation (15) follows 
=(g—k)/O(z,) is made 
Gi when the lower set 


aS S5\2,) 


after the substitution s(z,) 


\ similar analysis leads to 


14) is used 


of signs in Eq. 
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Seven-Dimensional Charge Space 
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Some implications of a charge space of seven (rotational) dimensions are considered for (I) particle 
classification, (II) strong interactions, and (III) weak interactions. The principal conclusions from this 
point of view are that (I) all particles except the photon and graviton can be incorporated in 7 dimensional 
charge space; lepton conservation must be abandoned, which automatically introduces parity noncon- 
servation into 8 decay; (II) the one boson, twu fermion interaction is predominantly pseudovector in form 
and induces no mass differences; the Z—A mass difference arises from interference with a fundamental two 
boson, two fermion interaction of lower charge symmetry ; the =—N mass difference has an “‘intrinsic”’ basis 
and is not due entirely to strong interactions; (IIT) the weak universal Fermi interaction has signature —1 
under time reversal; the strangeness change AS=+1 is associated with 256 independent (in principle) 
terms; the rule AJ =+4 needs further qualification because l=T+U, where T and U are independent 


operators. 


HARGE space should be ascribed the dimen- 
sionality that affords the most compact descrip- 

tion of elementary particles and their interactions. The 
present paper examines the case of a rotational space 
with seven dimensions.' Application to observed effects 
is made in a way to maximize the 7 dimensional sym- 
metry and thus obtain a system that is simplest with 
respect to charge space; this at least provides an ideal 
scheme against which to measure any deviations of rea] 
particles. The discussion comprises three parts: particle 
classification, strong interactions, and weak interactions. 


I. PARTICLE CLASSIFICATION 


In this part we attempt to organize particles accord- 
ing to their “bare” properties, insofar as these can be 
inferred from observable particles. The classification 
includes all present particles except the photon and 
graviton, which are distinguished as the only ones 
having classical rather than quantum wave equations. 
These excluded fields supply external calibrations for 
the 7 dimensional scheme; specifically, all the bare- 
particle expressions below are supposed to be diagonal 
in charge and mass. 


1. The Baryons 


The known baryons can be arranged in a column, 


P3 a3 T3 
+i +3 “a 
—1 
—1i $4 
—1 
+1 
—1 
—-1 +1 
—1 
* Fulbright Fellow, 1958, on leave from Purdue University, 
Lafayette, Indiana. The manuscript was completed at Purdue 
University with the support of the U. S. Air Force Office of 
Scientific Research. Certain portions were also carried out at the 
Electronuclear Division, Oak Ridge National Laboratory. 
!J. Tiomno, Nuovo cimento 6, 69 (1957); here the full 7 
dimensional symmetry is not used but decomposed into disjoint 
4- and 3-spaces. 


zt } 
yo+ 


, D+ = (2°4A)/v2, (1) 
+1 








and associated with the definitions of three independent 
Pauli spin operators in charge space, g, ¢, ¢ as shown. 
The diagonal charge and mass operators are 


g=S3+ T3+ U3, m=M—S;A, 
2S=}(1—p:)e, 2T=2, 2U=4(1+ps)e, (2) 
M=~1.1 Bev, A~0.4 Bev. 


The S-A and smaller mass differences are neglected as 
arising from the interactions, but the Z~N mass dif- 
ference is regarded as “intrinsic” for two reasons 
discussed in later sections: there is a parallel u-e mass 
difference, for which no explanation in terms of inter- 
actions seems possible; and baryon-boson interactions 
of the high charge symmetry considered here cannot 
cause a Z~N mass difference? 

The total wave function of a baryon is supposed to 
be of the form WX, where X is the usual real space 
wave function. This means that X is the same (except 
for intrinsic mass variations) for each of the eight 
particles in Eq. (1); namely, it has spin 4 and parity 
+ (by definition). The eight varieties of baryon in 
Eq. (1) represent the simplest spinor in a 7 dimensional 
charge space, just as X is the simplest spinor in a 5 
dimensional (rotational) real space. 

Equation (1) suggests that there are no more 
hyperons to be found, for the simplest spinor in 7 dimen- 


? Another argument for intrinsic Z—(A,Z)—N mass differences 
is that the strangeness selection rule on electromagnetic inter- 
action then becomes a simple consequence of gauge invariance. 
Write the free Lagrangian as L= V(y,0,+m)¥ and introduce the 
electromagnetic interaction by 0,—+ 0,—#e gA,, where m and 
gq are charge space operators. Then the gauge transformation 
A, — A,+0,2 is compensated by VW — exp{ie gQ} ¥ only if 


(m,q}=0. 


With the intrinsic m assignment of Eq. (2) this is just the con- 
dition necessary to eliminate y transitions between Z* and 9, 
=~ and =~, w and e (below). From the present point of view 
intrinsic Am are the main feature of “strangeness” : they eliminate 
+ transitions, and the pion metastability of hyperons occurs 
because accidentally m,<A/2<mx. A suggestion of intrinsic 
mass differences and a certain baryon-lepton analogy has also 
been made by Gamba, Marshak, and Okubo, Proc. Natl. Acad. 
Sci. (U.S.) 45, 881 (1959). 


873 





874 et 


sional space has just eight entries, and these are all 
filled. Of course, if charge space were really 9 dimen- 
sional, the simplest spinor would have 16 components; 
or the next higher spinor in 7 dimensional space might 
have 24 components. In any case, further hyperons 
must appear in multiples of 8, and the most likely 
multiple indicated at present is zero. 


2. The Bosons 

A column of bosons diagonal in charge and mass is 
S3 T3 

[K+ ) 4 0 
_ 0 
K*- : 0 
K*t ; 0 
at 0 1 

a 0 —!1 

nr | 0 0 


o 


© WR WP to to oe * 


| 


K*=K®, K*= R°®. (3) 


= 
— 








= 
— 


There are no boson operators exactly analogous to 9; 
o, t for the fermions; but the bosons can be classified 
in terms of independent three-vectors S, T, and U that 
do possess exact baryon analogs,’ given in Eq. 2 and 
discussed further in part II]. The charge and mass 
operators are 


m= M'+-(S3)?’, 
A’~ 1.6 Bev. 


q=Sst T3+ U;, 


4 
M’~0.1 Bey, (4) 


Perturbation treatment of the boson self-energy loop, 
averaged over suitable fermion pairs with intrinsic 
mass differences according to Eq. (2), always yields an 
expression like Eq. (4). One is thus inclined to regard 
the K-m difference qualitatively as a reflection of the 
intrinsic baryon mass difference already assumed, 
despite inability to say anything about relative mag- 
nitudes because of divergences. 

The 7-element column (3) represents a vector in 
charge space. As before the total wave function is @y, 
where y is a real space wave function identical for all 
charge states (except for intrinsic mass effects); in 
particular, K as well as x must have spin and parity 0-. 
Also, there is no room in Eq. (3) for the discovery of 
additional bosons of the same class. It is somewhat 
easier to find additional bosons of other classes than in 
the baryon case, however: the one-component charge 
scalar would be the r” that has been several times 
postulated*:> though never observed. If charge space 
were 9 dimensional, there would be two more bosons 
in the vector ¢. These two possibilities are the only 


* The quantities 7;, J;, J3' of reference 1 are here T;, (S+U)s 
and (S—U);, respectively. T. Okabayashi, Progr. Theoret. Phys. 
(Kyoto) 21, 867 (1959), uses S;, T;, and U; directly, denoting 
them by 4, 93 and #£. 

*Y. Nambu, Phys. Rev. 106, 136 (1957) 

’ A. M. Baldin, Nuovo cimento 8, 569 (1958); Y. Yamaguchi, 


Progr. Theoret. Phys. (Kyoto) 19, 622 (1958); S. N. Gupta, Phys. 
Rev. 111, 1436, 1698 (1958); W. Krolikowski, Nuclear Phys. 10, 
213 (1959). 
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simple ones, for the tensor of next lowest order in 7 
dimensional charge space has 21 components. Mere 
complexity argues against the usefulness of any such 
construct. The charged vector meson hypothesized*:’ 
as a 8 decay intermediary has no place in this scheme, 
where several charged and neutral components must be 
assigned to each boson state in real space. 

The absence of the x”, at first sight perhaps sur- 
prising, is in accord with a simple compound model.* 
If the charge vector (K,r) is composed of a baryon- 
antibaryon pair, they are presumably in a ‘Sp state to 
form a pseudoscalar. The exclusion principle then 
requires for the charge scalar r™ a 'P; state, which may 
have considerably less “binding” than the ‘Sp state. 
which may have considerably less “binding” than the 
If the bosons were elementary particles in the same 
sense as the baryons, one would rather expect the 
simplest element x” to have the lowest mass. 

A feature of both baryons and bosons is the corre- 
lation of what might be called their real space and 
charge space “statistics.” That is, the spinor W is 
associated with a spinor X, the tensor @ with the tensor 
y. This association first for 7 dimensional 
charge space and is one of the most appealing arguments 
against lower dimensionalities. 

There are some hints here that bosons in a 7 dimen- 
sional scheme are most economically regarded as 
secondary rather than primary particles: the absence 
of the r” is explainable on a compound model, and the 
K-a mass difference may simply reflect the intrinsic 
baryon mass difference. Accordingly, we shall exclude 
any fundamental boson-boson or boson-lepton inter- 


appears 


actions. 
3. The Leptons 


This section attempts to fit the leptons into 7 dimen- 
sional charge space, proceeding by analogy with the 
above. The association of real and charge space sta- 
tistics indicates an eight-element column; one diagonal 
in mass and charge is 


oe ‘J 


6 J. Schwinger, Ann. phys. 2, 407 (1957 

7R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958 

8 E. Fermi and C. N. Yang, Phys. Rev 
Markov, Doklady Akad. Nauk SSSR 101, 54, 449 (1955); 
S. Sakata, Progr. Theoret. Phys. (Kyoto) 16, 686 (1956); R. W. 
King and D. C. Peaslee, Phys. Rev. 106, 360 (1957); H. P. 
Stapp, Phys. Rev. Letters 1, 296 (1958); L. B. Okun, J. Exptl. 
Theoret. Phys. U.S.S.R. 34, 469 (1958) [translation: Soviet Phys. 
JETP 7, 322 (1958) ] ; 

* The x” will then be a ve 
than a pseudoscalar as in 1 


76, 1739 (1949): M. A. 


is in reference 4 rather 
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where »™, X\* are the charge conjugates of », \°. Here 
ys is the usual Dirac matrix in real space; it is appended 
so that the total wave function of a bare particle can 
again be written as yt with & a constant function in 
real space (except for intrinsic mass) for all elements 
of y, while at the same time assigning opposite intrinsic 
parities to particle and antiparticle. This peculiar 
feature of Eq. (5’) is dwelt on below; with ps, a3, r3 
assignments as in Eq. (1), the charge and mass for- 
mulas are 
q= S3t+ T3+ l Is, m= Mo—S;Ao, 6" 

Mo=0, Ao~0.2 Bev. 0) 
The change in sign of mass indicated by Eq. (6’) is in 
accord with the presence of the ys. The u mass appears 
here as intrinsic, and the e mass as ‘resulting from 
interactions, although this is a theoretical mystery at 
present.” If one assumes Ao the same for bare baryons 
as for leptons, then A’/Ao~2 measures the baryon mass 
renormalization, suggesting My~0.6 Bev, for the unre- 
normalized baryon mass. 

The correspondence between Eqs. (6’) and (2) 
determines uniquely the uw, e positions in Eq. (5’). 
From this alone a few conclusions can be drawn: 


(i) any type of electromagnetic transition between yu 
and ¢ is forbidden" to all orders by the same strangeness 
rule? that prevents =+— p+ y, A—n+y7, etc.; this 
holds whether the neutrinos in up — e+yv+yv are identical 
or not. 

(ii) The electrodynamic corrections to the » and e 
magnetic moments must both be a/2x to lowest order”; 
to higher orders the corrections should differ only it 
intrinsic mass effects. 

(iii) An excuse arises for the existence of the u meson, 
otherwise irritatingly superfluous. There are two posi- 
tions for charged particles of each sign in Eq. (5’), 
which must be filled by leptons similar in space-like 
character but linearly independent. 


This last feature is absent from charge spaces of lower 
dimensionality than seven; with higher dimensionality, 
it is necessary to add more independent charged leptons, 
for which empirical evidence is lacking. 

The most striking aspect of Eq. (5’) is the necessity 
of using both particle and antiparticle in order to fill 
up the eight entries in the column. This implies that 
somehow or other the distinction between leptons and 
antileptons is of less import than that between baryons 
and antibaryons.” If the superscript a denotes anti- 
particle, then Eqs. (1) and (5’) imply 

” Katayama, Taketani, and Ferreira, Progr. Theoret. Phys. 
(Kyoto) 21, 818 (1959). 

Davis, Roberts, and Zipf, Phys. Rev. Letters 2, 211 (1959); 
Berley, Lee, and Bardon, Phys. Rev. Letters 2, 357 (1959). 

2 Lundy, Sens, Swanson, Telegdi, and Yovanovitch, Phys. 
Rev. Letters 1, 38 (1958); Garwin, Hutchinson, Penman, and 
Shapiro, Phys. Rev. Letters 2, 516 (1959). 

4% A distinction between baryons and leptons on the basis of 


their particle-antiparticle relations has also been suggested by 
G. Schremp, Phys. Rev. 113, 936 (1959). 


CHARGE SPACE 


(WX) ——> (WX), 
(nonlinear) 
W's) ——> We. 


This suggests as a working hypothesis [called hypothesis 
(Z) hereafter | that leptons and antileptons are experi- 
mentally indistinguishable, which is their essential 
difference from baryons; with corollaries 


(7) 


(i) no measurement can determine “relative lepton- 
ness” of two leptons (¢.g., e~ and wt or uw; e&~ and »* 
or y”*), 

(ii) massless leptons are effectively Majorana neu- 
trinos. 


Corollary (i) is automatically satisfied by the electro- 
magnetic interaction, which is diagonal in all particles 
of Eq. (5’). The appendix shows that for 8 decay this 
condition imposes factors (1--y5) between all lepton 
pairs and prohibits mixture of (A, V) with (S, T, P) 
terms in the interaction form without derivatives. For 
lepton and antilepton to be indistinguishable in 
boson-lepton interactions requires the mass of »° (and 
of d°, if it is to play any role in 8 decay) to vanish 
identically and two charged (i.e., massive) leptons not 
to interact with a boson. This last precludes boson- 
lepton interactions with any rotational invariance in 
charge space except about the Q, axis; from the absence 
of strong boson-lepton interactions one then infers that 
all strong boson-fermion interactions must have a higher 
degree of invariance in charge space (part II). 

If the masses of »° and \° both vanish, it seems 
unnecessary to maintain a distinction between the two 
neutrinos, so we assume \° =» and multiply each by a 
normalizing factor 1/V2. Whatever the intrinsic charac- 
ter of », only the Majorana-type combinations 
(Y+v")/V2=y and +5(¥—»)/v2=) occur in 8 decay, 
according to the argument in part III, Eq. (29). This 
is the basis for corollary (ii). The only effect of ascribing 
Dirac character to “Y—which we now do—is to prevent 
\ from vanishing identically. 

A necessary ad hoc step, justified only because it 
leads to Eq. (29), a satisfactory starting point for a 
universal Fermi interaction, is to exchange the 3rd and 
6th entries in Eq. (5’). This is effected by the trans- 
formation 


R=}(1+6373)+}((1—o573)+p2(o3—7:) ] 


+— (p4740.+p_t_o,), 
2v2 


which yields 
, 


+ 


er 
vP/v2 
vP/v2 
o, 
ut 
yw™/v2 
ysv*/N2 
Ye J 
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and replaces the operator S; in Eq. (6’) by 


1—p; OatT3 1+7; 1—ao; 
(ICICI 
2 ) ? ) 


The second of these terms is self-contradictory in 
assigning different masses to identical particles in Eq. 
(5) and is therefore discarded, leaving the satisfactory 


form 
1—p; O3+Ts3 
m=M, ( — BAo. (6) 
2 2 


< 


The procedures of the last paragraph are arbitrary 
and tentative: it is not clear that Eq. (5) is unique or 
even the most suitable lepton function. In lieu of 
anything better, however, we shall use it in the universal 
Fermi interaction of part ITI. 

Whatever the inadequacies of hypothesis (Z), it is 
at least satisfying that charge space considerations 
should yield a baryon-lepton distinction. Otherwise one 
would have two equal families of fermions in charge 
space and no reason to suppose that the roster was 
complete. As it is, however, there exists one family 
each of full-bodied and eviscerated fermions; and the 
principle of distinction between them cannot generate 
any new families of fermions or bosons. 

If hypothesis (Z) is correct, one should explain why 
lepton conservation seems to work so well for 8-decay 
processes. As illustrated in the appendix, this is a result 
of the (1-5) factors in the interaction: they produce 
a 100% v polarization that makes all simple 8-processes 
go as if they satisfied lepton conservation with a 
2-component neutrino. Actually, we here deny lepton 
conservation, and later discussion will also deny any 
physical significance 
which appears as an 
fermion interaction. 


to the 2-component neutrino, 
algebraic accident of the four- 


Il. STRONG INTERACTIONS 


The absence of strong boson-lepton interactions, 
which would necessarily be charge asymmetric, suggests 
that strong boson-baryon interactions be given maxi- 
mum symmetry in 7 dimensional charge space. As in 
the lepton case, charge space considerations imply some 
restriction on the real space form of the interactions. 
The sections below discuss the charge rotation operators 
for fermions and and the interaction forms 
between two baryons and one or two bosons. The real 
space wave functions are henceforth absorbed into ¥ 
and ¢, which are now subject to both real and charge 
space operators, distinguished by respective Greek and 
Roman subscripts. 


bosons 


1. Fermion Charge Rotations 
To exhibit 7 dimensional rotational properties, a 
Dirac-type formalism is convenient. Define in terms 
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of 9, @, t associated with spinor (1) the quantities I',, 
TastT pa=2baz, 
T,:=pi02, 's=pace, T :224567= (1)*. 


mm (8) 


P3203, 


T';=p101, l's=p201, 
P'3= p03, 
r.= po, 


This set of I’, is by no means unique: an 8-fold vari- 
ation is obtainable by transformations 


r,’=RT,(R’)” 
R*= (R?) 
Rv= (R’)™ 
R*= (R*)" 


ae! +p3t+o3—p303), 
}(1+ps+7s—psrs), 


}(1+o3+173—o373). 


The I’, obtainable in this way are shown in Table I. 
Changing the relative signs of the different terms com- 
prising R in Eq. (9) leads only to variations in sign 
among the I', of Table I, and not to any new forms; 
it is sufficient to consider only the transformations (9). 
In fact, all the forms of Table I correspond simply to 
relative sign changes of some components of Eq. (1), 
as seen by considering RW; and since there are no 
interference measurements for detecting such changes, 
all columns in Table I are physically equivalent. We 
shall therefore use representation (8) throughout for 
the I'y. 
There are 21 rotation operators, 

Las= (Tap—l'pa)/21, (10) 
corresponding to the full set of 7 dimensional rotations. 
It is convenient to express nine of these operators as 
three commuting 3-vectors : 


S3 } \ = 


' i(~y 
l 3 4\<12 7 


T -1> T ly 
3 2— 56, 2 275, 


and cyclic, 


and cy¢ lic, 


(11) 
T\= $267, 

with eigenvalues (0, 4) for S and for 7. The 
operators S, T, U are all that remain valid upon a 
breakdown of the 7 dimensional symmetry into disjoint 
4 dimensional and 3 dimensional spaces associated, 
respectively, with (S, U) and T. Even if this breakdown 


pny sit al 


U, 4 


is not assumed, several quantities can be 


PABLI of I; 


r 4arue 


P202 
— P21 
PiTs 
P203Ts 
Tis 
Tos 
PsTs 


souk wre 


author is indebted t Vaughn for clarifying this 
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expressed in terms of S, T, U. The strangeness is 
S=25;—-N, (12) 
where S= baryon number; and the charge vector 


Q=S+T+U, 


has the charge number as its third component, g= (Qs. 
The component Q, of the charge vector figures in 
“antiparticulation,” 


W*=AP= (—1)% er OCW, 


(13) 


(14) 


where J is the particle spin and C is the real space charge 
conjugation operator.'® A well-known feature of A is 
that 


A(If'p0)A“=+(fp0), (15) 


where O is a real space operator and the signature is 
— for O=SAP, + for O=TV. 


2. Boson Charge Rotations 


An elementary procedure for the bosons is to form 
Kemmer-type matrices,'® Ba=4(C4+I' 4’), where I’, 
and I'4’ are independent. This 64-rowed representation 
is reducible, containing representations of 1, 7, 21, and 
35 rows. The 7-rowed B, (A=1 to 6) have a simple 
representation exactly analogous to that of the usual'® 
5-rowed 8, («%=1 to 4); the corresponding column ¢ 
consists simply of the real elements ¢4 (A=1 to 7) 
where 


(2)-4(o1 Fide) = K+, 
(2) \(@stid,) = K+, 


(hb, F ids) = * 
(2)-*(b5 Fide) = r+, (16) 


7=7", 

The charge rotation operators now follow the usual 

definition'® for Kemmer matrices, 

A,B=1 to 6, 
na=2B,?—1. 


Lan= (Bas—Bzpa)/i, (17) 


v _ se = 
“AT Banz/ 1, 17> 1123456, 


One can again define quantities §, T, U by Eq. (11) 
with the inclusion of an extra factor 2 throughout, as is 
usual in going from the spin 4 to spin 1 case; the 
assignments resulting from Eqs. (16) and (17) are those 
given in Eq. (3). It is not possible to work backwards 
from S, T, U to a quantity like the fermion 9, although 
@ and « may be obtained. 

An important feature of assignment (3) is that the 
isotopic spin 


1=T+U 


is composed of two parts T and U that serve, respec- 
tively, for pions and kaons. Since these parts are inde- 
pendent, no simple rule like AJ=} is sufficient to 
describe weak, strangeness-violating decays; one must 
specify in detail what happens to T and U. This 


(18) 


‘64 is a straightforward extension of a similar operstor long 
used in pion-nucleon considerations: A. Pais and R. Jost, Phys 
Rev. 87, 871 (1952); L. Michel, Nuovo cimento 10, 319 (1953). 

16 N. Kemmer, Proc. Roy. Soc. (London) 173, 91 (1939), 
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remark applies not only to boson decays like K — 2x 
but also to hyperon decays. The example of a weak 
interaction assembled in part LII has in fact no par- 
ticular connection with A/=}, although it gives many 
of the same results. 

For the bosons, antiparticulation is particularly 
simple, 

Ao=—$. (19) 

3. Two Fermion, One Boson Interaction 


The simplest interaction form is a complete scalar 
in charge space, 


GWT 4(Oba)¥, (20) 


where O is some real space operator. Equation (20) 
implies complete symmetry among all r- and K-baryon 
interactions.'’ If O is the usual pseudoscalar operator, 
one must attribute the observed order-of-magnitude 
difference in G,? and Gx* to renormalization effects. 
There are two objections to this: in a highly symmetric 
scheme there is no obvious source of such a large 
difference in vertex renormalizations; and as discussed 
in part III, the weak decay interactions suggest that 
the vertex renormalization is smail in absolute mag- 
nitude, substantially less than a factor 2. The dominant 
part of Eq. (20) must therefore be 


Oba _ 1Y6Y WP Aq GA,= (O~pa)/ka, 


where «x4 is the observed rest mass of the meson. This 
normalizing factor appears quite naturally if one uses 
linearized (i.e., Kemmer) equations in real space for 
the boson wave functions: then the five quantities, ¢, 
¢, all appear on an equal footing, so that (21) is the 
exact PV analog of the usual PS interaction 


Ya. (21’) 


Of course it is possible to have some admixture of (21’) 
with (21); the present exploratory discussion will 
employ only Eq. (21), however. 

A diagram" of Eq. (20) is shown in Fig. 1. Such a 
diagram may be useful in describing higher spinors in 
7 dimensional space.” For example, the J/=T=4 
resonance observed in pion-nucleon scattering must 
have some generalization in going from 3 to 7 dimen- 
sional charge space. The appropriate diagram is 
constructed by placing an additional cube on each face 
of the cube in Fig. 1, and then removing the central 
cube. This structure contains 48 corners or elements and 
is the next simplest spinor to Eq. (1). Of these 48 
elements, i6 represent J =} resonances in r—N, r—Z, 
x—A and r—2 scattering; the others represent possible 


(21) 


O'os 


17 This form with Eq. (21’) is suggested by R. E. Behrends, 
Nuovo cimento 11, 424 (1959), along with an alternate form for 
baryons of different parity in order to explain the mass differences 
along the lines of reference 6; see H. Katsumori and K. Shimoura, 
Progr. Theoret. Phys. (Kyoto) 20, 578 (1959). 

18 N. Dallaporta, Nuovo cimento 7, 200 (1958). 

” Thanks are expressed to Professor H. A. Jahn for helpful 
remarks on this subject. 
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J=%* resonances in K-baryon scattering. Whether 
these latter resonances actually appear is a moot 
question and would require much more detailed inves- 
tigation than attempted here. 


4. Two Fermion, Two Boson Interactions 


Although interaction (20) amplifies any intrinsic 
mass differences that may exist, it does not originate 
any, in particular the 2-A mass difference. Moreover, 
Eq. (20) entirely forbids*® the reactions K-+p~— K°* 
+n, w++p— K*t+=* and imposes experimentally 
violated restrictions on other production processes.” 
These difficulties can be removed by introducing a 
second basic interaction, 


(G2/M) {VL ay WV} (bE sd), (22) 


where J4, E, are charge space operators and M~1.1 
Bev is a normalizing mass. To yield a 2 


ferenc e, Eq. (22) 


‘ 


A mass dif- 
invariant under all 21 
dimensional rotations; but to show 
charge independence and strangeness conservation, it 
must be invariant under at least Q and S;. A systematic 
way of obtaining such a form is the following: arrange 
the 21 S42 in seven linear combinations of three each 
and call these £4, while setting 


Ia - as 


must not be 


operators of 


(23) 


Invariance under Q and S; is sufficient to determine 
the E, except for two coefficients: 


E,=Z2ut2Zea—2u, Zs 
E.= 354 271 — Ds, Es: 


E3=Z16+2Zs2- 1745 E; 


4(Zo3+214) — bZ 67, 

a(23i+ L241) — 275, 

a(Ly2t+Z34) — OZ 50. 
Ey=251+262+27:, 

One way of defining the coefficients a, } is to introduce 


an operator that behaves under Q like a 3 dimensional 
tensor of second rank, 


Vinr= §[215s— 3 (Z26+27) J, 
Voe= $[226—} (21s +2Zs7) J, 
V 33> $[237—4 (2s t+226) |, 
Equation (22) is invariant 


for fermions) if 


V 2= Vai=Zis 225, 
Vos=Vaeq=Za=Zs6, (25) 
V n= Vig=Zast+217. 


under V ;; (for bosons, 4V;; 


(24a) 


Whatever the physical meaning of V ,;, it is satisfactory 
that Eq. (22) should be invariant under 9 charge 
rotation operators, which is the number associated with 
the breakdown of 7 dimensional symmetry into disjoint 
4 dimensional plus 3 dimensional. 

It may be useful to write out the second factor ¢E¢, 


~* It 
a1 A. Pais, Phys. Rev. 110, 574 (1958). See also Feinberg, Kabir, 
and Weinberg, Phys. Rev. Letters 3, 527 (1959). 


also forbids A~+) — K*++=- but allows Kt+p 


i 


» Ke 


+ 
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of Eq. (22) according to Eqs. (24) and (24a): 


Fittk 2 +[2°K a*K3;+in*K, |,, 
3—> [aw K*+—atK-+in’K,),, 
C4 ila Kt++a+K-+9°K;],, 
v2 — +[ K;K*—2°x*+iK,K* ],, 
E, > [K-K*+—a-2* +iK, Ks), 
[AB]=¢1dn,—OBOy 


(26) 


Here the charged mesons are all destruction operators. 


An approximate magnitude for Gz may be inferred 


from analysis of s-wave w-nucleon scattering,” 


G2/4r~0.3 >G) Lor 


~ 


0.08. (27) 


Of course the magnitude of G2 depends on the value 
assumed for the mass M; the choice 
M=1.1 Bev corresponds to the cutoff energy in the 
treatment of w-nucleon scattering with PV coupling. 
In any case, it seems that G2 and G;? have the same 
order of magnitude, so that (22) and (20) could con- 
tribute comparably to strange particle production. 
Evaluation shows that (22) contributes directly to 
at-+p— Kt+2* and that (22) and (20) together can 
give general agreement with other production proc- 
esses.”4 A 2-A mass difference arises from interference 


normalizing 


between (20) and (22), though not for either interaction 
separately. 

Of course Eq. (22 a Pandora’s box: one can 
equally well assume independent, basic interactions of 
two fermions with 3, 4, ------ bosons; and Eq. (27) 
gives no assurance of decreasing G, with increasing n. 
Terms higher than Gy, will not be considered here; the 
higher terms presumably show at least as much rota- 


ope ns 


Fic. 1. The ic The corners of 
the cube are baryons, the connecting lir anc 
appropriate to the rene 


l r mesons 


2 Dreli, Friedman, an 
(1956); A. Klein and B 
(Kyoto 20, 876 (1958 


Phys 


Progr 


Rev. 104, 236 
Theoret. Phys. 
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tional invariance as Eq. (22) and are also invariant 
under C and A. 


Ill. THE WEAK INTERACTION 


This section attempts to follow the general ideas of 
7 dimensional charge space in constructing a universal 
Fermi interaction. We get only as far as showing how 
this can generally be done and exhibiting a couple of 
examples; it seems premature to propose a detailed 
interaction form on the basis of presently available 
data. First order perturbation theory is used through- 
out. 


1. Introduction 
The four-fermion interaction is taken as 
54 Cal VP ay, Ateavo¥} {UP a'y.(1 +475) ¥}, (28) 


where the W are baryon functions of both charge and 
real space, the P,4 are charge space operators, and ¢4 
are coefficients. According to the appendix this form 
by itself does not assure baryon conservation, so we 
must additionally assume both WY functions in a single 
bracket to have the same baryon number; with a 
complete set of P, there is no loss of generality in 
taking all four ¥ in Eq. (28) to have the same baryon 
number. It is also possible to arrange things so that 
lepton interactions are described by pairwise sub- 
stitution of y for ¥ in either bracket but not by sub- 
stitution for one WV in each bracket, which might violate 
baryon conservation. This substitution must employ a 
form of ¥ invariant under antiparticulation ; for Eq. (28) 
can be formally rewritten in terms of ¥* with appro- 
priately transformed P,, and according to hypothesis 
(Z) there can be no distinction between putting ¥ — y 
in the original form of Eq. (28) and ¥*-—y in the 
transformed (28). This requirement is satisfied by the 
rule 
[ ¥(1+-ys)et 

hy 

hy 
—4(1—ys)e 
4(1+75)u* 

3d 

$d 
(— 3 (1-5) J 


Yov=h04+)= 








using Eq. (5) for ¥ and the A appropriate to Eq. (8). 
The quantities 


v= (¥%+y)/V2, A=¥5(¥—v)/V2, 


are linearly independent; in what follows they will be 
treated as orthogonal Majorana neutrinos.” 

Equation (29) guarantees maximum polarization in 
the observed sense for all lepton processes; this polari- 
zation results not from two-component 


(30) 


neutrinos, 


% Dual neutrinos also appear in A. Salam and J. C. Ward, 
Nuovo cimento 11, 568 (1959). 
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however, but from effectively “two-component” elec- 
trons and yw mesons! This simply illustrates that the 
two-component neutrino—or two-component lepton in 
general—is merely a mathematical convenience and has 
no special physical significance. 

The choice of p factors for P and P’ in Eq. (28) can 
be made in two nonequivalent ways: either (P,P’) 
~(pi,p2) or (1,ps), or P~(1,p3) and P’~(p;,p2). The 
second form is necessary if Eq. (28) is to account for the 
pion decay of hyperons; but there is no evidence against 
including the first as well; we provisionally omit it for 
simplicity. Then in terms of strangeness, the P’ factor 
induces AS= +1, the P factor AS=0 (if we specifically 
choose forms to exclude the AS= +2 that is also allowed 
in general for P). Then all weak decay processes involve 
exactly AS=-+1: in ordinary 8 decay the leptons carry 
AS= +1, in K—y decay the leptons carry AS=0, Which 
process one describes depends on which bracket in Eq. 
(28) undergoes VY — y+; substitution of both brackets 
leads to p—e decay. 

The factors @ and + in P and P” are associated with 
electric charge conservation, which implies that Eq. 
(28) is a scalar, 3-component of a vector, or 33-com- 
ponent of a tensor under the rotation operator Q. These 
three possibilities have alternating behavior under time 
reversal, which in the present scheme is equivalent to 
transposition of the charge space operators: the scalar 
is of course invariant, the 3-component of a vector cross 
product has — 1 signature, and the tensor 33-component 
has signature +1. Since a uniform signature is required 
for the observed distinction between # and @, the poss- 
ibilities separate into two nonmixing groups—vector, or 
scalar plus tensor. The charge vector has the attractive 
feature that each bracket in Eq. (28) contains one 
charged and one neutra! particle, as required for leptons 
(appendix). Adopting the vector form, we write 


(8) =ig Ya Cal{( UP aty, (1+ eave) ¥) 
K (UP ay, (1 +645) ¥} 
—{VUP, V¥n(1+eays)¥)} 


KVP ay, (1+ en's) ¥) I], (31) 


where the second term is the Hermitian conjugate of 
the first. Here the superscripts + indicate that the 
charge space operators contain factors ¢* or r* (and in 
the case of P’ a factor p* or p*™ as well), to which 
respective factors 73, ¢; may be adjoined. The relation 
H(8)? =—H/(8) does not contradict the usual tests of 
time-reversal invariance in 8 decay, which would only 
reveal phase differences between different coefficients 
in Eq. (31) but can never show the presence of a 
constant multiplying phase factor 7. This choice implies 
that in the present scheme K,;=@ — 2x, while K,=@; 
thus (K,, Ke, K;) is the 3-vector analogy to (#1, 42, 43). 
The form (31) precludes a number of unobserved 
processes, like u— > 3e, u+N + N+e, K®— 2°+y+e, 
K+— x*+ y+; all but the last of these would reveal 
“relative leptonness” of w and e. 
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Any weak interactions involving bosons are assumed 
to occur entirely through interaction (31) with the 
mediation of strong interactions™*** like (20) and (22). 
The §-decay boson’*?’ is specifically excluded: the 
general flavor of part I is that bosons are secondary 
particles, so that an elementary four-particle inter- 
action should involve only fermions; and the absence"! 
of u4—e+y provides some experimental evidence 
against the 6-decay boson.”’ The principle of conserved 
currents in 6-decay”*’ is not in accord with the absence 
of primary boson-lepton interactions, nor is it especially 
indicated for Eq. (31), where it would seem to imply 
P+=Q*, In the detailed discussion below it appears 
unlikely that present data can be fit with so simple a 
choice for P; for example, the decay Z~ — e~+v+n 
must then proceed with the same strength as ordinary 
8 decay. 

Decay processes like Z—+>N+m are completely 
forbidden to first order by Eq. (31). The pion is asso- 
ciated with the P-factor of (31) through a baryon- 
antibaryon loop, so that the real baryons are connected 
by an operator P’ which must have strangeness change 
AS= +1. This is then the selection rule for weak pion 
emission. 


2. Formulation 


Present fragmentary evidence suggests that matrix 
elements for e and u are of equal magnitude in lepton 
decay of heavy particles. An arrangement suitable to 
express this condition is 


(=) +i 
th 
[ (n= att 7(=* 


A, (jk; 6) HE) -*] 
[ (pn) t+ j(2*2-),*], 


pws a 


B,(jk; ©) 


:‘] 
+k (p=), *+ j(Z*=-),*], 
((= >*),° + j(Z°S*), ‘7 
tkl (2°), *+ j(2-n),*], 
>) t+ i (nd*)-*] 
+k (2p), -*+ j (2-2), *], 
(pn)*= (Veve(1t+evs\¥n}, etc. 


A,' (jk; ©)= (32) 


B,' (jk; 0) =((E 


5 . he? e a 


Here A, B are operators of P type, A’, B’ are P’ type, 
so that Eq. (31) can be written symbolically as 
H(g) 


igd{P,( jk; )P,(j'k'; )—H.c.}, = (33) 


with P, P’ taken from Eq. (32). This form shows that 
H(8) contains 256 independent terms. Substitution of 


* N. Dallaporta, Nuovo cimento 1, 962 (1953); G. Costa and 
N. Dallaporta, Nuovo cimento 2, 519 (1955). 

23M. Gell-Mann and A. H. Rosenfeld, Annual Review of 
Nuclear Science (Annual Reviews, Inc., Palo Alto, 1957), Vol. 1, 
p. 407. 

% F.'R. Caianiello, Phys 
Phys. Rev. 108, 1615 (1957 

*7 G. Feinberg, Phys. Rev. 110, 1482 (1958). 

23S. S. Gershtein and J. B. Zeldovich, J. Exptl. Theoret 
U.S.S.R. 29, 698 (1955 [ translation 
(1957) ]. 


Rev. 81, 625 (1950); Y. Tanikawa, 


Phys. 
Societ Phys. JETP 2, 576 
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Eq. (29) yields 
P.i+; —) 
P,'(j'+; -) » —f 

| ol cas 


( hee , 
>L (Au) ti(ve)s 


pv), +7 (er), J=L (7), (34) 


> 0 otherwise. 


Terms with ut, e* follow from Eq. (34) by charge con- 
jugation. The requirement for yu, e equivalence is now 
that all P(j+;—) terms in H(@) have only one sign 
of j, and that all P’(j’+ ; —) terms have only one sign 
of j’. This eliminates 60 of the original 256 terms in 
Eq. (33), a not very serious restriction. 
According to Eqs. (33), (34), four-lepton (i.e., 
neutrino) interactions must be proportional to 


H (xv) 


two- 


~ 


= ig| L,(j)L,'(7’)—H.c. ] 
= igl (Au a (uv), +77’ (EX), (ve), —H.c. 
+ j(ve~)5~ (uv) +7’ (Au) a (EX) — Hc. ] 
= gl { (Av) — (~A) {uy 
+{7’(Md), 


ig{ 2 Av) af Mu 


— { q\ VV) 95 - 


7 —-Wwe)e yi, 

with (Av), = Wy», VV) 95 V7 wy BW. Here the second 
form follows from the first by Fierz exchange, and the 
third results from using the Majorana properties of the 
neutrinos. The last line of H (Av) gives exactly the same 
measurable features for u—e decay (lifetime, angular 
distribution, electron polarization) as obtained from a 
conventional form Dirac 
The previous line accounts for 
the 
an exchange process 
converted into the 


+1 for all weak 


Poocoof (a) 


> 
S 


with a single neutrino and 
coupling constant g 
neutrino-electron 


present 


\Or yw meson 


scheme it is 


scattering; on 
ctually 
whereby one type of neutrino is 
other, thus preserving the rule AS 
interactions. 


f hyperons. 
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TABLE II. Charge space factors for weak pion emission. 





Term in H(g) 


LA (jk; )A'(j’'k'; &) —H.c.J= 
[A (jk; 6) B'(j’,k'; &) —H.c.J= 


{[B(jk; &)A'(j'k’; ¢)—H.c.J= 
eLB( jk; e)B’(j'k'; 6) —H.c.J= Vi8(e, —e’)k'[A'( jj’, — kh’; - 
Here X (jk) =[(2°=")* — j (ZZ )- +k j (md°-)* — (nd*-)-], 

M (je) = (p2*)*+j(D =), 

N (je) = (m=**)*+- 7 (2° ="), 

5(ee’) =[(e—e’)/2F, 

f(je) =30(1+7) +e(1—J)]. 





For baryon decays it is necessary to combine H/ (8) 
with the pion part of strong interaction (20) via a 
baryon loop as in Fig. 2. In this diagram the two 
dumbells with umbilical connection (for free momentum 
transfer in a local four-field interaction) represent 
H(8); diagram (a) involves Tr[I'pP(jk;€)] with 
D=5, 6, 7, which vanishes unless P=A(+—;6); 
diagrams (6) and (c) comprise terms in (Tp PP’+PP'Tp) ; 
and the diagram conjugate to (a) would involve 
Tr [{pP’]=0. The kinematic factors associated with 
these diagrams are such that diagram (a) yields a form 


H (mw) =igGiJo(M/2n)* Sa eaNa(x){ Pao, —H.c.}, 

(36) 
where Jo(M/2x)? is a divergent integral with charac- 
teristic mass M~1.1 Bev, and N4(m) are coefficients 
associated with the charge space factors just mentioned. 
The charge subscripts on ¢,=0,/m, is dropped for 
simplicity, as it will be obvious from P’. Diagrams (5) 
and (c) yield kinematical factors identical to first order 
in perturbation theory with (36), provided that «= e’. 
If e= —e’, these diagrams yield instead a leading term 
(using perturbation theory with PV coupling for the 
pion) proportional! to 


We take this term to be of order (m,/M ~15% relative 
to (36) and omit it entirely, since it is of the same order 
as neglected vertex corrections from strong interac- 
tions; these vertex corrections appear to be of order 
20% in the comparison of y—e with nuclear 6 decay. 
On this lowest-order basis the charge space factors in 
Eq. (36) corresponding to Fig. 2 have been computed 
in Table II. 

Diagram 2(a) also serves for r—y(r—e) decay. On 
substitution (34) one has 
H (x2) = igdGiJ o(M/2x)?N (92){L,'(7)6,—H.c.} 

= N(42)h(x2). 


The loop integral Jo is supposed the same as in Eq. 
(36). N(2) is a numerical factor depending on 
Se, Tr [TpP.]. Values of N(w2) and similar factors 
are presented for individual (8) terms in Table III. 


(37) 


(38) 


V18(¢, —¢)( —JB'(ji’, — kk’; ©) 
+5 (ee’){ (1+ 7 7’kk’)LN (77; €’) 


Corresponding ZaNaP,’ in H(x), suppressing @ and undex y 





—vI[(1+j)(1—k) + ja(e, —¢) LA'(is', —bhk’; &) — Hic. ]J—8 (ee) 57’; OLX Gi’, —kk’) —Hc.] 
—v1(1+-j)(1—k)[BUjj’, — kk’; ) — Hc. ]—8(ee){ (7 +22 LN Uj’, —) —H.c.] 


+ (jk'+j’k’)(M (jj, —e) —H.c.]} 
¢’)—H.c.]} 
H.c.]+ (jk' +7’) (M G7’; —€) —H.c.}} 


H.c.]+'[B’ (jj’, —kk’; 


€') —H.c. ]—85 (ee) RRS (57,0) LX (jj kk’) — Hc.) 





The conjugate diagram to 

K—p(K—e) decay: 

H (K2)=igG,Jo(M/2x)?N (K2){L,(j)¢,—H.c.} 
= N(K2)h(K2), 


where $,=0,64/ka with A=1, 2. 

For three-body leptonic decay the situation is more 
complicated: even with neglect of vertex corrections, 
K(3) decay can be effected by interaction (20) acting 
twice [Fig. 3(a) ] or interaction (22) acting once [Fig. 
3(b) ]. No arguments appear for selecting one of these 
over the other; although (3b) leads to a quadratic and 
(3a) only to a logarithmic divergence in perturbation 
theory, the gauge condition for photon propagation 
assigns to both the same order of magnitude in units 
of M*. These divergences make uncertain the kinematic 
factors in the “effective Hamiltonian” of K(3) decay. 
For simplicity we assume a form (¢£’¢,) for the boson 
functions, as in Eq. (22). This is unlikely to be correct 
in detail but will permit a survey of the charge space 
factors and perhaps some order-of-magnitude com- 
parisons in decay rates. Accordingly, 


2(a) would describe 


(39) 


M 
H(K3)=ig— 


(2x 


{G2J\N (K31)+G2J.N(K32)] 
<[(wK+),L4(j)—H.c.] 
= N(K31)h(k31)+N (K32)h(32), 


Taste III. Charge space coefficients for leptons. 





Term in H(s) Corresponding lepton term 


A(jk; @)A'(j'k'; ) WH (Av) +t +hk'ulj'e; 7) 
+t’ [met+kple; j)] 
WH dw) +tingt j'wly kh’; &5 7) 
+t'[met+kple; j)) 
B(jk; dA’ (jk; €) WHO») +i +k'ul(j'€; 7) + 0(ke; 7’) 
B(jk; )B'(j'k'; ) WH (v)+tn+ j'w(j'h', €; §))4+-V lke; 7’) 
where ¢= 4(1+)(1—e) and likewise for ¢’; and 
nm, = V2(1— 7’) (j—k eh (K2) —V2 (1 — 7’) (1+-k)h(K31) 
— V1 (1+ 7’) (1+k’)[h(K32) —h(@'32) 
k) eh (92) — V2(14- 7) 14+-k)A(w31) 
+v¥2(1— 7) (14+-k)h(32), 
+ (1+ 7)h(31) J. 


A (jk; 6) B’(j'k’; €) 


h(P32)), 
n= V2(1+f) (1 


ny= —V2(1+k)((1— jf A@S1 





P.-C. 
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Taste IV. Parameters of H (Kr). 





ZNaP a’ 
vVI[A'(++; ¢)—H.c.] 0 
[M(—¢)+N(—¢)—H.c.] 0 
vVI[A'(—+; ¢)—H.c.] 
v2(B’(— +; ¢)—H.c.] 
[M(—e’)—N(-—¢)—H.c. ] 
[X(4 H.c. ] 


in H(r) Ei 


8 (K*++ K~)x°), 
—8[(xt++2-)Ks], 

8[9°Ks], 

8(Ktx-+K-x*), 





® The first entry 
pions. 


where the notation (#°K*), follows* Eq. (26), and the 
factors N are given in Table III. J; and J2 are dimen- 
sionless divergences presumably of the same order as 
Jo and assumed to have negligible dependence on 
kinematic factors. The corresponding form for leptonic 
decay of 6', @ is 


M 
H (63) =ig- 
2 


(24 


[G2J,N (031) +G2J2N (632) ] 
- 


x|| (w+ Ks), ] 


je) He. (41) 


li(atKy), 
N (031)h(031) +N (032)h(032). 


By shifting the loops in Fig. 3 to the left side as in 
Fig. 2(a), one has a diagram suitable for 7; decay, 
rt — °+pu+(e+)+yv, where uw emission or absorption 
can occur only with virtual pions. The corresponding 
interaction is 


H (x3) =iglM/ (2m)? [Gi WN (931) +G2J oN (32) ] 
< C(x) Ly (7) —H.c. J 


N (931) h (431) +-N (932)h (232), 


(42) 


in complete analogy with Eq. (40). A similar form can 
be written for K+ — K3(K4)+py*(e*)+. 

Of course interaction (33) gives rise to direct lepton 
decay of baryons on substitution of Eq. (34). It is con- 


3. Diagrams for Ky decay 


*® Note that the H.c. of (#®°K*), is (K~x°),=— (x°K7-),. 


in this column contains an additional term 8i[(#* —2~) Ke], which vanishes ident 


metrization between the 


venient to define 

~H.c. ], 

bp). *L,(7)—H.c.}, 
v(le; 7) +] (p=), -* |L,’(j7)—H.c.}, 
w(le; 7) =ig{[ (n=*),-*+1(2*p),-*|L, (7) —H.c.}. 


pe; 7) =igl (pn), *L,' (j 
u(le; 7)=ig{[l(=-n),*+ (= ; 
- (43) 


ig{{ (n=-),* 


The terms (43) represent the hyperon 8 decays most 
feasible to observe at present. Their coefficients are also 
listed in Table ITI 

To the present order of accuracy the process K — 24 
is described by using the two-boson loops of Fig. 3 to 
close the open lines in Fig. 2. Note that the correspond- 
ing diagram with both + mesons in a single loop cannot 
contribute, as the pions must be in a T=1 state for 
both Figs. 3(a) and 3(b). The effective interaction is 
most simply based on the H/ (wr) of Eq. (36) and TableIT: 


H (Kr) = igG J of hd (2ar)* [o GP 1 k i+Go2J 2E2)b,y by, 
(44) 


where the charge operators FE, and £2 are given in 
Table IV; the charge index on the ¢ outside the brackets 
is suppressed, as it follows by charge conservation from 
the other factors. Table IV lists all nonvanishing con- 
tributions to £; and Eo. 


3. Application 


This section outlines some applications of the pre- 
ceding expressions. No attempt is made to find a 
definite, complete form for H(8), but examples are 
given of how the present scheme can account for 
available data. Efforts to transcribe the formulas of the 
last section in terms of charge space operators 9, @, 
and ¢ have not so far yielded any algebraically attrac- 
tive symmetry in agreement with observations. 

The following assumptions will be made about lepton 
decay: (i) the u- and e-matrix elements are identical in 
magnitude for all processes; and 
corresponding to 4%, 1 


ii) no decay process 
, or w in Eq. (43) occurs to Ist 
order. The second is a rather extreme assumption but 
seems in harmony with present observations » although 

*® Crawford, Cresti, Good, Kalbfleisch, Stevenson, and Ticho, 
Phys. Rev. Letters 1, 377 (1958) ; Nordin, Orear, Reed, Rosenfeld, 
Solmitz, Taft, and Tripp, Phys. Rev. Letters 1, 380 (1958); 
Leitner, Nordin, Rosenfel S itz, and Tripp, Phys. Rev. 
Letters 3, 186 (1959 
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lepton modes of A and =* decay have been seen, their 
apparent rate is an order of magnitude slower than 
expected on a naive universal Fermi interaction. In the 
present calculation this represents first order forbid- 
denness, the observed decays presumably arising from 
vertex corrections by K mesons." A good deal more 
experimental and theoretical work on this point is 
clearly required; in the meanwhile assumption (ii), if 
not actually correct, will at least serve to test the flexi- 
bility of the present scheme. The experimental founda- 
tion of (i) is also quite weak; although the known 
cases of lepton decay (pn, 2, Ks) seem to agree with it, 
they represent a very small fraction of the total possible 
lepton processes—and agreement with (ii) for bosons 
does not necessarily imply agréement for all baryon 
pairs contributing to the loops. 

By manipulating Table III to satisfy assumptions 
(i) and (ii), one can obtain as independent terms 


V2[h(K2)—h(K31)], v2[h(K32)—h(@'32)—h(#32)], 
VIh(6'31), V2h(#32), VIh(w2), V2h(w31), (45) 
V2h(w32), Hav), { (pn), L,’}. 


Note that the G, terms automatically give equality of 
the lepton decay rates*® for @ and @ at a rate twice 
that for K* lepton decay™; these conclusions are not 
necessarily true for the G; terms but may be satisfied 
for a sufficiently symmetric H(§). 

In the absence of any better guess, suppose all boson 
terms to contribute equally, with 


N?=2, (46) 


for each A in Eq. (45). If assumption (i) is relaxed to 
demand y and e equivalence only for presently observed 
processes, it is possible to obtain H(Av) terms with dif- 
ferent values of 7 and 7’ and thus extract only the part 
H (we), while H(ee) and H(yy) vanish. It is perhaps of 
interest that the terms in Table III giving rise to H (Av) 
can at most yield (pm)* for nuclear 8 decay, which gives 
a relative sign for the A and V coupling terms opposite 
to that observed. It is fundamental to the present 
scheme, based on charge analogies between baryons 
and leptons, that the (pm) and (we) decay processes 
cannot arise from the same term in H(@). 

Assumptions (46) permit the assignment of values to 
the loop integrals Jy in Eqs. (38) and (39). The decay 
rates are 


(m2) =1r9(Gi2/4er) J 2 N? (42) (m,/mr) 
X[1—(m,/mr)*}, 
ro= g°M‘m,/ (2x)*= 10" sec. 
From the observed r(x2) =3.9X 10" sec, 
J?=0.19=0.2. 


(47) 


(48) 


1S. Oneda, Nuclear Phys. 9, 476 (1959). 
® Okubo, Marshak, Sudarshan, Teutsch, and Weinberg, Phys. 
Rev. 112, 665 (1958). 
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Similarly, an observed rate of r(K2)=4.8X10" sec” 
yields 
J?=0.16~0.2. (49) 
For K,; and K,; the decay rates are 
r(K3)=(|L|?/ (20) Wome’, 
L= igl Mv 2/(2)*mr Gi2J 12, 
V2Gi2J 122 = GP WN (K31)4-G2J2N (K32). 


(50) 


Here W is a statistical factor dependent on the kine- 
matic form assumed in Eq. (40) but generally of order 
10~*. For the kinematic form (40) 
K,3/Ka~0.6, (51) 
which is just within present uncertainties. Taking an 
average r(X3) of 3.3 10° sec™, one obtains 
(Giz 12)? ~ 0.8, (52) 
so that J; and/or J, seems of much the same order as J». 
For the x—2-lepton interaction of Eq. (42) 
H (33) = igi Mv 2/ (29)?m, |(Gi2J 12’) 
X[o*db— 00% JLy'(7’) 
= ig'|o*d— 9" L,'(7’), 


where g’~+0.3¢ if we assume 


(53) 


(J 12")? = J 127. (54) 


One thus infers an (H73)‘similar to that obtained from 
the principle of conserved lepton currents,‘ but with a 
coefficient about 4 as large and of indeterminate sign. 
This estimate of g’ is of course subject to much uncer- 
tainty™; there is no necessity on the present scheme to 
have g’=g, although the two appear comparable in 
magnitude. 
For the pion decay of baryons 


r(x) = (G2/4e)JPLg(M/24)? Pm, [NZW.+N ZW, |), 

W,= [(M.— M,)/m, PC (E;+M;)/M; (p/m), 

W =((Mi+-My)/mz PL(E;— My)/Mi\(b/m:,), 
where i and / refer to initial and final baryon states, and 
p is the momentum of the decay. The quantities of NV, 
and N, are the charge space factors for the respective 
7, and y,ys terms in Eq. (36), as taken from Table II. 
The kinematic factors W, and W, are listed in Table V. 


(55) 


TaBLe V. Parameters of hyperon-w decay. 


W, 


0.74 

0.82 

5.03 

4.75 

5.29 
(A y= 3.741 


5.2+0.5 
5.5+0.8 
2.741.0 
2.741.0 
2.5408 





% If the x,~' factors are omitted from ¢a,, then |g’| ~0.1|g|:M. 
Sugawara, Phys. Rev. 112, 2128 (1958). 
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All elements of Table II involving x* emission 
contain a factor V2, while those for x° emission do not; 
these factors arise from the strong interaction. Thus the 
a+/w°=2 ratio observed in A decay simply indicates 
that the corresponding terms in Table II appear with 
the same coefficients.“ It is tempting to assume that 
the same is true for all terms in H, and set 
A— xt 
—> 7” |N.| =|N,| =. 

>at (|N,!,|N,>|) =(V2A, 0), 
|\N,|=|N,| =A, 
>a (\N,|, |Np|)=(v2A, 0). 


" 7 


Here the coefficients of A decay have an extra factor 
1/v2 relative to the others, since the interactions are all 
formulated in terms of 2° and A=(2*+—zZ*~)/v2. 
Polarization experiments® indicate that for 2*— r+ 
one of the terms NV, or NV, vanishes but do not decide 
the choice. 

The values of A obtained by comparing Eqs. (55), 
(56) with the observed decay rates are listed in Table V. 
Generous allowances are included for experimental 
error, to which is added the uncertainty from the (s,p) 
choice for 2+—> w*; an average value of J, is taken 
from Eqs. (48) and (49). The result in Table V is 


|A| +~2(1+15%), (57) 


the fluctuation being of the order expected from neglect 
of vertex corrections and Eq. (37). This simple nu- 
merical value of A hints at a certain degree of symmetry 
in H(8); on the other hand, the present crude com- 
parison does not establish assumption (56) as actually 
correct. 

In the process K > 2x the charge space properties 
of the G;? and G» terms are particularly distinct, the G2 
interaction being simpler. The first-order absence of 
X*— 2m implies equal coefficients for the two non- 
vanishing terms under £2 in Table IV; then in @ decay 
°=2, but the relative signs of the amplitudes are 
opposite to those of a two-pion T=0 state. For the G, 
interaction the absence of K*— 2x implies vanishing 
of two separate terms under £;, while the r*/z° ratio 
in @' decay is arbitrary. 

All such statements apply only to the s-wave parts 
of the interaction #’(7); that is, to the combinations 
{A (++;+)+A'(4++;-—)}, ete. in 2N«Pa’. Since 
these same combinations are responsible for pion decay 


n*/% 


by hyperons, the decays 2+— a+ and 2~— 2 must 
be s wave if the corresponding terms (G; and Go, re- 
spectively) are to contribute to K — 27. Measurement 
of the * — w* decay processes to distinguish between 
s wave and p wave emission would be of immediate 


interest in this regard. The AJ=} rule requires that 


* And may have nothing to do with AJ=4 rule: R. H. Dalitz, 
Revs. Modern Phys. 31, 823 (1959) 
38 Cool, Cork, Cronin, and Wenzel, Phys. Rev. 114, 912 (1959). 
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one be s wave, the other p wave,”* while the present 
scheme would also allow both to be s wave. 

Equation (57) suggests a coefficient 2 to multiply 
the 2N4P4’ terms in Table IV. The 6' — 2m decay rate 
is then 


r( Kx) = (3p/49?’mx’){ (GCG? 4or) J? (GizJ 12"")*} 


x (16K)2g2(M/2m)*, (58) 


where ~?=mx?/4—m,? and 2K=(mx/m,)*+ (mx/m,) 
— 2. This last factor depends on the assumed kinematic 
form of Eq. (44) and is not very reliable; it yields 
r( Kr) =3X< 10" sec, prov ided that | I,")= (J 12). 
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APPENDIX 


This section outlines conditions necessary to prevent 
the four-fermion interaction from revealing lepton- 
antilepton distinctions. Consider an ordinary 8 decay, 
determined by | H(8) |?= |2.fa¥jOaz|*; here the lepton 
functions y and operators O, all refer to real coordinate 
space, and the coefficients f, are nuclear matrix ele- 


ments.*® The covariant Casimir projection operator is 


P= (yupatim 
“Cy 
YuPu 


so that the only lepton-antilepton distinction observable 


and for the antiparticle y* 


P,¢ im) /2ps, (A.2) 


here is the sign of the m term. A measurement on lepton 
y alone is described by 


Yupu7 im" 
A B)I=Z) fal H04( * Jott |, 
a,é P 2p? 


(A.3) 
O;'= vsOs trys. 


‘he most general condition to eliminate the m* term 
from Eq. (A.3) is 


O.3s=O0as(l+e;s), e=1, 


x 


(A.4) 
with arbitrary Q.,;; this is necessarily parity-noncon- 
serving.*?:7 

36 Derivative couplings in Hg introduced by mesonic corrections 
can all be cast into the coefficients f., so that the O, comprise 
only Dirac matrices. 

37 T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956) ; E. C. 
G. Sudarshan and R. E. Marshak, Phys. Rev. 109, 1860 (1958). 





SEVEN-DIMENSIONAL 


Next consider the two-component reduction of Eq. 
(A.3) according to 


gy op 
pepe) ty 
Y= o-p : , Wy°= | (E+m) 
(E+m) é,° 


(A.5) 


&,* =o2t,*. 


The net difference between the two forms (A.5) is an 
operation 5, so that the two-component reduction of 
VOa7v0s'v, will (not) change sign between particle and 
antiparticle if the number of factors y, in O,O, is odd 
(even). The terms in Eq. (A.3) with a=é must be 
even in y,; to eliminate particle-antiparticle distinction, 
odd terms must be absent also when a #4. This sepa- 
rates the Q, into two noninterfering groups, (A, V) and 
(S, T, P); that is, there are no ordinary Fierz inter- 
ference terms. 

It seems unlikely that selection between these two 
groups can be based on considerations of | (8) \*; one 
must resort to algebraic symmetry conditions on Hg 
itself, which is not directly observable. Of course (A, V) 
are equivalent when multiplied by (1475), so that 
only one coupling constant need be specified ; the other 
group requires two independent constants, one for T 
and one for (.S, P). The (A, V) choice is thus inherently 
simpler. 

We now suppose that there is a universal four-fermion 
interaction 


H(8) ~(¥PW}( UP’), (A.6) 


written in some “normal order” where leptons may 
substitute for baryons in either bracketed pair. Then 
by the above, both P and P’ must contain (1+75) 
factors, although the two + need not be correlated. 

The above discussion is superficially similar but not 
identical with the mass reversal argument,** which 
involves H(8) itself (not |H(8)|*) and depends on a 
strict assumption of particle conservation throughout, 
while the present argument stems from a denial of this 
principle. The net result is to render the present argu- 
ment less precise and detailed in its conclusions: in the 
two factors of a four-fermion interaction, it allows 
arbitrary sign choices in (1-5), and it cannot decide 
between (A, V) and (S, T, P). 

Lepton decay also occurs for bosons, at least through 
the mediation of baryon loops, when it must have the 
phenomenological form 


(Yin(l+enW}a¢ 
= {P,[(m*— m)— (m*+m")eys W.}. (A.7) 


This form allows particle-antiparticle comparison of 


various x and v unless m* or m” always vanishes. Since - 


the charged leptons have m #0, this provides an argu- 


#8 J. J. Sakurai, Nuovo cimento 7, 649 (1958). 
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ment that (i) the mass of the neutrino and of the \°=z° 
lepton must be identically zero; (ii) the form (A.6) 
must contain at least one neutral fermion in each 
bracket. 

Equations (A.1)-(A.3) neglect the Coulomb field for 
the leptons, but the conclusion should be valid in any 
case. Suppose y and | (8) * in (A.3) to be expanded as 
power series in Z; then the argument above suffices for 
even powers of Z in | (8) |*, and the odd powers vanish 
by the reality of | (8) |* since the expansion parameter 
of y is proportional to iZ. If a 8 type interaction like 
p+e-— p+e~ could occur, it would in principle be 
possible to determine leptonness by observing inter- 
ference of the Coulomb and @ type scattering; but all 
such four-charged-fermion interactions are excluded by 
(ii) above. 

Of course double 8 decay without neutrino emission 
is no longer forbidden by lepton conservation, but the 
matrix element vanishes identically because of the 
(1-+ys) factors: 


fivant + evs Wee! 1 + €Ys WW} 


~ f dant 1+ evs) rq 1— evs Wa} 


re... 
~f Bp {Ve¥.( 1 + eys)yrnRxvol 1 _ evs)a} =0, (A.8) 


where &) is the virtual neutrino momentum. This con- 
clusion is contained in the simple statement that the 
(1+~s5) factors make 8 decay behave as if there were 
lepton conservation with two-component neutrinos, 
although neither assumption is necessary: this extends 
to other cases, such as the absence of inverse 8 decay 
to yield a negatron when the incident neutrinos are 
produced during negatron 8 decay, as in a reactor. 

On the present view the interactions internal to 
charge space (i.e., not involving the electromagnetic 
and gravitational fields, which are external) are “strong” 
or “weak” according as they do or do not distinguish 
between fermion and antifermion. This is the primary 
distinction, from which follow corollary™ differences in 
parity conservation and degree of charge symmetry. If 
heavy bosons are not elementary but simply fermion- 
antifermion pairs with much greater “binding” than 
fermion-fermion pairs,* then the mere existence of 
heavy bosons implies a strong interaction that dis- 
tinguishes between fermion and antifermion. Only 
baryons can participate in this interaction, since leptons 
and antileptons are intrinsically indistinguishable. This 


* The present view is not in accord with the idea of dis- 
tinguishing strong and weak interactions by requiring CP in 
variance for both and extracting P invariance for strong inter- 
actions by virtue of symmetries in charge space: S. N. Gupta, 
Can. J. Phys. 35, 1309 (1957); J. J. Sakurai, Phys. Rev. 113, 1679 
(1959) ; G. Feinberg and F. Giirsey, Phys. Rev. 114, 1153 (1959). 
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observed fact suggests that the strong interaction has 
invariance under C and hence under P if only CP in- 
variance is assumed. Also, the necessity for exchange 
antisymmetry in the baryon-antibaryon model of the 
boson implies rather simple charge space properties for 
the interaction. On this compound model the statement 
that strong interactions conserve strangeness is a 
tautology. 

The interaction that does not distinguish fermions 
from antifermions can be—and presumably is—univer- 


PHYSICAL REVIEW VOLUME 117, 


sal to both baryons and leptons. It must be weak 
enough not to form bound boson states, or free leptons 
would not be observed; according to the argument 
above it must also contain (1+y;) factors and be 
parity-violating. The choice of a charge space vector 
form for the interaction, required to avoid revealing 
relative leptonness through (we)x interactions, implies 
T=CP=-—1 rather than invariance and also a lower 
degree of charge symmetry than in the strong inter- 
action. 


NUMBER 3 


Inconsistency of Cubic Boson-Boson Interactions 


Gorpon Baym* 
Lyman Laboratory of Physics, Harvard University, Cambridge, M assachuset 
(Received June 1, 1959) 


It is shown that there does not exist a ground state for a system of spin zero bose field 


local interactions involving three powers of the fields 
model of interacting fields. 


I. INTRODUCTION 


T is necessary, if a field theory is to give a consistent 

description of physical reality, that there be a state 
of lowest energy. If the energy spectrum has no lower 
bound, then the system can undergo a “radiative” 
collapse. We shall be concerned in this paper with a 
group of local interactions of spin zero bose fields that 
do not give rise to a state of lowest energy. These are 
interactions that involve three powers of the fields, i.e., 
for one field, ¢, interacting with itself,! 


Hin=d f o(arers, (1) 


for two fields, ¢ and x, 


Hin nf x(orer(arers 


and for three fields, ¢, x, and @, 


Hint fx (x)O(x)b(x)d?x. 


The field operators are taken to be Hermitean and 
thus A must be a real constant, with dimensions of an 


* National Science Foundation Predoctoral Fellow 

1M. Fierz has already pointed out that in the classical limit 
this interaction (1), does not lead to a positive definite energy. 
Proceedings of the Fifth Annual Rochester Conference on High- 
Energy Physics (Interscience Publishers, Inc., New York, 1955), 
p. 67. 


Thus these interactions alone are 


inverse length. These three interactions are the so-called 
“super-renormalizable”’ ones. 

For each of the interactions given above we shall 
show that the assumption of the existence of a ground 
state leads to a contradiction, and hence that these 
interactions alone between the fields are not physi- 
cally realizable. 


Il. PROOF OF THE NONEXISTENCE OF 
THE GROUND STATE 


First consider the case of one scalar field with the 
cubic self-interaction (1). The dynamics are described 
by a Lagrangian 


m?)b(x)—dAd*(x) ], 


where 
0,0* = V*— (0/ dl)? 


and m? is taken to be a finite real number which may 
be zero. The requirement of invariance of L under 
spatial reflection implies that ¢ must be a scalar field. 
From L is derived the form of the energy operator, P®, 
for the field 


p?= sf cL (6°)? + (o*)? + m'¢? +A¢* ], (S) 


ob" (x O*"h(x) 


where 


Integrating by parts and introducing the real symmetric 


?W. Thirring, Helv. Phys. Acta 26, 33 (1953). 
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operator 
w= —V?+m’, 
we may write 


pPo= b [Clo outotaor Ie. 


One may also derive the commutation relations 
[¢°(x),6(x’) J=i5(x—2’), 
[¢° (x) ,¢°(x’) ]=0=[¢(«),o(2’) |, (7) 


for x and x’ having space-like separation. 

The eigenvalues of P® are the possible energy values 
of the system. Assume now that there exists a state of 
lowest energy, which we call the vacuum, and denote 
by ). Then the vacuum energy is given by (P*). 
Furthermore, if U is a unitary operator, then U operat- 
ing on the vacuum cannot lead to a state with a still 
lower energy expectation value. Thus 


(U~P°U)—(P*)2 0. (8) 


Also, if U is of the form 


U= expf if aaa(aye' | 


where a(x) is a real function, and G(x) is an Hermitean 
operator, the requirement that the vacuum energy be 
an extremum implies that 


5/8a(x) (U7 PU))acea0=0, (9) 


where 6/éa(x) denotes the variational derivative with 
respect to the function a(x). This is just the statement 
that 

((G,P*])=0. 


The commutation relations (7) imply that the 
unitary operator 


[¢°(x),U]=0, [(*),UJ=a(a)U, 


U(x) U =$(x)+a(x), 


provided that ‘=/’. Since however P® is a constant of 
the motion, we may always evaluate P* and the integral 
occurring in (10) at the same time. Furthermore, the 
commutation relations are still valid if takes 
derivatives in space-like directions, so that 


U—'g* (x) U=¢" (x) +0*a(x), (R&=1,2,3). 


(10) 


satisfies 


(11) 
so that 


one 


(12) 

Then for the U in (10) it is easy to calculate that 

(U“PU)—(P 
ra 

} fi v( 2aw*(b) + aw"at+ drag 


+- 3ra*(b)+Aa* 
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Condition (9) implies that the coefficient of the term 
linear in a(x) vanishes pointwise. Hence 
2w*(p (x) )+3dA(6?(x)) =0. (14) 


Also, (@(x)) and (¢?(x)) are independent of x, since the 
vacuum is an energy-momentum eigenstate, so that 


2m(o)+ 3X(p?) =0. (15) 


[This result may also be arrived at by taking the 
vacuum expectation of the equation of motion derived 
froim (4). ] Thus (13) becomes 


2f as (aw*a+ a*) > 9(r? mig) f ax a’, (16) 


By choosing a(x) arbitrarily small, arbitrarily slowly 
varying, and such that the integrals in (16) exist, we 
can conclude that 


2m* > 9242). (17) 


Thus the assumption that m? is finite implies that (¢*) 
is also finite. [If m’=0, then one infers from (15) 
directly that (¢*)=0.] Now the positive nature of the 
right-hand side of (16), compared with the dominating 
odd function a*(x) on the left-hand side establishes the 
contradiction. Hence for the case of interaction (1) 
there is no ground state. 

The reason that no ground state exists is as follows: 
Bose fields may be given arbitrarily large excitations, 
so that the nonpositive definite cubic term in the energy 
operator will, at large field excitations, in general 
dominate the positive quadratic terms that are present 
from the terms in the energy operator independent of X. 

Interactions (2) and (3) are treated similarly. For 
two fields coupled together 


L= sf esfo(a.0 —m b+ x (0,0°—p")x—Ax@]. (18) 


Again ) is real, and m? and ,? are finite real constants. 
x must be a scalar field, but @ may be either scalar or 
pseudoscalar, since 
o(x) — —¢(x) 
is a symmetry of L. 
It follows that 


(19) 


p= sf Coo +-irn’h+ (x°)? + xw,2x+Axg? |x, (20) 


where w,2=—V?+m’?, and w,2=—V*+,?. All com- 
mutators at equal times involving one field x and one 
field @ vanish, and one has (7) obeyed by x and @ 
individually. Using the same procedure as in the case 
of one field, taking now 


U exp} f [a x )p"(x’) +(x’) x(x") ld?x’ t, (21) 
| 
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one derives 


fr2anr) + QW md T 2bw,"{x) + bw,7b+ rb ?’) 


+ 2a xh) + 2r\ab(h) +Aa*(x)+Aba? |d?x20. (22) 


It follows from (19) that (@ 
variational 
evaluated at a(x) 


(x@)=0. Also, taking the 
with respect to (x), 
0, one has 


derivative of (22) 


b(x) 


Qu*(x) +e? 0. 


at the analog of (17) 


p foes 


One then arrives 


1’ 
(dw md + bw,2b+Aba*)d*x > 
2 py’ 


As in (17), we find 


> (G2 


2m" 
Again the right-hand side of (24) is positive, but the 
left-hand side may take either sign for appropriate a(x) 
and 6(x). This contradiction establishes the non- 
existence of the ground state for fields coupled by Ax¢*. 
The discussion for three bose fields interacting via 
(3), where one field must be scalar and the other two 
either both scalar or both pseudoscalar, is strictly 
analogous to the above discussions and therefore need 
not be given. In this situation, the symmetries 


x “x, o> —¢, 8-8, 
t7*%, @—>=—@, F-+ =—8, 
X—>+—yX, G->G, G~+ —8, 


(25) 


guarantee the vanishing of expectation values that 
occur in 


(UA PU) —(P?), 


such as (x), ¢ , etc. 
Ill. DISCUSSION 


We have thus shown that if the only interactions 
between the bose fields are of total power equal to 


GORDON 


BAYM 


three in the fields, then one is led to a system in which 
there is no ground state. It is easily verified that any 
combination of such interactions, or the inclusion of 
nonspace-time degrees of freedom in no way alters the 
above conclusion. 

As we mentioned, there is no ground state due to the 
dominance of the cubic term in the energy operator, for 
large field excitations. The presence in Hin, of a positive 
definite fourth-power structure in any of the fields, such 
as gd‘ or gp’? with an arbitrarily small positive coupling 
constant g, insures however that there will be a ground 
in order for the interactions of 


g, 
state. This implies that 
the kind discussed in this paper to be realized physically 
for w and K positive definite quartic 
terms must be included in the interaction Hamiltonian. 

The proof given here will not work, of course, for a 
Yukawa type interaction since two of the fields occurring 
in the fields which have only 
limited inter- 
action of charged spin zero mesons has an e*A*g*? term 


mesons, such 


interaction are fermi 


excitations. Also, the electromagnetic 


in it which essentia insures the positive definiteness 


of the energy. 
Several authors have 


used cubic boson-boson inter- 


lering the convergence of the 


perturbation expansion of the S matrix.* The arguments 


actions alone in consi 
presented here are intended to show the inconsistencies 
invoived in using these interactions alone in a model of 
a field theory. 

Finally, we note that these arguments may be 
extended to the case of an interaction involving the 
fourth power of bose fields in which at least one of the 
fields occurs to an odd power. 
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Four-Fermion Interactions with Spin 3/2 Neutrinos* 


C. L. HAMMER AnD R. H. Goon, Jr 
Institute for Alomic Research and Department of Physics, lowa State University, Ames, lowa 


(Received August 19, 1959) 


Beta decay involving a spin-} neutrino in weak competition with the spin $ neutrino has been investigated. 
This process could explain the deviations from allowed shapes in the Gamow-Teller interactions recently 
reported by Langer ¢ a/., but it would then be in disagreement with u-decay observations. 


I. INTRODUCTION 


HE possibility of a spin } value for the neutrino 

emitted in beta decay was considered by Kusaka! 
and Ono* using a parity conserving interaction. This 
idea was discarded because the theory permits only 
Gamow-Teller transitions and because it predicts 
relatively more electrons at low energy than are 
observed. 

Recently Langer ef al.2* observed deviations from 
the theoretical shape in the Fermi-Kurie plots of Na®, 
In", Y*, and P®, all of which decay by pure Gamow- 
Teller transitions. They find that a factor of (1+5/W), 
where 0.2<b<0.4, must be applied to the theoretical 
curve to produce agreement with the experiments. This 
is a larger discrepancy than has been previously 
observed.’ Also Langer finds that these deviations 
cannot be attributed to the effects of finite de Broglie 
wavelength, screening, contributions from second 
forbidden matrix elements, or Fierz interference 
because the deviations are so large and of the same 
sign for the positron emitter Na” as for the electron 
emitters. 

The facts that the deviations are for Gamow-Teller 
transitions and increase the low-energy end of the 
spectrum suggest that the idea of beta decay with a 
spin § neutrino should be re-examined as a less probable 
mode of the decay. As is shown below, there are two 
possible interactions as long as parity need not be 
conserved and, with the proper choice of the coupling 
constants, one can fit Langer’s observations with either 
of them. However, if the same branching interaction 
is applied to the decay of the w meson, a Michel param- 
eter in disagreement with experiment is obtained. 


Il. NOTATION 


The simplest way to form scalars from the four 
fermion wave functions is to use spinor products. The 


* This research was done in the Ames Laboratory of the U. S. 
Atomic Energy Commission. 

1S. Kusaka, Phys. Rev. 60, 61 (1941). 

2K. Ono, Progr. Theoret. Phys. (Kyoto) 6, 238 (1951). 

* Hamilton, Langer, and Smith, Phys. Rev. 112, 2010 (1958). 

* Johnson, Johnson, and Langer, Phys. Rev. 112, 2004 (1958). 

* See, for example: Pohm, Waddell, and Jensen, Phys. Rev. 
101, 1315 (1956) and G. B. Henton and B. C. Carlson, ISC 1006 
Ames Laboratory of the Atomic Energy Commission; Porter, 
Wagner, and Freedman, Phys. Rev. 107, 135 (1957); H. Daniel, 
Nuclear Phys. 8, 191 (1958). 


notation used is that the spinor® Q,,... transforms with 
respect to continuous Lorentz transformations, 


a ae 
x, = ay 1X1, 
according to the rule 
Of aS *\ on 
(234... (x = AgpAer° ° ‘Qys...(x), 
where A is to be found from 


A*%o;A = 1h 01. 


Spinors with undotted indices transform like the 
complex conjugate of Qj... and spinors with upper 
indices are defined by =, Qr= —Qj. 

In this notation, writing the Dirac equation as 


(—a: p—S)~y= wy /dl, 


and using the matrices 


—¢ 0 0 —1 
“eae 
0g¢ —1 0 


one can write the wave function as two spinors: 


(2) 


For the spin } neutrino a specialization of the 
arbitrary spin theory given earlier’* is used. The 
particle is right-handed and the equations 


vy = Diii, (3) 


give the relationship between the components y of 
the earlier paper and a third rank spinor which is 
symmetric between all pairs of indices. 

The conventional left-handed spin 4 neutrino is 
used in the u-decay interaction. The wave function is a 
spinor of the type x’. 


Vi=V3Qii3, Y4=V30in, ¥4=Oum, 


* Greek indices run from 1 to 2 and Latin indices from 1 to 4. 
The coordinate x, is ict and the o, are the Pauli matrices with 
(04) pe = t5ge. Relativistic units (m,c, h=1) are used. 

7C. L. Hammer and R. H. Good, Jr., Phys. Rev. 108, 882 
(1957). 

*C. L. Hammer and R. H. Good, Jr., Phys. Rev. 111, 342 
(1958). 
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Ill. INTERACTION TERMS 


The processes 


N- P+" + 04, 
HHT +H, 


(4a) 
(4b) 
N— P+e+, 
wht +H, 


which still allow universal four-fermion interactions, 
are considered. The corresponding interaction terms are 


(4c) 
(4d) 


Ha af dx QVXAXOnistH.c, (5a) 


(Sb) 


af dx Qe XnlX Paige Hc ia 


(5c) 


af dx XVQHO’Qaryet H C. 


(5d) 


af AX XX qhQeQnrue+ H.c. 


where the subscripts P, NV, e, m, n refer to the particles 
involved (m for the meson and m for the neutrinos). 
They are of the tensor type as can be seen by rewriting 
Eq. (5a), for example, as 


Ha= —1(Gy 16) f dx bp ya(yevi— YVR) 


KXAN (20401) ww lnigs + Hc ° (6) 


The interactions are parallel to the conventional ones, 
made with only two-component neutrinos, in the sense 
that they do not conserve parity and are invariant 
under combined space reflection and charge conjugation. 


IV. RESULTS 
The interaction (5a) leads to the beta spectrum?® 
N(W)dW = (G2/96n*) | Mer|?F(Z,W) 
<Xp(Wo—-W)*WdW, (7) 


and an electron polarization, including Coulomb 
corrections, of —(v/c). The interaction (5c) leads to 
the same spectrum but an electron polarization of 
+(v/c). If one of these reactions were in competition 


* The notation is that of M. E. Rose, in Beta- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (Interscience Publishers, Inc., 
New York, 1955), Chap. IX. 


AND 


R. H. GOOD, JR 

with the conventional one, the spectrum of an allowed 
Gamow-Teller transition, assuming no interference, 
would be 


N(W)dW = (G?/*)| Mer|?F (Z,W)p(Wo—W)*WaW 
[1+ (Ge2/96G2)(We—-W)*]. (8) 


The form factor in square brackets gives agreement 
with Langer’s data for the allowed transitions in In", 
Na®™, and P® with the choice 


(GP/96G 2) ~0.008. (9) 


This admixture is too small to permit attributing the 
difference between the Fermi and the Gamow-Teller 
couplings to a spin } neutrino mode of the decay. 

The distribution in momentum and angle of the 
electrons emitted in the reactions (4b) and (4d) is 


N-dn/dx= (5/2)x?(1—x) 


X| 3-223 v) cos# | sinddd, (10) 


where x is p/Pmax and # is the angle between the 
electron momentum and the initial spin direction. The 
upper sign applies to reaction (4b) and the lower to 
(4d). Assuming a normal decay mode of the » meson in 
conjunction with either of the spin $ branches, one 
finds the energy spectrum to be 


dn 
71 


dx 


[2x?(3—2x)+ (w2Gy?/128G,2)x2(1—x)(3—x)] 
=—— —— —, (11) 
[1+ (wG?/640G,) ] 


where p is the u-meson mass. 
defined by 


The Michel parameter, 
p= (3/8N)(dn/dx (12) 
is seen to be 


ri 2f~ 2 *2)\}-1 
p> (1 T (urG, 640G,") | 


(13) 


For the ratio of the coupling constants given in Eq. (9) 
p would.be 0.01 in complete disagreement with the 
recent measurements of Plano and Lecourtois” which 
give p to be 0.79+0.03. 

One may conclude that, if there is a competing beta- 
decay process involving a spin } neutrino, it is not 
universal in the sense that it does not also apply to 
u-decay. Langer’s observations are consistent with 
various types of form factors; further measurements 
especially at low energies might establish whether or 
not Eq. (8) applies 

R. J. Plano and A. Lecourtois, Bull. Am. Phys. Soc. 4, 82 
(1959). 
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